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PREFACE. 



To the first edition of this work, published in 1856, the 
following was prefixed :— 

" In the present Treatise will Ike found all the ordinary 
propositions, connected with the Dynamics of particles, which 
can be conveniently deduced without the use of D'Alembert'a 
Principle. 

"Its publication has been delayed by many unforeseen 
occurrences ; more especially by the early and lamented death 
of Mr Steele, whose portion of the work was left uncompleted, 
and whose assistance in its final arrangement and revision 
would have been invaluable* The principal portions due to 
him are the greater part of Chapfisn^ III., V. and Vlllt 
together with a few pageis of Chapteiu€» 

"(Considerable use ha^ .be^il, made^of Pratt's Mechanical 
Philosophy: indeed a large po^ioh of -Chapter XL is reprinted 
verbatim from that work. 

"Throughout the book will be found a number of illus- 
trative examples introduced in the text, and for the most part 
completely worked out; others with occasional solutions or 
hints to assist the student are appended to each Chapter^ 
For by far the jgreater portion of these the Cambridge Senate- 
House and College Examination Papers have been applied 
to." 



Vlll PREFACE. 

I am glad of the opportunity, presented by the call for 
a second edition, to make reparation for many of the faults 
of the first. Numerous trivial errors, and a few of a more 
serious character, have now been corrected; many sections 
and several new examples have been added ; and the whole 
of the second Chapter has been rewritten, upon the basis of 
the corresponding portion of Thomson and Tait's Natural 
Philosophy which, though as yet unpublished, was printed off 
nearly two years ago. 

When I wrote that Chapter, in 1855, I had not read 
Newton's admirable introduction to the Principia ; and I 
endeavoured to make the best of the information I had then 
acquired from English and French treatises on Mechanics. 
These five pages, faulty and even erroneous as I have since 
seen them to be, cost me almost as much labour and thought 
as the utterly disproportionate remainder of my contributions 
to the volume. And I cannot but ascribe this result, in part 
at least, to the vicious system of the present day, which 
ignores Newton's Third Law of Motion, though constantly 
assuming it (tacitly) as an axiom; and erects Statics upon 
a separate basis from Kinetics, thereby necessitating several 
additional Physical Axioms, the splitting of Newton's Second 
Law into two, and the introduction of a l^o-called Staiical 
measure of Force. 

To be enabled to preserve the title of the work, I have 
added (apropos of the Second Law of Motion) a few hints 
about Statics of a particle. 

The Examples are, for the most part, reprinted verbatim 
Srom the papers in which they were set ; in a few the Ian*- 
guage has been altered, or the theorem involved has been 
generalized; several, however, have defied all attempts at 
improvement, and now stand in their unintelligibility as a 
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wdxning, to tbe Candidate for Mathematical H<Hiord, of the 
ordeal he m&y have to pass through. 

To several important theorems more than one demonstra- 
tion has been appended: with the object of exhibiting the 
use of the various processes by applying them to the de- 
duction of results of real value, instead of to the solution of 
"Probleins" of unquestionable absurdity. 

Various friends to whom I have applied for suggedtions as 
to any important changes which they might think desirable 
in this second edition, and especially I. Todhunter, Esq. 
of St John's, have replied that they had none to offer, as 
they liked the book well enough in its original form. This 
has prevented me from attempting a thorough alteration of 
style which I had contemplated, viz. to cease breaking up 
the subject into detached propositions— specially fitted for 
"writing out." I retain my own opinion, however, that 
this is not the form in which such a treatise ought to be 
written ; although there can be no doubt that it offers certain 
advantages to the student whose sole object in reading is to 
pass an examination. 

The treatise is intended to be merely an analytical one: 
for the full discussion and experimental demonstration of the 
elementary principles on which the analysis is founded, the 
reader must be referred to works on Natural Philosophy; of 
which, so far as mere Abstract Dynamics is concerned, we 
have a most admirable example in the Frincipia. For the 
general application of modem theories to the whole range of 
physical phenomena, the reader is referred to the forthcoming 
work on Natural Philosophy by Professor W. Thomson and 
myself, in which the subject will be developed from the grand 
basis of Conservation of Energy. 

I have been dissuaded from introducing into this work the 
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Newtonian notation for Fluxions. It is true that in Kinetics 
of a particle it is not very greatly superior to the ordinary 
notation of differential coefficients : though, when the general 
equations of motion of a system have to be treated, in the 
beautiful manner invented by Lagrange, a partial use of it is 
absolutely necessary. Newton's idea of Fluxions was purely 
Kinematical ; and, in fact, the fundamental ideas of the Dif- 
ferential Calculus are essentially inyolved in the most ele- 
mentaiy considerations regarding velocity. It is also to be 
observed, that, whenever we write f'{x) for the differential 
coefficient of /(a?), we are really employing the principal fea- 
ture of Newton'a notation, though in a form somewhat more 
expressive than his. 

It is possible that in this edition a few of the objectionable 
terms or methods, which the first edition contained, may have 
remained undetected — ^but I hope that in every essential 
respect the volume will be found to be an improvement on 
its predecessor. 

I am encouraged in this hope by the fact that the sheets 
in passing through the press have been read by J. Stirling> 
Esq. of Trinity, to whose care and knowledge I am indebted 
for many valuable suggestions. 



P. GUTHRIE TAIT. 



College, Ediitbuboh, 
Mar{h^ 1865. 
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CHAPTER I. 

KINEMATICS, 

1. Dynamics is the Science which investigates the action 
of Force; and naturally divides itself into two parts as 
follows. 

2. Force is recognized as acting in two ways : in Statics 
80 as to compel rest or to prevent change of motion, and in 
Kinetics so as to produce or to change motion. 

3. In Kinetics it is not mere motion which is investi- 
gated, but the relation oi forces to motion. The circumstances 
of mere motion, considered without reference to the bodies 
moved, or to the forces producing the motion, or to the forces 
called into action by the motion, constitute the subject of a 
branch of Pure Mathematics, which is called Kinematics, 
To this, as a necessary introduction, we devote the present 
chapter. 

4. The rate of motion (or the rate of change oi position) 
of a point is called its Velocity, It is greater or less as the 
space passed over in a given time is greater or less : and it 
may be unifiyrm, i. e. the same at every instant ; or it may be 
variable. 

Uniform velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of light, it may be measured in 
miles per second. It is to be observed, that Time is here 
used in the abstract sense of a uniformly-increasing quantity 

T. D. ^x 1 



2 KINEMATICS. 

— ^what in the differential calculus is called an independent 
variable. Its physical definition is given in Chap. ii. 

5. Thus, a point moving uniformly with the velocity v 
describes a space of v feet each second, and therefore vt feet 
in t seconds, t being any number whatever. Putting s for 
the space described in t seconds, we have 

Hence with unit velocity a point describes unit of space in 
unit of time. 

6. It is well to observe that since, by our formula, we 
have generally 

8 

and since nothing has been said as to the magnitudes of s 
and t, we may take these as small as we choose. Thus we 
get the 8ame result whether we derive vfrom the space described 
in a million seconds^ or from that described in a millionth of a 
second. This idea is very useful, as it will give confidence 
in results when a variable velocity has to be measured, and 
we find ourselves obliged to approximate to its value by 
considering the space described in an interval so short, that 
during its lapse the velocity does not sensibly alter in value. 

7. Velocity is said to be variable when the moving point 
does not describe equal spaces in equal times. The velocity 
at any instant is then measured by the space which would 
have been described in a unit of time, if the point had moved 
on uniformly for that interval with the velocity which it had 
at the instant contemplated. 

Let V be the velocity of the point at the time t, measured 
from a fixed epoch, s the space described by it during that 
time, and s + hs the space described during a greater interval 
t -♦- it. Suppose i7j to be the greatest, and v, the least, velo- 
city with which the point moves during the time ht] then 
v^t^ v^St would be the spaces which a point would describe 
in that interval, moving uniformly with these velocities re- 
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spectively. But the actual velocity of the point is not 
greater than v^, and not less than t?,, therefore as regards the 
actual space described, 

Bs is not greater than vJSt, and not less than v,S^, 

^"Si ^1 ^«' 

however small ht majr be. But, as St continually diminishes, 
Vj and 17, tend continually to, and ultimately become each 
equal to, v. Therefore, proceeding to the limit, 

ds 

If V be negative in this expression, it indicates that s 
diminishes as t increases ; the positive case, which we have 
taken as the standard one, referring to that in which a and t 
increase together. It follows that, if a velocity in one direc- 
tion be considered positive, in the opposite direction it must 
be considered negative; and consequently the sign of the 
velocity indicates the direction of motion. 

8. It will be easily seen that the idea of velocity ex- 
plained above is equally applicable whether the point be 
considered as moving in a straight, or in a curved, linCk In 
the latter case, however, the direction of motion continually 
changes ; and it will be necessary to know at every instant 
the direction, as well as the magnitude, of the point's velo- 
city. This is done by considering the velocities of the point 
parallel to the three co-ordinate axes respectively. For, if 
the co-ordinates of the point be represented by x, y, z, the 
rates of increase of these, or the velocities parallel to the cor- 
responding axes, will by reasoning analogous to the above be 

dx dy dz 
~dt' ~dt' dt' 

Denoting by v the whole velocity of the point, we have 

1—2 
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and, if a, /8, 7 be the angles which the direction of motion 
makes with the axes, 

dx 

dx dt 

cos a = -7- = "T ; 
da as 

di 

dx 

or -^ = v cos a = v, , suppose. 

Similarly, 77^ — ^ ^^s y8 = r^ , 

dz 

-~ =v cos7 = r,. 

dt 

Hence, X' 7^' ^ ^^® *^^ resolved parts of v parallel 

to the axes, and are therefore called the Component Velocities 
of the point : and, with reference to them, v is called the 
Resultant Velocity, 

9. It follows from the above, that, if a point be moving 
in any direction, we may suppose its velocity to be the result- 
ant of three coexistent velocities in any three directions at 
right angles to each other ; or, more generally, in any three 
directions not coplanar. But the rectangular resolution is 
the simplest and best except in some very special questions. 

Let v^., Vy, V, be the rectangular components of the velo- 
city V of a moving point, then the resolved part of v along 
a line inclined at angles \, /i, v to the axes will be 

Vgi cos \-\-Vy cos /i. + V, cos V. 

For, let a, /8, 7 be the angles which the direction of the 
point's motion makes with the axes, 6 the angle between 
this direction and the given line. Then the resolved part of 
V along that line is 

V cos 6 = v {coa a cos X + cos y8 cos /x + cos 7 cos i^} 

= Vaj COS X + Vy cos /i. + V, cos V, 

10. These propositions are virtually equivalent to the 
following obvious geometrical construction : — 
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To compound any two velocities as OA, OB in the figure; 
where 0-4, for instance, represents in magnitude and direc- 
tion the space which would be described in one second by 
a point moving with the first of the given velocities — and 




similarly OB for the second ; frorii A draw A C parallel and 
equal to OB, Join 0(7: — then 0(7 is the resultant velocity 
in magnitude and direction. For the motions parallel to OA 
and OB are independent. 

0(7 is evidently the diagonal of the parallelogram two of 
whose sides are OA^ OB. 

Hence the resultant of any two velocities as OAj A (7, in 
the figure is a velocity represented by the third side, 0(7, of 
the triangle OA C, 

Hence if a point have, simultaneously, velocities repre- 
sented by 0-4, A (7, and (70, the sides of a triangle taken in 
the same order^ it is at rest. 

Hence the resultant of velocities represented by the sides 
of any closed polygon whatever, whether in one plane or not, 
taken all in the same order, is zero. 

Hence also the resultant of velocities represented by all 
the sides of a polygon but one, taken in order, is represented 
by that one taken in the opposite direction. 

When there are two velocities or three velocities in two 
or in three rectangular directions, the resultant is the square 
root of the sum of their squares — ^and the cosines of the in- 
clination of its direction to the given directions are the ratios 
of the components to the resultant. 

11. When a point moves in a plane curve, to express its 
component velocities at any instant along, and perpendicular 
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to, the radius vector drawn from a fixed point in the plane of 
the curve. 

Let a?, y be its rectangular, r, 6 its polar, co-ordinates ; so 



that 



a? = rcos^, y = rsin5; 




from which 



and 



dx dr ^ , ^dd'\ 
-y- = -3- cos a — r sm ^ -7- 
dt dt dt 

dy dr . ^ ^ ^dd 



(1), 



which are the velocities parallel to x and y. But by § 9 the 
velocity along the radius vector is 



dy . y, dx ^ dr ~ ,^v 



dt 



dt 



dt 



and the velocity perpendicular to it is 



dy a dx . ^ dd ^ ,^. 
^cos0--j'sm0 = r~r-, by (1). 



dt 



dt 



dt 



12. The velocity of a point is said to be accelerated or 
retarded according as it increases or diminishes, but the word 
Acceleration is generally used in both senses ; and is defined 
as the rate of increase of the velocity per unit of time. 

Acceleration may be either uniform or variable. It is 
said to be uniform when the point receives equal increments 
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of velocity in equal times, and is measured by the actual in- 
crease of velocity generated in unit of time. Let the unit of 
acceleration be so taken that a point under its action would 
receive an increment of a unit of velocity in a unit of time ; 
then a point under the influence of a units of acceleration 
would receive an increment of a units of velocity in a unit of 
time, and consequently at units of acceleration in t units of 
time. If the point starts from rest we have 

where v denotes the velocity at the end of the interval (, and 
a the acceleration. 

13. Acceleration is variable when the point does not re- 
ceive equal increments of velocity in equal increments of time. 
The acceleration at any instant is then measured by the in- 
crement of velocity which would have been generated in a 
unit of time had the acceleration remained constant during 
that interval and equal to the value at its commencement. 

Let V be the velocity of the point at the end of the time 
ty a the acceleration at that instant, v + Bv the velocity at the 
end of the time t+Bt; and let a^, a^ be the greatest and least 
values of the acceleration during the interval St, then aJSt, 
a^Bt would be the increments of velocity in that interval, of a 
point imder those accelerations respectively. But the actual 
acceleration is not greater than a and not less than a,, there- 
fore the actual increment of velocity 

Bv is not greater than aj^t and not less than a^Bty 

Sv 

«' & «> "«' 

however small Bt may be. But, as Bt continually diminishes, 
a^ and a, tend continually to and ultimately become each 
equal to a. Therefore, proceeding to the limit, 

do 
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The positive sign given to a shews that v increases with t, 
while a negative sign would shew that v decreases as t in- 
creases, in other words a negative acceleration is a retardation* 

Combining the above equation with 



jr"' 



we have 



de^"' 



considering t as the independent variable. 

Tf the point be in motion along a curve, the accelerations 
of the rates of increase of its co-ordinates are called the Com- 
ponent Accelerations of the point's velocity parallel to the axes. 
li these be denoted by a,, o^, a„ we shall nave 



W^" de'^'" rf?"^-' 



With reference to these, Va.' + a^* + a,' is called the -Be- 
sultant Acceleration. 



d^8 



14. The acceleration -^ is not the complete resultant 

^ d^x d^y d^z m v r 'x 

of -^2" , -j^ , -T-j , as may easily be seen : tor its square 

does not equal the sum of the squares of those three accelera- 
tions, but it is the only part of their resultant which has any 

d'^8 
effect on the velocity ; in short — j is the sum of the resolved 

parts of -T? , -7? , -T^ in the direction of motion, as the 
* dr dt dr 

following identical equation shews : 

d^s dx d*x dy d^y dz d^z 
Ite'^dsW^ds d^'^ds d?' 

The other part of the resultant is at right angles to this, 
and shews its effect in changing the direction of the motion 
of the point. And this leads us to another form of accelera- 
tion, VIZ. when the velocity of the moving point is unaltered, 
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but the direction of motion changes. Its value will be given 
afterwards. 

The above equation also shews, since -7- , -r- 1 "T ^^ 

the direction-cosines of the small arc da which may have any 
direction whatever, that to obtain the acceleration along any 
line inclined at given angles to the axes, we must resolve 
the component accelerations parallel to the axes along it, 
and take the sum of the resolved parts. Thus the acceleration 
along a line inclined at angles X, /i, v to the axes is 

a, cos X + ffy cos /i + ofg cos v. 

15. When a point moves in a plane curve, to express its 
component accelerations at any instant along ^ and perpendicular 
to, the radius vector. 

Let a;, y be the rectangular, r, the polar, co-cordinates 7 
so that 

x=^r cos 0, 



we have 



y = r sin ; 
dx dr ^ > /sd0 




, d*x (d'r /deV] . f^drde d*ff\ . „ 
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Similarly, 
d 

de 



4-\d?-''[di)\''^^+[^Tt-^+'-wr'^- 



These are the accelerations parallel to x and y. Hence 
by § 14, the acceleration along the radius vector is 

— rr sm + -7T cos 0, 

And the acceleration perpendicular to the radius vector is 

d^y ^ d^x . ^ 
^coBd--^sm(9, 

„ dr de d'd 

""' ^didt+^'de 



which may be written - ;^ ( ^* ^ ) • 

16. When a point is in motion in any curve, to find its 
accelerations along, and perpendicular to, the tangent, at any 
instant. 

Let 03, y, z be the co-ordinates of the point at the end 
of the time t, s the length of the arc described during that 
interval. Then, since by the equations to the curve x, y and 
z are functions of s, 

dx dx ds 

dt ds dt' 

, d'x _ d^x fdsV dx d^a 

*°*^ W~d^\di) ^luie' 

Similarly ^ = ^(^)\^ ^* 

Dumiariy, , df ds' \dt) ^ ds de ' 

d*z _ d'z fds\* dsd^ 
de ~ ds' \dt) '^dsde' 
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To find the acceleration along the tangent, we mnst mul- 
tiply these component accelerations Tt)y j~ > ^ j ^ > r®" 
spectively, and add. Thus the tangential acceleration is 

dx d*x dy d^y dz d*z _ d*8 
d^W^di'^'^Js'W'de' 

as we have already seen. Also in the normal, towards the 
center of curvature, we have the acceleration 

H^^S- )'<t)'Bh&h©'\ 

- 1 /*V 

"pKdtJ • 

We have assumed, in the above, the following equations 
fix)m Analytical Greometry, 



where p is the radius of curvature ; 

iihiih®'-'- 

dx d*x dy d\ dz d*z ^ 
ds df ds da* da da* 

17. We might have treated the component accelerations 
thus, 

(S) + W) "^ ['Sj ""^ ('es"^**^* acceleration)* 

_ 1 fds\* f^y 
~ p* \dt) '^ W) ' 

Now -n is the acceleration along tiie tangent, and the 
other part - (-r-) , or — , acts at right angles to it as the 



i 
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form of the equation shews, and consequently is the accelera- 
tion perpendicular to the tangent. 

d^x d*v d*z 
From the expressions for -tj , -^ , -rr , we also obtain 



d^x fdy d*z dz d'^y\ 
at \da ds* da day 

d^y (dz d^x dx d*z\ 

'^W\did?''d^W) 

(dx d^y dy e/*a;\ _ _ 
\d8 ds* ds dsV" ' 



d^ 
"^ de 

and thus the acceleration perpendicular to the osculating 

plane vanishes. The acceleration — must therefore be along 

a normal to the path drawn in the osculating plane ; that is, 
along the radius of absolute curvature. 

18. We are therefore led to ea^and the definition given 
in § 12 thus: — Acceleration is the rate of change of velocity 
whether that change take place in the direction of motion or not. 

What is meant by change of velocity is evident from § 10. 
For if a velocity OA become OC, its change is AC, or OB. 

Hence, just as the direction of motion of a point is the 
tangent to its path — so the direction of acceleration of a 
moving point is to be found by the following construction. 
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From any point draw lines OP, OQ^ etc., representing 
in magnitude and direction the velocity of the moving point 
at every instant. The points, P, Q^ etc., form in all cases of 
motion of a material particle a continuous curve, for an in(i« 
nitely great force is requisite to change the velocity of a par- 
ticle abruptly either in direction or magnitude. Now if v he 
a point near to P, OP and OQ represent two successive values 
of the velocity. Hence FQ is the whole change of velocity 
during the interval. As the interval becomes smaller, the 
direction FQ more and more nearly becomes the tangent at P. 
Hence the direction of acceleration is that of the tangent to 
the curve thus described, called by its inventor, Sir W. K. 
Hamilton, the Hodograph. 

The amount of acceleration is the rate of change of velo- 
city, and is therefore measured by the velocity of P in the 
curve PQ. 

19. The Moment of a velocity about any point is the 
rectangle under its magnitude and the perpendicular from the 
point upon its direction. The moment of the resultant velo- 
city of a point about any point in the plane of the compo- 
nents is equal to the algebraic sum of the moments of the 
components, the proper sign of each moment depending on 
the direction of motion about the point. The same is true of 
moments of acceleration, and of momentum as defined later. 

Consider two component velocities, AB and A (7, and let 
AD be their resultant (§ 10). Their half moments round 




the point are respectively the areas OAB, OCA, Now 
OCA, together with half the area of the parallelogram GABD^ 
is equal to OBD. Hence the sum of the two half moments 
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together with half the area of the parallelogram is equal to 
A OB together with BOD, that is to say, to the ai'ea of the 
whole figure OABD. But ABD, a part of this figure, is 
equal to half the area of the parallelogram ; and therefore the 
remainder, OAD, is equal to the sum of the two half mo- 
ments. And OAD is half the moment of the resultant velo- 
city round the point 0. Hence the moment of the resultant 
is equal to the sum of the moments of the two components. 
By attending to the siffns of the moments, we see that the 
proposition holds when is within the angle CAB. 

20. Now if one of the components always passes through 
the point 0, its moment vanishes. This is the case of a motion 
in which the acceleration is directed to a fixed point, and we 
thus prove the theorem that in the case of acceleration always 
directed to a fixed point the path is plane and the areas de- 
scribed hy the radius-hector are proportional to the times ; for 
the moment of velocity, which m this case is constant, is evi- 
dently double the rate at which the area is traced out by the 
radius-vector. 

21. Hence in this case the velocity at any point is 
inversely as the perpendicular from the fixed point upon the 
tangent to the path, the momentary direction ot motion. 

For evidently the product of this perpendicular and the 
velocity at any instant gives double the area described in one 
second about the fixed point, which hast just been shewn to 
be a constant quantity. 

22. The results of the last three sections may be easily 
obtained analytically, thus. Let the plane of motion be 
taken as that o£ x, y; and let the origin be the point about 
which moments are taken. Then if x, y be the position of 
the moving point at time t, the perpendicular firom the origin 
on the tangent to its path is 

dy dx 9 dO . , ••. , 

p = a;^— y-i-=r"^, in polar co-ordinates. 

From this we have at once 



ds ^ dy ^^ ^ jt^^ 

^ dt^^di^yii'^Tt' 



(1), 
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or with the notation of § 8, 

pv = xvy — yv„ 
which is the theorem of § 19. 

Also i (pv) ^x ^ -.y §, (2). 

Now, if the acceleration be directed to or from 0, its mo- 
ment about which is evidently 

d*y d*x 

must vanish. Hence (2) gives 

pv = constant ; which is § 21, 
By means of (1) this gives 

r' -^ = constant, which is § 20; 

since, if A be the area traced out by the radius-vector, 

dA r« 



d0 2* 

23. To determine the motion of a point when the accelera- 
tions to which it is avbjected are given. 

This includes also, as will be seen, the determination of 
the motion when the component velocities are ffiven. 

Let a, )S, 7 be the given accelerations parallel to the axes, 
we have 

d^x 
= a. 



df 
d'z 

-de^^^j 



V (1). 



Now a, /9, 7 may be functions of a:, v, «, <, -rr , -j^, or —- . 

at at at 

or of two or more of these quantities. Equations (1) must 
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be integrated as simultaneous differential equations if possible. 

Q"^ fill dz 

Thus we have the values of -r: , -^ , -77 in terms of one or 

ai at at 

more of the quantities x, y^ z and t ; that is the component 

velocities are known. 

Another integration, if it can be performed, gives a;, y, and 
X in terms of t ; and, if the latter be eliminated from the 
three integrated equations, we have the two equations to the 

Sath in space, and thus theoretically the motion is completely 
etermined. 

It is imnecessary to give examples of the integration of 
such equations, as the major part of the following chapters 
will be devoted to them. 

• __^ 

24. So far for a single point When more points than 
one are considered. Kinematics enables us to determine, from 
the given motions of all, their relative motions with respect 
to any one of them ; or conversely, from the actual motion 
of one, and the motions relative to it of the others, to de- 
termine the actual motions of the latter in space. This de- 
pends on the following self-evident proposition. 

If the velocity of any point of a system he reversed in 
direction^ and he communicated to each point of the system in 
composition with that which it already possesses, the relative 
motions of all about the first, thu^ reduced to rest, will he 
the same as their relative motions about it when all were in 
motion. 

For the proof it is sufficient to notice that if at every 
instant the distance of two points, and the direction of the 
line Joining them be the same as for two other points, the 
relative motions of one of each pair about the other will be 
the same. The simplest illustrations of this proposition are 
furnished by the relative motions of objects in a vessel or 
carriage, which are independent of the common velocity of the 
whole — or, on a grander scale, of terrestrial objects, whose 
relative motions are unaffected by the earth's rotation, or by 
its motion in space. 

Since accelerations are compounded according to the same 
law as velocities, the above theorem is true of them also. 
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25. Two points describe similar orbits about each other 
and. about any point dividing in a given ratio the line which 
joins them. 

Let A and B be the points, G a point in AB such that 

AO 
^^ = a constant. 

The path of B about A will evidently be the same as 
that of A about B, since the length and direction of the 



line AB are the same whichever end be supposed fixed. 
Also if G be fixed the path of B about it will evidently 
differ from that of B about A by having corresponding radii 

BG 

vectores diminished in the ratio —rpi • But this is the defi- 

AB 

nition of similar curves. The same of course would hold with 

respect to the relative path of A with respect to G. This 

proposition will be found of considerable use afterwards, as it 

enables us materially to simplify the equations of motion of 

tvro mutually attracting free particles. 

26. As an instance of relative motion, consider two points, 

one of which moves uniformly in a straight line, while the 

other moves uniformly in a circle about the first a^ center ; to 

determine the path of the second point, the motion being in one 

plane. 

Take the line of motion of the first as the axis of a?, v its 
velocity, the plane of the circle as xy, a the radius of the 
relative circular orbit, o) the angular velocity in it, § 32. 
Suppose the revolving point to be initially in the axis. Also 
at time t suppose the line joining the points to be inclined 
at an angle to the axis of x. Then for the co-ordinates of 
the revolving point we have 

y = a sin 0, 

x = vt-\' a cos 6. 

But e = iot] 

T. D. 2 
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hence a; = — sin"^ - + V(a* — ^') 



€0 a 



is the equation to the absolute path required. This belongs 
to the class of cycloids ; it is prolate or curtate according as 
V is greater or less than aa>, or the absolute motion of the 
first point greater or less than that of the other in its circular 
orbit. If the two are equal, or t? = aa>, we have the equation 
to the common cycloid, as is indeed evident, for the circular 
path may be supposed the generating circle, and the velocity 
of the center in its rectilinear path is equal to that of the 
tracing point about that center. 

27. It is evident that, whatever be the relative path, if 
r, denote the relative co-ordinates of the second point with 
respect to the first at time *, a?, y, and x the absolute co-ordi- 
nates at the same time. 



(1). 



x==x-¥r cos 

V 

y = r sin 5 j 

Now in the first case, when the motion of the first point, and 
that in the relative orbit are given, 

5, r and are known functions of ty if therefore these 
values be substituted in (1), and t be eliminated, we shall have 
the equation between x and y, which is required. 

Again, if the absolute orbits of both are given, x, y, and 
X are known in terms of t, and thus equations (1) serve to 
give r and in terms of t, which furnishes the complete 
determination of the relative path, and the circumstances of 
its description. 

28. In any system of moving points , to determine the rela- 
tive^from the absolute^ motions; and vice versa. 

Let ajj y^ z^y ^^y^^s ^® *^® co-ordinates of two of the points, 
X, y, z the relative co-ordinates of the second with regard to 
the first, Wj v^ w^, u v^ w^ the velocities of each parallel to the 
axes, w, Vy w the velocities of the second relatively to the first. 

Then x^x^ — x^y u^u^ — u^, 

Z = Z^ — Z^, W^^IV^—W^. 
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The second group may be derived from the first by difibr- 
entiation with respect to t 

Now, when the actual motions of the two are given, all the 
subscribed quantities are known. Hence the above equations 
give the circumstances of the relative motion. 

Or if the actual motion of the first, and the relative motion 
about it of the second, be known, we have xyz,uvw,x^t/^z^, 
u^v.w^, to find the other six quantities for the actual motion 
of the second in space. 

A second dififerentiation proves the statement in § 24 re- 
garding relative acceleration. 

29. Some of the best illustrations of this part of our sub- 
ject are to be found in what are called Curves of Pursuit, 

These questions arose from the consideration of the path 
taken by a dog who in following his master always directs 
his course towards him. 

In order to simplify the question the rates of motion of 
both master and dog are supposed to continue uniform ; or at 
least to have a constant ratio. 

30. As an instance of the curve of pursuit, suppose it be 
required to determine the path of a point which continually with 
uniform velocity u moves towards another which is describing a 
straight line with uniform velocity v. 

The curve of course is plane. Take the line of motion 




2—2 
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of the second point Q as the axis of x, and let x denote 
its position at the instant when the co-ordinates of the first, 
P, are x, y.. The axis of y is chosen as that tangent to the 
curve of pursuit which is perpendicular to the axis of Xy and 
the distance between the points in that position is a. 

Let - = e, then 
u 

eAP= OQ, and PQ is a tangent at P. 

These are our conditions, and lead to the following equa- 
tions 

^ dx 

Differentiating with respect to y, we have 

ds d*x 

But 8 increases as y diminishes, 
whence | = -y|i + (|)]. . 

Hence i = — —JL-—-, 






VI- C 



O/X 

and integrating, noting that y = a, ;t- = together, 

%gy-io.[yi..(|)}.|]. . 

and therefore {^ = ^|l + ^_ j | - ^ , taking reciprocals. 
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And we have finally 

dx 



»!-©■-©' ('). 



y^' , a- 



or 2{x + C)= ^f +—- - 

But x = 0, y = a\ which gives (7 = -^ — -. 

Hence 2 fa;+ -^^ J = -7-r — 7x+-s^-r — Tn (2)- 

This is true for all values of e except unity, a case to 
which we will presently recur. 

There are two cases of curves represented by equation (2). 
1st, e>l, 2nd, e<\. 

In the first case Q moves the faster, and P can never over- 
take it ; the curve therefore never meets the axis of a:, which 
indeed will be seen by (2) to be an asymptote. 

In the second case equation (2) becomes 



!+• ^•..l-« 



/ ae \ y'^ ay"* 

^r l-67~a'(l + e) 1-e' 

Qa doc 

and for x = j we have y = 0, and also by (1) -r- infinite. 

Hence the curve touches the axis at this point. The re- 
mainder of the curve satisfies a modified form of the question, 

and is called the Curve of Flight, i It is to be observed, 

however, that x = ^ gives also y = ± a f . _ J r . 

When e = 1, the integral of (1) is 

the only case In which we do not obtain an algebraic curve. 
Here again the axis of x is an asymptote. 
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31. As an instance of relative motion let us consider the 
path of P with regard to Q. It will be easy to see that this 
corresponds exactly to the following question. 

A hoat^ propelled [relatively to the water) with uniform 
velocity u, starts from a point A in the hank of a river which 
runs with velocity y parallel to Qx, and tends continually to 
the point Q, on the other hanky directly opposite to A; to find 
its path. 

The constant velocity of the stream in this case com- 
municated to P corresponds to the constant velocity of Q in • 
the last example, but is in the opposite direction. In fact, 
if the earth were to be supposed moving in the direction xQ 
with uniform>elocity v, the river would be at rest in space, 
and the actual motions of P and Q would be the same as in 
the last example. (See § 24.) 




To investigate the path, take Q as origin, Qx^ QA as the 
axes. Then the component velocities of P are v parallel to 
Qx and u along P^, and the tangent to its path is in the 
direction of the resultant of these two. Putting for FQx^ 

dy ^ u sin 6 



we have 



dx^ v — ucoaO 
sintf 
e — cos 

y 



«V(aj' + /)-a?' 
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This, being a homogeneous equation, is easily integrated, 
and we have, taking a; = 0, y = a together, 

a* 

— cos 



C=V(a='+y')-« (1), 



\ a / SI 



sin^ ' 

in polar co-ordinates. This evidently gives a parabola about 
Q as focus, if e = 1. 

To find the time of crossing the stream. 

This may easily be effected by considering the actual 
velocity parallel to the axis of y, 



Now taking quotients of y^ by both sides of (1), 

^y^^VCa^^ + y^ + a?. 

Hence 2 V(a?" + f)^ a^"* + ay^ ; 

and therefore ^ (ay + oTy^^ = - 2udt. 

Taking the integral from a to 0, and putting T^ for the 
time of crossing, 

' j^wr^; or 2i = -ii «• 

1 — e' * * u —V 

But, if there had been no current, we should have had for 
the time of crossing, 

2l = ~; whence "7=,^ = -5 ?. 

In the integration we have, of course, e < 1, else the boat 
could not reach Q, 
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If e = l, the boat will reach the farther bank but not at 
Q. The solution of this case presents no special difficulty. 

32. If the motion of a point in a plane be considered 
with reference to a fixed point in that plane, the rate of in- 
crease of the angle made by the line joining the two, with 
some fixed line in the plane, is called the Angular Velocity of 
the former point about the latter. 

Suppose this angle to be represented by at time t ; then 
at time ^ + S< it has the value 9 + B0, and it may be shewn 
as before (§ 7), that if 6> represent the angular velocity re- 
quired, then 

d0 

Ex. A point moves uniformly^ with velocity v, in a straight 
line ; to find at any instant its angular velocity about a fixed 
point whose distance from the straight line is a. 

Taking as initial line the perpendicular from the fixed 
point on the line of motion; the polar equation of- the path is 

r = a sec 0* 

Also, if when •< = 0, ^ = 0, we have 

r sin ^ = vt. 

Hence, a tan = vt, 

J d0 va va 

ana co = -j- — -j— — g-, = -j . 
dt of + vr r^ 

33. A point ^Jlescribes a circle with uniform velocity / it 
is required to find the actual velocity ^ and the angular velocity 
{about the center) in any orthographic projection* 

Let ApA' be an ellipse and APA' the auxiliary circle. 
Then the former will be the orthographic projection if its axes 
be made in the ratio of the cosine of the angle (a) between 
the planes of projection. Also if PpM be perpendicular to 
AA\ P and p will be corresponding points in the two. Draw 
the tangents/?!^, PI^; then 
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actual velocity at p^g^ andif rOP=^, 

velocity at j g _ ^/{PT sin^ g + P^ cos* cos' a) 
P" FT 

= V(sin* d + cos' 6 cos'a) 
= V(l — sin' a cos' 0). 
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Now,ifrOp = <^, angular velocity at y ^^ 



P dd 



= ;-^ tan"* (cos a tan ^) 



c?^ 



cos a 



cos' Q + cos' a sin'* 

cos a 
1 — sin' a sin' ^ ' 



TT 



This is a maximum if ^ = 77, when its value is sec a, 



minimum = 



cos a. 



Hence, if oa^ and ct), be the greatest and least angular 
velocities in the projection, 

»J{^fi^ is the angular velocity in the original path* 
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34. Evidently, the product of the radius-vector into the 
angular velocity is the velocity perpendicular to the radius- 
vector. This is to the whole velocity as the perpendicular on 
the tangent is to the radius-vector; and therefore the product 
of the square of the radius-vector by the angular yelocity is 
equal to the product of the whole velocity by the perpen- 
dicular on the tangent, i.e. to the moment of velocity about 
the pole, § 22, (1). 

35. The rate of increase or diminution of the angular 
velocity when variable is called the Angular Acceleration^ 
and is measured with reference to the same unit angle. 

36. The motion of a point in a plane being given with 
respect to fixed axes, to investigate expressions for its velocity 
ana acceleration relative to axes in the same plane, which re- 
volve about a common origin with uniform angular velocity. 

Let o) be this angular velocity, then, if at time < = the 
fixed and revolving axes coincide, at time t they will be 
inclined at an angle (ot. Hence, if a?, y, f, 97 be the co-ordi- 
nates of the point at time <, referred to the fixed and the 
revolving axes respectively, we have 

f = a? cos 0)^ 4-y sin ©r 

fly = y cos o)^ — a? sin Q)f J 

These give, by differentiation, 

d^ dx ^ . ^y • . / • ^ ^\ 

--^ = -^ cos (ot-\- -J- sin a)< — o) (a? sm (ot—y cos (ot) 



(1). 



dt dt dt 



dx £?y . . 

= -7- cos a)t-\--~ sm (ot + aw. 
dt dt 



(2), 



Similarly, -^ = ^ cos ®^ -- -17 sin oat — ©f 

which determine the relative velocities. 
Again, 

^, = -^cos6,< + -Jsma,«-2a,(^^^sma,«--|cosa,«j-a,«f 



d^t) d^y ^ d^x . ^ ^ fdy , ^ dx \ « 

-^ = -^-coso,<--^sma,«-2a,(^j8ma,<+^cosa,<j-o,. 



'(3) 
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or 



-^ = -^ COS o,<-^8ma,<-2« -2^ + 0,, 
tlie relative accelerations. 



y (30, 



Now the component accelerations along ^erf axes, which 
at the time t coincide with the moving axes, are evidently 
represented by the first two terms of the right-hand sides of 
these equations ; or, in terms of the co-ordinates with respect 
to the moving axes^ by 

§-.4-.-f, „a$+2.f-„., (4). 

» 

Ex. If the point be at rest, x and y are constant, and 



d^_ 

dt 


OMJ, 




df) 

dt ^ 


— «f. 


d^~ 


— o 


% 


d'v 

df^ 


• 



Also 



These expressions are obvious, as in this case the relative 
motion of the point with respect to the moving axes is a 
uniform circular motion about the origin, in the negative 
direction, i, e. &om the axis of r) to that of ^. 

37. Suppose the axes not to revolve uniformly. 

In this case the investigation is precisely the same as the 
above, with the exception that 0, a given function of t, must 
be substituted for (ot. If ©, now no longer constant, be put 

for -^ , the student will have no difficulty in verifying the fol- 
lowing expressions which take the place of (2), (3') and (4), of 
the preceding section. 
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dt 

drj 
'di 

d^ 

de 

di' ~ di 



dx a , cty - /I , 

-J- COS ^ 4- -^ sm d+aoT] 
at at 

-^ cos ^ — j-smO — a)P 
at at 



> 



(2J. 



J 



d^x /I d^v . ^ ««. dri doD 



_d'i, 



d'x . 



d^ da) 



^•••(3'i) 



= -j| cos (9 - -rr sin 9 + a)«i, - 20) -^ - -5- f 



di" 



dt dt 



d^^ 



1 d 



d^-'^'^-vdt^'^'^' 



dS 



1 d 



_'_«., + __ («|^ 



(4 J 



These expressions might have been deduced at once from 
the expressions in § 15, by the consideration of relative accele- 
rations as in § 24. Let OM— f, MP=^ rj, be the co-ordinates 
of the point referred to the moving axes. Then^ by § 15, the 
acceleration of JIf along OM is 



d^ 
df 



-0)^^ 



Also, as MP revolves with angular velocity o), the ac- 
celeration of P relative to M in the direction perpendicular 
to MP, is 

This is in the direction of the negative part of the axis of 
f. Hence the resolved part parallel to Of, of the relative 
acceleration of P with respect to (?, is 

38. The principles already enunciated, and the examples 
given of their application, will suffice for the solution of pro- 
blems on this part of the subject. 

Other examples of the application of these principles, 
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such as the kinematlcal part of the investigations of the 
Ilodograph, Tractory, &c., will be more appropriately intro- 
duced in future chapters. 



EXAMPLES. 

(1) A point moves from rest in a given path, and its 
velocity at any instant is proportional to the time elapsed 
since its motion commenced; find the space described m a 
given time. 

(2) If a point begin to move with velocity v, and at 
equal intervals of time a velocity u be communicated to it 
in the same direction; find the space described in n such 
intervals. 

(3) A man six feet high walks in a straight line at the 
rate of four miles an hour away from a street lamp, the height 
of which is 10 feet; supposing the man to start from the 
lamp-post, find the rate at which the end of his shadow 
travels, and also the rate at which the end of his shadow 
separates firom himself. 

(4) If the position of a point moving in a plane be 
determined by the co-ordinates p and <f>, p being measured 
from a fixed circle (radius a) along a tangent which has 
revolved through an angle ^ from a fixed tangent ; investi- 
gate the following expressions for the. accelerations along and 
perpendicular to p respectively, 

d'p ^ fd^^ rf^ 






(5) Prove that it is not possible for a point to move so 
that its velocity at any point may be proportional to the 
length of the path which it has described irom rest: also that 
if its velocity be proportional to the space it has to describe, 
however small, it will never accomplish it. 
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(6) The velocity of a point parallel to each of three 
rectangular axes is proportional to the product of the other 
two co-ordinates; what are the equations to the path, and 
what is the time of describing a given portion when the 
curve passes through the origin ? 

(7) A point moves in a plane, its velocities parallel to 
the axes of x and y are 

u + ey and v + ex respectively, 

shew that it moves in a conic section. 

(8) Two points are moving with uniform velocity in two 
straight lines, 1st in a plane, 2nd in space; given the initial 
circumstances, find when they are nearest to each other. 
Shew also that in both cases the relative path is a straight 
line, described with uniform velocity. 

(9) A number of points are moving with uniform velo- 
city in straight lines in space ; determine the motion of their 
common center of inertia. (§ 53.) 

(10) A cannon-ball is moving in a direction making an 
acute angle 9 with a line drawn from the ball to an observer ; 
if Fbe the velocity of sound, and nFthat of the ball, prove 
that the whizzing of the ball at different points of its course 
will be heard in the order in which it is produced, or in the 
reverse order, according as n < > sec 0, 

(11) A particle projected with a velocity u, is acted on by 
a force, which produces a constant acceleration f, in the plane 
of motion, inclined at a constant angle a to the direction of 
motion. Obtain the intrinsic equation to the curve described, 
and shew that the particle will be moving in the opposite 
direction to that of projection at the time 



/cos a V / 



(12) Shew that any infinitely small motion given to a 
plane figure in its own plane is equivalent to a rotation 
through an infinitely small angle about some point in the 
figure. 
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(13) The highest point of the wheel of a carriage rolling 
on a road moves twice as fast as each of two points in the 
rim whose distance from the ground is half the radios of the 
wheel, 

(14) A rod of given length moves with its extremities 
in two given lines which intersect ; shew how to draw a tan- 
gent to the path described by any point of the rod. 

(15) Investigate the position of the instantaneous center 
about which the rod is turning, and apply this also to solve 
the preceding question. 

(16) One circle rolls on another whose center is fixed. 
From the initial and final positions of a diameter in each 
determine how much of their circumferences have been in 
contact. 

(17) One point describes the diameter AB of a circle with 
uniform velocity, and another the semi-circumference AB from 
rest with uniform tangential acceleration, they start together 
from A and arrive together at B^ shew that the velocities 
at B are as tt : 1. 

(18) In the example of § 30 find in the case of e = 1 
the ultimate distance of^the particles, and for e < 1 the length 
of time occupied in the pursuit. ♦ 

(19) In the example of § 31 find the greatest distance 
the boat is carried down the stream, and shew that when 
it is in that position its velocity is V(^* — v*)« 

When w = v, shew directly that the curve described is a 
parabola. 

(20) Shew that if p be the radius of curvature of the 
curve of pursuit, we have in the figure of § 30, 

(21) In the case of a boat propelled with velocity u 
relatively to the water in a stream running with velocity v ; 
shew that the boat passes from one given point to another in 
the least possible time when its actual path is a straight 
line. 



^ 
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(22) The velocity of a stream varies as the distance from 
the nearest bank ; shew that a man attempting to swim di- 
rectly across will describe two semlparabolas. (Shew that the 
sub-normal is constant.) Find by how much the mean velo- 
city is increased. 

(23) A point moves uniformly in a circle ; find an ex- 
pression for its angular velocity about any point in the plane 
of the circle. 

(24) If the velocity of a point moving in a plane curve 
vary as the radius of curvature, shew that the direction of 
motion revolves with uniform angular velocity. 

(25) Two bevllled wheels roll together; having given 
the angular velocity of the first wheel and the inclinations of 
the axes of the cones, find their vertical angles that the 
second may revolve with given angular velocity. 

(26) Supposing the Earth and Venus to describe in the 
same plane circles about the Sun as center; investigate an 
expression for the angula^r velocity of the Earth about Venus 
in any position, the actual velocities being inversely as the 
square roots of their distances from the Sun. 

(27) A particle moving uniformly round the circular base 
of an oblique cone is projected by generating lines on a sub- 
contrary section ; find its angular velocity about the center of 
the latter. 

(28) If f , rj denote the co-ordinates of a moving point re- 
ferred to two axes, one of which is fixed and the other rotates 
with uniform angular velocity ©, prove that its component 
accelerations parallel to these axes are 

— I — 2co cosec (ot -r , 
ctir at 

-ta — c«>^ + 2© cot (at -J- . 
at at 
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CHAPTER IL 



LAWS OF MOTION, 



39. Having, in the preceding chapter, considered the 
purely geometrical properties of the motion of a point or par- 
ticle, we must now treat of the causes which produce various 
circumstances of motion ; and of the experimental laws, on 
the assumed truth of which all our succeeding investigations 
are founded. And it is obvious that we now introduce for 
the first time the idea of Matter. 

We commence with a few definitions and explanations, 
necessary to the full enunciation of Newton's Laws and their 
consequences, 

40. The Quantity of Matter in a body, or the Mass of 
a body, is proportional to the Volume and the Density con- 
jointly. The Density may therefore be defined as the quan- 
tity of matter in unit volume. 

If M be the mass, p the density, and V the volume, of a 
homogeneous body, we have at once 

if we so take our units that unit of mass is the mass of unit 
volume of a body of unit density. If the density vary from 
point to point, we have, of course, 

M^JJJpdV. 

As will be presently explained, the most convenient unit 
mass is an imperial pound of matter. 

41. A Particle of matter is supposed to be so small that, 
though retaining its material properties, it may be treated so 

T. D, 3 
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far as its co-ordinates, &c. are concerned, as a geometrical 
point. 

42. The Quantity of Motion^ or the Momentum, of a 
moving body is proportional to its mass and velocity con- 
jointly. 

Hence, if we take as unit of momentum the momentum 
of a unit of mass moving with unit velocity, the momentum 
of a mass M moving with velocity v is Mv» 

43. Change of Quantity of Motion^ or Change of Momen- 
tum, is proportional to the mass moving and the change of its 
velocity conjointly. 

Change of velocity is to be understood in the general 
sense of § 10. Thus, with the notation of that section, if a 
velocity represented by OA be changed to another represented 
by OUy the change of velocity is represented in magnitude 
and direction by A C. 

44. Rate of Change of Momentum, or Acceleration of Mo- 
mentum, is proportional to the mass moving and the accelera- 
tion of its velocity conjointly. Thus (§ 16) the acceleration 

of momentum of a particle moving in a curve ia M -rfr along 



V* 



the tangent, and Jf — in the radius of absolute curvature. 

45. The Vis Viva, or Kinetic Energy, of a moving body 
is proportional to the mass and the square of the velocity, 
conjointly. K we adopt the same units of mass and velo- 
city as before, there is particular advantage in defining kinetic 
energv as half the product of the mass into the square of 
its velocity. 

46. ^ Rate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
acceleration of momentum in the direction of motion. 

^°'5(f)-^«S-»(^S)- 
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47. Matter has an innate power of resisting external 
influences, so that every body, as far as it can, remains at rest, 
or moves uniformly in a straight line. 

This, the Inertia of matter, is proportional to the quan- 
tity of matter in the body. And it follows that some cause 
is requisite to disturb a body's uniformity of motion, or to 
change its direction from the natural rectilinear path. 

48. Impressed Force, or Force simply, is any cause which 
tends to alter a body's natural state of rest, or of uniform mo- 
tion in a straight line. 

The three elements specifying a force, or the three ele- 
ments which must be known, before a clear notion of the force 
under consideration can be formed, are, its place of application, 
its direction, and its magnitude. 

• 49. The Measure of a Force is the quantity of motion 
which it produces in unit of time. According to this method 
of measurement, the standard or unit force is that force 
whichy acting on the unit of matter during the unit of time, 
generates the unit of velocity. 

Hence the British absolute unit force is the force which, 
acting on one pound of matter for one second, generates a 
velocity of one foot per second. 

[According to the common system followed in modern 
mathematical treatises on dynamics, the unit of mass is g 
times the mass of the standard or unit weight ; g being the 
numerical value of the acceleration produced (in some par- 
ticular locality) by the earth's attraction on falling bodies. 
This definition, giving a varying and a very unnatural unit 
of mass, is exceedingly inconvenient. In reality, standards of 
weight are masses, not forces. They are employed primarily 
in commerce for the purpose of measuring out a definite quan- 
tity of matter ; not an amount of matter which shall be at- 
tracted by the earth with a given force.] 

60. To render this standard intelligible, all that has to 
be done is to find how many absolute units will produce, in 
any particular locality, the same effect as the force of gravity. 

3—2 
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The way to do this is to measure the effect of gravity In pro- 
ducing acceleration on a body unresisted In any way. The 
most accurate method Is indirect, by means of the pendulum. 
The result of pendulum experiments made at Leith Fort, by 
Captain Kater, Is, that the velocity acquired by a body falling 
unresisted for one second Is at that place 32*207 feet per 
second. The variation In the force of gravity for one degree 
of difference of latitude about the latitude of Leith is only 
•0000832 of Its own amount. The average value for the 
whole of Great Britain differs but little from 32*2 ; that is, 
the force of gravity on a pound of matter In this country is 
32*2 times the force which, acting on a pound for a second, 
would generate a velocity of one foot per second; in other 
words, 32*2 is the number of absolute units which measures 
the weight of a pound. Thus, speaking very roughly, the 
British absolute unit of force is equal to the weight of about 
half an ounce. 

51. Forces (since they involve only direction and mag- 
nitude) may be represented, as velocities are, by straight 
lines in their directions, and of lengths proportional to their 
magnitudes, respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall presently 
shew, § 62, the same as those which we have already proved 
to hold for velocities ; so that, with the substitution of force 
for velocity, § 10 is still true. 

52. The Component of a force in any direction, sometimes 
called the Effective Component In that direction, is therefore 
found by multiplying the magnitude of the force by the cosine 
of the angle between the directions of the force and the com- 
ponent. The remaining component in this case is perpen- 
dicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other ; 
each sucn resolution being effected by multiplying by the 
cosine of the angle concerned. 

The magnitude of the resultant of two, or of three, forces 
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in directions at right angles to each other, is the square root 
of the sum of their squares. 

53. The Center of Inertia or Mass of any system of material 
points whatever (whether rigidly connected with one another, 
or connected in any way, or quite detached), is a point whose 
distance from any plane is equal to the sum of the products 
of each mass into its distance from the same plane divided by 
the sum of the masses. 

The distance from the plane of yz, of the center of Inertia 
of masses m^, m^, etc., whose distances from the plane are 
jTj, x^y etc., is therefore 

- __ ^i^l + ^^2^2 + ®^^' _ ^ (^^^) 

Wj + m^ + etc. iw 

And, similarly, for the other co-ordinates. 

Hence its distance from the plane 

B = '\x + fiy -{-vz — a^Oy 

is D = Xx + fiy + vz'~ay 

__ S {m {\x + fiy 4- 1^2? — «)1 _ S {mS) 



as stated above. And its velocity perpendicular to that 
plane is 

dJ) 
dt 



D 1 ^( f^dx dy dz\\ ^ V^ dt ) 



from which, by multiplying by 2w, and noting that S is the 
distance of x, y, z from S = 0, we see that the sum of the mo- 
menta of the parts of the system in any direction is equal to 
the momentum in that direction of the whole mass collected 
at the center of inertia. 

54. By introducing, in the definition of moment of velo- 
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city (§ 19), the mass of the moving body as a factor, we 
have an important element of dynamical science, the Moment 
of Momentum. The laws of composition and resolution are 
the same as those akeady explained. 

65. A force is said to do Work if it moves the body to 
which it is applied, and the work done is measured by the 
resistance overcome, and the space through which it is over- 
come, conjointly. 

Thus, in lifting coals from a pit, the amount of work done 
is proportional to the weight of the coals lifted ; that is, to 
the force overcome in raising them ; and also to the height 
through which they are raised. The unit for the measure- 
ment of work adopted in practice by British engineers, is that 
required to overcome the weight of a pound through the space 
of a foot, and is called a foot-pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§ 49) acting 
through unit of space. 

If the weight be raised obliquely, as, for instance, along 
a smooth inclined plane, the space through which the force 
has to be overcome is increased in the ratio of the length to 
the height of the plane ; but the force to be overcome is not 
the whole weight, but only the resolved part of the weight 
parallel to the plane ; and this is less than the weight in the 
ratio of the height of the plane to its length. By multiplying 
these two expressions together, we find, as we might expect, 
that the amount of work required is unchanged by the sub- 
stitution of the oblique for the vertical path. 

56. Generally, if s be an arc of the path of a particle, 8 
the tangential component of the applied forces, the work done 
on the particle between any two points of its path is 



/■ 



Sds, 

taken between limits corresponding to the initial and final 
positions. 
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Referred to rectangular co-ordinates, it is easy to see, by 
the law of resolution of forces, § 62, that this becomes 

Thus it appears that, for any force, the work done during 
an indefinitely small displacement of the point of. application 
is the product of the resolved part of the force in the direction 
of the displacement into the displacement. 

From this it follows, that if the motion of a body be 
always perpendicular to the direction in which a force acts, 
such a force does no work. Thus the mutual normal pressure 
between a fixed and a moving body, the tension of the cord 
to which a pendulum bob is attached, the attraction of the 
sun on a planet if the planet describe a circle with the sun 
in the center, are all cases in which no work is done by the 
force. 

In fact the geometrical condition that the resultant of 
X, y, Zy shall be perpendicular to efo is 

as as as 

and this makes the above expression for the work vanish. 

67. Work done on a body by a force is always shewn 
by a corresponding increase of vis viva, or kinetic energy, 
if no other forces act on the body which can do work or have 
work done against them. If work be done against any forces, 
the increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the form of FotentiaL 
Energy^ if its physical conditions are such that these forces 
will act equally, and in the same directions, if the motion of 
the svstem is reversed. Thus there may be no change of 
kinetic energy produced, and the work done may be wholly 
stored up as potential energy. 

Thus a weight requires work to raise it to a height, a 
spring requires work to bend it, air requires work to com- 
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press it, etc. ; but a raised weight, a bent spring, compressed 
air, etc., are stores of energy which can be made use of at 
pleasure. 

These definitions being premised, we give Newton's Laws 
of Motion. 

58. Law L Every hody continues in its state of rest or of 
uniform motion in a straight line, except in so far as it may 
he compelled by impressed forces to change that state. 

We may logically convert the assertion of the first law 
of motion as to velocity into the following statements : — 

The times during which any particular body, not com- 
pelled by force to alter the speed of its motion, passes through 
equal spaces, are equal. And, again — ^Every other body in 
the universe, not compelled iDy force to alter the speed of 
its motion, moves over equal spaces in successive intervals, 
during which the particular chosen body moves over equal 
spaces. 

59. The first part merely expresses the convention uni- 
versally adopted for the measurement of Time, The earth, 
in its rotation about its axis, presents us with a case of motion 
in which the condition of not being compelled by force to 
alter its speed, is more nearly fulfilled than in any other 
which we can easily or accurately observe. Hence the nu- 
merical measurement of time practically rests on defining 
equal intervals of time, as times during which the earth turns 
through equal angles. This is, of course, a mere convention, 
and not a law of nature ; and, as we now see it, is a part of 
Newton's first law. 

The remainder of the law is not a convention, but a great 
truth of nature, which we may illustrate by referring to small 
and trivial cases as well as to the grandest phenomena we 
can conceive. 

60. Law II. Change of motion is proportional to the im^ 
pressed force, and takes place in the direction of the straight 
line in which the force acts. 

We have considered change of velocity, or acceleration. 
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as a purely geometrical quantity, and have seen how it 
may be at once inferred from the given initial and final velo- 
cities of a body. By the definition of motion, or quantity of 
motion (§ 42), we see that, if we multiply the change of velo- 
city, thus geometrically determined, by the mass of the body, 
we have the change of motion (§ 43) referred to in Newton's 
law as the measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the change of motion 
that concerns us. Thus the same force will produce precisely 
the same change of motion in a body, whether the body be at 
rest, or in motion with any velocity whatever. 

61. Again, It is to be noticed that nothing is said as to 
the body being under the action of one force only ; so that we 
may logically put part of the second law in the following 
(apparently) amplified form : — 

When any forces whatever act on a lody^ then, whether 
the hody he originally at rest or moving with any velocity 
and in any direction, each force produces in the body the 
exact change of motion which it would have produced if it 
had acted singly on the hody originally at rest. 

62. A remarkable consequence follows immediately from 
this view of the second law. Since forces are measured by 
the changes of motion they produce, and their directions 
assigned by the directions in which these changes are pro- 
duced ; and since the changes of motion of one and the same 
body are in the directions of, and proportional to, the changes 
of velocity — a single force, measured by the resultant change 
of velocity, and In its direction, will be the equivalent of any 
number of simultaneously acting forces. Hence 

The resultant of any number of forces {applied at one 
point) is to he found hy the same geometrical process as the 
resultant of any numher of simultaneous velocities^ 

From this follows at once (§ 10) the construction of 
the Parallelogram of Forces for finding the resultant of two 
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forces acting at the same point, and the Polygon of Forces for 
the resultant of any number of forces acting at a point. And, 
so far as a single particle is concerned, we have at once the 
whole subject of Statics. 

63. The second law gives us the means of measuring 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon 
the same body for equal times, we evidently have changes 
of velocity produced, which are proportional to the forces. 
The changes of velocity, then, give us in this case the means 
of comparing the magnitudes of different forces. Thus the 
velocities acquired in one second by the same mass (falling 
freely) at different parts of the earth's surface, give us the 
relative amounts of the earth's attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately 
the case, for instance, with trains of various lengths drawn by 
the same locomotive. 

Again, if we find a case in which different bodies, each 
acted on by a force, acquire in the same time the same 
changes of velocity, the forces must be proportional to the 
masses of the bodies. This, when the resistance of the air 
is removed, is the case of falling bodies; and from it we 
conclude that the weight of a body in any given locality^ 
or the force with which the earth attracts it, is proportional 
to its mass, 

64. It appears, lastly, from this law, that every theorem 
of Kinematics connectea with acceleration has its counter- 
part in Kinetics. Thus, for instance (§ 16), we see that 
the force, under which a particle describes any curve, may 
be resolved into two components, one in the tangent to the 
curve, the other towards the center of curvature; their 
magnitudes being the acceleration of momentum, and the 
product of the momentum into the angular velocity about 
the center of curvature, respectively. In the case of uni- 
form motion, the first of these vanishes, or the whole force 
is perpendicular to the direction of motion. When there is 
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no force perpendicular to the direction of motion, there is 
no curvature, or the path is a straight line. 

Hence, if we resolve the forces, acting on a particle of 
mass m whose co-ordinates are a?, y, 0, into the three rect- 
angular components X, Y, Z\ we have 

In many of the future chapters these equations will be 
somewhat simplified by assummg unity as the mass of the 
moving particle. When this cannot be done, it is sometimes 
convenient to assume X, F, Z as the component forces on 
unit mass, and the previous equations become 

m -7-3- = mX, &c. ; 

from which m may of course be omitted. 

[Some confusion is often introduced by the division of 
forces into ^^ accelerating,^^ and ^^ moving,^ forces; and it is 
even stated occasionally that the former are of one, and the 
latter of jbur linear dimensions. The fact, however, is that 
an equation such a3 

may be interpreted either as dynamical, or as merely kine- 
matical. If kinematical, the meanings of the terms are 
obvious ; if dynamical, the unit of mass must be understood 
as a factor on the left-hand side, and in that case X is the 
a:-component per unit of mass, of the whole force exerted on 
the moving body.] 

If there be no acceleration, we have of course equilibrium 
among the forces. Hence the equations of motion of a particle 
are changed into those of equilibrium by putting 



d^ 



di 



= 0, &c. 



65. We have, by means of the first two laws, arrived 
at a definition and a measure of force ; and have also found 



d 
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how to compound, and therefore also how to resolve, forces j 
and also how to investigate the conditions of equilibrium or 
motion of a single particle subjected to given forces. But 
more is required before we can completely understand the 
more complex cases of motion, especially those in which we 
have mutual actions between or amongst two or more bodies ; 
such as, for instance, attractions or pressures or transference 
of energy in any form. This is perfectly supplied by 

66. Law III. To every action there is always an equal and 
contrary reaction: or, the mutual actions of any two bodies are 
always equal and oppositely directed in the same straight line. 

If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite 
direction. If any one presses a stone with his finger, his 
finger is pressed with the same force in the opposite direction 
by the stone. A horse towing a boat on a canal is dragged 
backwards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in what- 
ever direction, one body has its motion changed by impact 
upon another, this other body has its motion changed by the 
same amount in the opposite direction; for at each instant 
during the impact the force between them was equal and op- 
posite on the two. When neither of the two bodies has any 
rotation, whether before or after impact, ^the changes of velo- 
city which they experience are inversely as their masses. 
When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. 

67. We shall for the present take for granted, that the 
mutual action between two particles may in every case be 
imagined as composed of equal and opposite forces in the 
straight line joining them. From this it follows that the 
sum of the quantities of motion, parallel to any fixed direc- 
tion, of the particles of any system influencing one another in 
any possible way, remains unchanged by their mutual action ; 
also that the sum of the moments of momentum of all the 
particles round any line in a fixed direction in space, and 

{)assing through any point moving uniformly in a straight 
ine in any direction, remains constant. From the first of 
these propositions we infer that the center of inertia of any 
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system of mutually influencing particles, if in motion, con- 
tinues moving uniformly in a straight line, unless in so far as 
the direction or velocity of its motion is changed by forces 
acting mutually between the particles and some other matter 
not belonging to the system ; also that the center of inertia of 
any system of particles moves just as all their matter, if con- 
centrated in a point, would move under the influence of forces 
equal and parallel to the forces really acting on its difierent 
parts. From the second we infer that the axis of resultant 
rotation through the center of inertia of any system of par- 
ticles, or through any point either at rest or moving uniformly 
in a straight line, remains unchanged in direction, and the 
sum of moments of momenta round it remains constant if the 
system experiences no force from without. [This principle is 
sometimes called Conservation of Areas ^ a very misleading 
designation.] These results will be deduced analytically in 
Chap. XII. 

68. What precedes is founded upon Newton's own com- 
ments on the third law, and the actions and reactions con- 
templated are mere forces. In the scholium appended, he 
makes the following remarkable statement, introducing another 
specification of actions and reactions subject to his third law : — 

Sicestimetur agentis actio ex ejus vi et velocitate conjunctim; 
et similiter resistentis reactio cestimetur conjunctim ex ejus par- 
tium singularum velocitatihus et viribus resistendi ah earum 
attritione, cohcesioney pondere^ et acceleratione oriundis ; erunt 
actio et reactio^ in omni instrumentorum usu, sibi invicem sem- 
per cequales. 

In a previous discussion Newton has shewn what is to 
be understood by the velocity of a force or resistance ; i, e., 
that it is the velocity of the point of application of the force 
resolved in the direction of the force. Joearing this in mind, 
we may read the above statement as follows : — 

If the Action of an agent be measured by its amount and its 
velocity conjointly ; and if similarly , the Reaction of the resist- 
ance be measured by the velocities of its several parts and their 
several amounts conjointly^ whether these arise from friction, 
cohesion^ weight, or acceleration ; — Action and Reaction^ in all 
combinations of machines^ will be equal and opposite. 
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69. Newton here points out that forces of resistance 
against acceleration are to be reckoned as reactions equal and 
opposite to the actions by which the acceleration is produced. 
Thus, if we consider any one material point of a system, its 
reaction against acceleration must be equal and opposite to the 
resultant of the forces which that point experiences, whether 
by the actions of other parts of the system upon it, or by the 
influence of matter not belonging to the system. In other 
words, it must be in equilibrium with these forces. Hence 
Newton's view amounts to this, that all the forces of the 
system, with the reactions against acceleration of the material 
points composing it, form groups of equilibrating systems for 
these points considered individually,- Hence, bv the prin- 
ciple of superposition of forces in equilibrium, all the forces 
acting on points of the system form, with the reactions against 
acceleration, an equilibrating set of forces on the whole sys- 
tem. This is the celebrated principle first explicitly stated, 
and very usefully applied by D'Alembert in 1742, and still 
known by his name. 

Newton in the sentence just quoted lays, in an admirably 
distinct and compact manner, the foundations of the abstract 
theory of Energy, which recent experimental discovery has 
raised to the position of the grandest of known physical laws. 
He points out, however, only its application to mechanics. 
The actio offentis, as he defines it, which is evidently equiva- 
lent to the product of the eflective component of the force, into 
the velocity of the point on which it acts, is simply, in modem 
English phraseology, the rate at which the agent works. The 
subject for measurement here is precisely the same as that for 
which Watt, a hundred years later, introduced the practical 
unit of a ^^ Horsepower ^^^ or the rate at which an agent worka 
when overcoming 33,000 times the weight of a pound through 
the space of a foot in a minute ; that is, producing 550 foot- 
pounds of work per second. The unit, however, which is most 
generally convenient is that which Newton's definition im- 
plies, namely, the rate of doing work in which the unit of 
energy is produced in the unit of time. 

70. Looking at Newton's words in this light, we see by 
§ 46 that they may be logically converted into the following 
form :— 
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" Work done on any system of bodies (in Newton's state- 
ment, the parts of any machine) has its equivalent in work 
done against friction, molecnlar forces, or gravity, if there be 
no acceleration ; but if there be acceleration, part of the work 
is expended in overcoming the resistance* to acceleration, and 
the additional kinetic energy developed is equivalent to the 
work so spent." 

When part of the work is done against molecular forces, 
as in bending a spring ; or against gravity, as in raising a 
weight ; the recoil of the spring, and the Ml of the weight, 
are capable, at any fixture time, of reproducing the work 
originally expended (§ 57). But in Newton's day, and long 
afterwards, it was supposed that work was absolutely lost by 
friction. 

71. If a system of bodies, given either at rest or in mo- 
tion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by 
an amount equal to the whole work done in that time by the 
mutual forces, which we may imagine as acting between its 
points. When the line? in which these forces act remain all 
unchanged in length, the forces do no work, and the sum of 
the kinetic energies of the whole system remains constant. 
If, on the other hand, one of these lines varies in length during 
the motion, the mutual forces in it will do work, or will con- 
sume work, according as the distance varies with or against 
them. 

72. Experiment has shewn that the mutual forces be- 
tween the parts of any system of natural bodies always per- 
form, or always consume, the same amount of work during 
any motion whatever, by which the system can pass from one 
particular configuration to another : so that each configuration 
corresponds to a definite amount of kinetic energy. [For the 
apparent violation of this by friction, impact, &c. see § 73*.] 
Hence no arrangement is possible, in which a gain of kinetic 
energy can: be obtained when the system is restored to its 
initial configuration. In other words, " the Perpetttal Motion 
is impossibleJ'^ 

73. The potential energy (§ 57) of such a system, in the 
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configuration which it has at any instant, is the amount of 
work that its mutual forces perform during the passage of the 
system from any one chosen configuration to the configura- 
tion at the time referred to. It is generally convenient so to 
fix the particular configuration, chosen for the zero of reckon- 
ing of potential energy, that the potential energy in every 
other configuration practically considered shall be positive. 

To put this in an analytical form, we have merely to 
notice that by what has just been said, the value of 

da as as) 

is independent of the paths pursued from the initial to the 
final positions, and therefore that 

is a complete difierential. If, in accordance with what has 
just been said, this be called — JF", Fis the potential energy, 
and 

^» — ^.' 

Also, by the second law of motion, if m be the mass of 
a particle of the system whose co-ordinates are a:, y, «, we 
have 

m^ —T^ = Xj, &c. = &c. 

The integral is 

i S (»»t>») + F= C, 

that Is, the sum of the kinetic and potential energies is cou' 
stant. This is called the Conservation of Energy. 

In abstract dynamics, with which alone this treatise is con- 
cerned, there is loss of energy by friction, impact, &c. This we 
simply leave as loss, to be afterwards accounted for in physics. 
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73*. [The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy. We then see that in every case in whicn 
energy is lost by resistance, heat is generated ; and we learn 
from J oule's investigations that the quantity of heat so gene- 
rated is a perfectly definite equivalent for the energy lost. 
Also that in no natural action is there ever a development of 
energy which cannot be accounted for by the disappearance 
of an equal amount elsewhere by means of some known phy- 
sical agency. Thus we conclude, that if any limited portion 
of the material universe could be perfectly isolated, so as to 
be prevented from either giving energy to, or taking energy 
from, matter external to it, the sum of its potential and kinetic 
ener^es would be the same at all times. But it is only when 
the inscrutably minute motions among small parts, possibly 
the ultimate molecules of matter, which constitute lignt, heat, 
and magnetism; and the intermolecular forces of chemical 
affinity; are taken into account, along with the palpable 
motions and measurable forces of which we become cognizant 
by direct observation, that we can recognise the universally 
conservative character of all natural dynamic action, and per- 
ceive the bearing of the principle of reversibility on the whole 
class of natural actions involving resistance, which seem to 
violate it. It is not consistent with the object of the present 
work to enter into details regarding transformations of energy. 
But it has been considered advisable to introduce the very 
brief sketch given above, not only in order that the student 
may be aware, from the beginning of his reading, what an 
intimate connection exists between Dynamics and the modem 
theories of Heat, Light, Electricity, &c.; but also that we may 
be enabled to use such terms as ^^ potential energy^'* &a in- 
stead of the unnatural ** Force-junctions ^^^ &c. which disfigure 
most of the modern analytical treatises on our subject] 
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CHAPTER III. 

RECTILINEAR MOTION. 

74. The simplest case of motion which we have to con- 
sider is that of a particle in a straight line. This may be 
due to a force actmg at every instant in the direction of 
motion; or the particle may be supposed to be constrained 
to move in a straight line by its bemg enclosed in a straight 
tube of indefinitely small bore. As already mentioned, § 64, 
we shall in every case suppose the mass of the particle to be 
unity. 

75. A particle moves in a straight line, under the action 
of any forces, whose resultant is in that line ; to determine 
the motion. 

Let P be the position of the particle at any time t, fihe 
resultant acceleration acting always along OP, being a 
fixed point in the line of motion. 



O J? 

Let (?P= X, then the equation of motion is 

df '^' 

dx 

In this equation /may be given as a function of a?, of -^ , 

or of t, or of any two or all three combined ; but in any case 

the first and second integrals of the equation (if they can be 

doR 
obtained) will give -r- and x in terms of t ; that is, the position 

and velocity of the particle at any instant will be known. 

The only one of these cases which we will now consider 

is that in wnich/is given as a function of x ; those in which 

dx dx 

fisB, function of -^ , or of -i- and x, being reserved for the 
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Chapter on Motion in a Resisting Medium: while those in 
which f involves t explicitly possess little interest, as they 
cannot be procured except b^ special adaptations; and can 
even then appear only in an incomplete statement of the cir- 
cumstances of the particular arrangement. 

The simplest supposition we can make is that /is constant. 

76. A particle J projected jrom a given point with a given 
velocity^ is acted onhya constant force in the tine of its motion; 
to determine the position and velocity of the particle at any 
time. 

Let A be the initial position of the particle, P its position 
at any time t^ v its velocity at that time, and / the constant 



4- 



o 



acceleration of its velocity. Take any fixed point in the 
line of motion as origin, and let OA = a, OF=x. The 
equation of motion is 

w--f (')■ 

Integrating once, we have 

C being a constant to be determined by the initial circum- 
stances of the motion. Suppose the particle projected from 
A in the positive direction with velocity F, then when ^ = 0, 
v = V; hence G=V, and 

S=''=^+-^- (2). 

Integrating again, 

X:^C'+Vt+/^. 



2 



4—2 
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But when ^ = 0, a; = a; hence (7' = a, and 



X 



= a+Vt+f- (3). 



Equations (2) and (3) give the velocity and position of the 
particle in terms of t ; and the velocity may be determined in 
terms of x by eliminating t between them : but the same 
result will be obtained more directly by multiplying (1) by 

-J- and integrating. This gives the equation of energy 



m)-'-°--fi- 



But when x = a, v=V; hence C" = — —fa^ and 

1? F' 

\=\^n^-^) (4). 

77. The most important case of the motion of a particle 
under the action of a constant force in its line of motion is 
that in which the force is gravity. For the weights of bodies 
in the same latitude at small distances above the Earth's sur- 
face may be considered constant, and therefore if we denote 
the kinetic measure of the earth's attraction by g^ and con- 
sider the particle to be projected vertically downwards ; equa- 
tions (2), (3), (4) of § 76 become 



v= V-\-gt 

x^a-\'Vt-^\ge 
r? F' 



(^), 



X being measured as before from a fixed point 
in the line of motion. As a particular instance 
suppose the particle to be dropped from rest at 0. 
At that instant A coincides with 0, and a = 0, 
F=0. 







U 
P 
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Hence v^gt,... (1), 



^-^W^ (2),' 

2=5^^ (3)- 



v^ 



The last of these equations may also be obtained from 

__ d^x _^dv ^dv dx __ dv 
^ "~ dt^ " dt" dxdi "" ^ ^ 

by a single integration. 







78. As another particular instance, suppose the particle 
to be projected vertically upwards. Here it must be re- 
membered that if we measure x upwards from the point of 
projection, the force tends to diminish x and the equation of 
motion is 

d'x 

In other respects the solution is the same. Taking, 
therefore, a = in equations (-4) and changing the sign of ff, 
we obtain 

v=r^gt (4), 

x^Vt--^-^ (5), 

| = T--^^ («)• 

From equation (4) we see that the velocity continually 

V 
diminishes, and becomes zero when < = — ; and from (6) that 



the 



the height corresponding to v = 0, or the greatest height to 

which the particle will ascend, is — . After this the velocity 

becomes negative, or the particle begins to descend, and 

(5) shews that it will return to the point of projection when 

2F 
^ = — , as x then becomes ; and the velocity with which 
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it returns to that point is, by (6), equal to the velocity of 
projection. 

79. A particle descends a smooth inclined plane under 
the action of gravity^ the motion taking place in a vertical plane 
perpendicular to the intersection of the inclined with any hori- 
zontal plane ; to determine the motion. 

Let P be the position of the particle at any time t on the 
inclined plane 0-4, OP=x its distance from a fixed point 




in the line of motion, and let a be the inclination of OA to 
the horizontal line AB, The only impressed force on the 
particle is its weight g which acts vertically downwards, and 
this may be resolved into two, ^ sin a along, and g cos a per- 
pendicular to, OA. Besides these there is the unknown 
force jB, or the reaction of the plane, which is perpendicular 
to OA : but neither this nor the component g cos a can affect 
the motion along the plane. The equation of motion is 
therefore 

d^x 

the solution of which, as ^y sin a is constant, is included in 
that of the proposition of § 77, and all the results for particles 
moving vertically under the action of gravity will De made 
to apply to it by writing g sin a for g. Thus, if the particle 
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start from rest at 0, we get from equations (1), (2), (3) of 
§ 77 by this means, 

t;=^sina.^ (I), 

aj= J^sin a . f (2), 

— = ^sm a.a: (3). 

80. Equation (3) proves an important property with 
regard to the velocity acquired at any point of the descent. 
For, draw iW parallel to AB, and let it meet the vertical line 
through in N, then if v be the velocity at P, we have 

-- = ^sma. OP 

^g.ON. 

Comparing this with equation (3) of § 77, we see that 
the velocity at P is the same as that which a particle would 
acquire by falling freely from rest through the vertical dis- 
tance 0N\ in other words the velocity at any point, of a 
particle sliding down a smooth inclined plane, is that due to 
the vertical height through which it has descended; a par- 
ticular case of the conservation of f nergy. 

81. Again from (2) we derive immediately the following 
curious and useful result. 

The times of descent down all chorda drawn through the 
highest or lowest point of a vertical circle are equal. 

Let AB be the vertical diameter of the circle, A G khj 
chord through A ; join BG\ then if The the time of descent 
down ACy we have by equation (2) of § 79, 

AC^^gr^Q^BAC. 
But AC==AB COS BAG; whence 

AB^yr, 



or 



-^/^• 
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which, being independent of the position of the chord, gives 
the same time of descent for all. 




It may similarly be shewn that the time of descent down 
all chords through B is the same. 




To find the straight line of swiftest descent to a given curve 
from any point in the same vertical plane, all that is required 
is to draw a circle having the given point as the upper ex- 
tremity of its vertical diameter, and the smallest wnich can 
meet the curve. Hence if 5(7 be the curve, A the point, 
draw AD vertical ; and, with center in AD, describe a circle 
passing through A and touching BG. Let P be the point of 
contact, then AP is the required line. For, if we take any 
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other point, ^, in BG, Ap cuts the circle in some point q, and 
time down Ap > time down Aq^ i. e. > time down AP, 

If the given curve be not plane, a sphere must be described 
passing through A, with center in AD, so as to touch the 
curve ; and the proof is precisely as before. 

82. In § 79 we have supposed the inclined plane to be 
smooth, but the motion will still be uniformly accelerated 
when the plane is rough. For since there is no motion per- 
pendicular to OA (see fig. § 79), we must have 

B = g cos a. 

If fi then be the coefficient of kinetic friction, which is 
known by experiment to be independent of the velocity of the 
particle, the retarding force of friction will be fiB or fig cos a, 
and the equation of motion will become 

^=5'sina-/iiycosa, 

the second member still being constant, and the solution there- 
fore similar to those we have already considered. 

83. When a particle moves under the action of a force in 
its line of motion, the force varying directly as the distance 
of the particle from a fixed point in that line^ to determine 
the motion. 

Let be the fixed point, P the position of the particle at 
any time t, v its velocity at that time, and let 0P= x. Then 



M-^ 

if /Lt be the acceleration of a particle at a unit of distance from 
O, which is supposed known, the acceleration at P will be 
/io?, and if it be oirected towards will tend to diminish x. 
Therefore the equation of motion is 

d^x 
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or^ + /«B = (1). 

doG 

Multiplying this equation by --r , and integrating, we 
obtain 

i(|)'-?(^--ao m. 

tbe equation of energy. This may be written 

iL^ JL 1 

the negative sign being employed if we suppose the motion to 
be towards 0, and A being the constant introduced in the in- 
tegration. Integrating again 

V/A« + 5 = cos"^-^; 

or a? = -4 cos [sffit^B] (3), 

the complete integral of (1) ; involving two arbitrary constants 
A and B, the values of which are to be determined from the 
initial distance, and the velocity of projection. Thus from (3), 

— =^v=- —isffiAwL [*sJfit'\-B] (4). 

84. Suppose the particle to be projected from A in the 
positive direction with the velocity F, and let OA = a ; then 
when ^ = 0, we have x=^a^ t? = F; and therefore from (3) 
and (4) 

a = -4 cos B, 

V= — \ffiA sin 5, 

which determine A and B^ and then (3) and (4) give the 
position and velocity of the particle at any instant The 
velocity in terms of a: is obtained directly from (2), for when 
a; = a, we have t? = F; whence F" = /lc (J." — a*), and 
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85. Equations (3) and (4) give periodical values of x and 
V, Buch that all the circumstances of motion are the same at 

the time t+— as at the time t. They also shew that the 

velocity becomes zero when fi/fU + B = 0, and that the cor- 
responding value of X is the greatest possible. Hence the par- 
ticle will move in the positive direction to a distance A from 
0, and then begin to return. Also, since when aJ^jU + 5 = tt, 
we have t; == again, and » = — -4, it will pass through 0, 
move to an equal distance *on the other side, and so on : the 
time of a complete oscillation, that is, the time from its leav- 
ing any point until it passes through it again in the same 

direction, being — . This result is remarkable, as it shews 

that the time of oscillation is independent of the velocity and 
distance of projection, and depends solely on the intensity of 
the force. 

The above proposition includes the motion of a particle 
within a homogeneous sphere of ordinary matter, in a straight 
bore to the center. For the attraction of such a sphere on a 
particle within it is proportional to the distance from the 
center, and the equation of motion is therefore the same as 
that which we have just considered. 

Suppose itself to be in motion in the line OA, and let 
f denote its position at time t. The equation of motion is 

^=-/*(a'-i), 

and is integrable when f is given in terms of t. This may be 
at once changed into the equation of relative motion 



^>^) -.(.-«- 






which is the same as when the point is at rest if -^ = 0, 

i.e. if the velocity of be constant. If move with constant 
acceleration, a, the oscillatory motion will be the same as be- 

fore, but the mean position will be - behind 0. 
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86. If the force in § 83 be supposed repulsive or di- 
rected always from the center instead of towards it, the equa- 
tion of motion becomes 

the integral of which is known to be 

and the motion is not oscillatory. If, when ^ = 0, x = By 

v^ — B'^fi, the particle constantly approaches the centre but 
never reaches it. 

87. It is to be remarked that we cannot always apply 
the same equation of motion to the negative and positive sides 
of the origin as we have done in the case of § 83. Our being 
able to do so arises from the fact that the expression, /tar, for 
the force changes sign with x ; for by looking at the figure 
it will be seen that when x is negative the force. ten£ to 
increase x algebraically, and the equation ought properly to 
be written 

d'x 

In general, when the force is proportional to the n^ power 
of the distance, the equations of motion for the positive and 
negative sides of the origin are respectively 

and -^ = -^(-0:)". 

The only cases, therefore, in which the same equation of 
motion will apply to both sides of the origin, occur when n is 

27/j 4-1 

of the form -— ; — - , where m, m! are any whole numbers in- 
2w + 1 

eluding zero, since it is only in these cases that we have 

-(-a;)" = aj". 

88. In all other cases the investigation of the motion will 
generally consist of two parts, one for each side of the origin ; 
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and in one case even when n is of the form x— 7 it is 

2m' + 1 

necessary to consider these parts separately, because the form 

of the integral is not sufficiently general to include both. 

This is when w = and m' = — 1, for in that case the equation 

of motion becomes 

Multiplying this by 2 -7- and integrating we have 



U) =^-'^^"8^' 



which becomes impossible when x is negative. But it is evi- 
dent that we may then write the integral 

(^) =t7-2yitlog(-a;), 

which is, of course, the proper form for the negative side of the 
origin. These equations cannot generally be integrated far- 
ther, but we will shew towards the end of the Chapter how 
the time of reaching the origin may be determined. 

89. A particle, constrained to move in a straight line^ is 
acted on hy a force always directed to a point outside the line, 
and varying directly as the distance of the particle from that 
pointy to determine the motion. 

The constraint here contemplated may be conceived by 
considering the particle either as an indefinitely small ring 
sliding on a smooth rod, or as a material particle sliding in a 
smooth straight tube of indefinitely small bore. 

Let AB be the straight line, P the position of the particle 
at any time, the point to which the force on P is always 
directed. Draw O-N" perpendicular to AB, and let jyP=aj; 
then if 0P= r, and if jjl as formerly be the acceleration at a 
unit of distance, the acceleration of P along PO is [ir. This 
may be resolved into two, one along and the other perpen- 
dicular to AB, of which the latter has no effect on the motion 
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of the particle. The equation of motion is, therefore, since 
the acceleration is yttr cos OPN or fiPN, 

the same as in § 83. The motion of the particle will there- 
fore be oscillatory about N, the time of a complete oscillation 




27r 
being -j- , and all the circumstances of motion the same 

as for a free particle moving in AB under the action of an 
equal center of force placed at N. 

90. A particle moves in a straight line under the action 
of a force always directed to a point in that line and varying 
inversely as the square of the distance from that point ; to d!e- 
termine the motion. 

Let be the fixed point, F the position of the particle at 






A 

—I 



o 



the time t, 0P= x ; the equation of motion is 



d X ^ fl 

~de ^' 



/x being, as before, the acceleration at unit distance from O. 
Multiplying by -^ and integrating, we get 
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1 /<foY_tJ»_^ i* 

2\di) "l^^^x' 

tte equation of energy. 

Suppose the particle to start from rest at a point A dis- 
tant a from Oj then when a? = a, v = ; 

hence, (7= — — , and 

a 






which gives the velocity of the particle at any distance x 
from the origin. Again from (1) 

the negative sign being taken, since in the motion towards 0, 
X diminishes as t increases. This gives 

dt ^ la X 

dx^ y 2fi' *i/{ax — x') 

— /a fl g — 2a; a 1 \ 

" V 2/i [2 ^{ax-a?) "~ 2 ^{ax-x"")} ' 

Integrating, we have 

Now, when ^ = 0, a; = a, and therefore C' = — , 

Hence a /— t^Jlax-x^) — - vers"* h -^r j 

y a ^ '2 a 2 

which is the relation between x and L 

91. Putting a? = 0, we find that the time of arriving at 
O is o A /^— , and (1) shews that the velocity at is in- 
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finite. On this account we are precluded from applying our 
formulse to determine the motion after arriving at ; but it is 
to be observed that, although at any point very near to O 
there is a very great force tending towards 0, at the point O 
itself there is no force at all : and therefore the particle, ap- 
proaching the center of force with an indefinitely great velocity, 
must pass through it. Also, eveiything being the same at 
equal distances on either si^e of the center, we see that the 
motion must be checked as rapidly as it was generated, and 
therefore the particle will proceed to a distance on the other 
side of S equal to that from which* it started. The motion 
will then continue oscillatory. 

92. The above case of motion includes that of a body falling 
from a great height above the Earth's surface. For a sphere 
attracts an external particle with a force varying inversely as 
the square of the distance of the particle from its center, 
and therefore if a: be the distance of a body from the Earth's 
center, R the Earth's radius, and g the kinetic measure of 
gravity on unit of mass at the Earth's surface, the equation 
of motion will be 

d^ B^ 

de" ^ a?' 

the same equation as before, if we write fi for gS?, The re- 
sults just obtained will therefore apply to this case. Thus if 
we wish to find the velocity which a body would acquire in 
falling to the Earth's surface from a height h above it, we 
have from (1), putting [i =gB% 



2=^^(1-:^)' 



and therefore if F be the velocity when a; = JS, i.e. the re- 
quired velocity, 

If A be small compared with B, this may be written 

h 



1f«=^a(i-|+&c.) 
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from which we see the amount of error introduced by the 
ordinary formula, § 77, 

If the fall be from an infinite distance, A = qo, and we 
have 

93. A particle is constrained to move in a straight line, and 
is acted on oy a force, always directed to a point outside that line, 
and varying inversely as the square of the distance from that 
point; to determine the motion. 

Let AB be the straight line, P the position of the particle 
at any time, the point to which the force is always directed, 




fjL the acceleration at unit distance. Draw 0^ perpendicular 
to AB and let 0N= J, NP= x ; then the acceleration of P 

along PO is -^j , and, as in § 89, the only part of this 

which produces motion is the resolved part along PN. There- 
fore the equation of motion is 



X 



^=-^,C03 0P.V 



fix 



(cc" + hy 



(1). 



T. D. 
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Multiplying by 2-^ and integrating, we have 



(§)-•'- 



where C is to be determined in the usual manner. 

94. This equation cannot generally be integrated farther, 
but in this and every similar case the integration can be per- 
formed if we suppose x always very small. Suppose the 
particle to have been at rest at N^ and to have been slightly 
displaced from this position of equilibrium, the displacement 

being so small that throughout the motion 75 may be neglected 

in comparison with r • We have from (1), 

= -^ nearly; 

d^x ujx _ 

the same form of equation of motion as that of § 83. The 
motion will therefore be oscillatory, the time of each small 



oscillation being 27rA /— . 



95. A particle moves in a straight line under the action of 
a force varying inversely as the n*° power of the distance of 
the particle from a fixed point in that line/ to determine the 
motion. 

Measuring x as before, the equation of motion will be 

. d^x fi 



de Qd 



n 
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Multiplying ty 2 -^ and integrating, we have 



Suppose ihe particle to start from rest at a distance a from 
the fixed point ; then when a; = a, v = ; therefore 

-* ©'=''=»^(^-ip) «• 

96. This equation cannot generally be integrated farther, 
but if we suppose the particle to have started from a point at 
an infinite distance, we have a = oo , and 

. 2m 1 



t?- = 



n-1 jc*^* 

where v is the velocity from infinity, at the distance x. 
We have therefore in this particular case 

da? / 2/Lt \i 1 

r 



&5 _ / 2/ii Y 



n-1 > 



dx \ 2fi J 

Integrating this between the limits a? = a, a: = ^, we have 
for the time of moving from ic = a to a? = /3, 

2 /n — IN* — — 

97. If we expand (1) into a series, we obtain 

5—2 
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Integrating between the limits x = a, a; = 0, we get for 
the time of faUing to the center from a distance a the 
expression 



n+1 



which therefore for different distances varies as a * . 

Or, better, thus. Put - = z, and we have, for the time 

a 

of fall to the center from rest at distance a, the expression 

n-l 

(n - \\l gpp z^'dz _ f 1 \k Tcf_M±JL 11 
\2,.)°- J.(i_^-)i-l2/.(n-l)P 't2(»-l)'2;' 

where F is " Euler's first integral." 

98. The above solution fails, when n = 1, but the time of 
falling to the center may be found as follows. The equation 
for this case, as given in § 88, is 

'dx\ 



(SJ^^-'^^^'s^ 



= 2/tlogJ, 

since when x—a, -r = 0. Hence, 

at 

^1- • 



J^i 



RECTILINEAR MOTION. 69 

the negative sign being taken since x diminishes as t increases. 
Put T for the required time, then 



J a 



dx 



\/^°s| 



7' 



have 

X = 06"^, and ^ = — 2a^~^y^ 

and the limits of y are and oo . Hence 

which {Gregorr/^8 Examples, p. 466) 

Hence T=a . I —- , 

V 2/i' 

and is therefore directly as the space traversed. 

99. A particle is constrained to move in a straight line, 
and is acted on by a force directed to a point not in that line, 
and expressed hy a function <f} (r) of the distance ; to determine 
the time of a small oscillation. 

Employing the same notation as in § 93, the acceleration 
along PO being <^ (r), its component along PN is <f>{r) --, 
therefore the equation of motion is 

ax § f \ X 

But r = V(J' + 00=5^/(1 + ^ 

= h approximately. 
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Hence ^ + ^r-^ a? = 0, 

df b * 

and therefore by § 85, the time of a small oscillation is 



27r 



V^(J)- 



EXAMPLES, 

(1) A lx)dy is projected vertically upwards with a velocity 
which will carry it to a height 2g feet ; shew that after three 
seconds it will be descending with a velocity g. 

(2) Find the position of a point on the circumference of 
a vertical circle, in order that the time of rectilinear descent 
from it to the center may be the same as the, time of descent 
to the lowest point. 

(3) The straight line down which a particle will slide in 
the shortest time from a given point to a given circle in the 
same vertical plane, is the line joining the point to the upper 
or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

(4) Find the locus of all points from which the time of 
rectilinear descent to each of two given points is the same. 
Shew also that in the particular case in which the given 
points are in the same vertical, the locus is formed by the 
revolution of a rectangular hyperbola. 

(5) Find the line of quickest descent from the focus to 
a parabola whose axis is vertical and vertex upwards, and 
shew that its length is equal to that of the latus rectum. 

(6) Find the straight line of quickest descent from the 
focus of a parabola to the curve when the axis is horizontal. 

(7) The locus of all points in the same vertical plane for 
which the least time of sliding down an inclined plane to 
a circle is constant is another circle. 
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(8) Two bodies fall in the same time from two given 

Joints in space in the same vertical down two straight lines 
rawn to any point of a surface, shew that the surface is an 
equilateral hyperboloid of revolution, having the given points 
as vertices. 

(9) Find the form of a curve in a vertical plane, such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that point, 
they may all reach a given horizontal straight line at the 
same instant. 

(10) A semicycloid is placed with its axis vertical and 
vertex downwards, and from different points in it a number of 
particles are let fall at the same instant, each moving down 
the tangent at the point from which it sets out; prove that 
they will reach the involute (which passes through the vertex) 
all at the same instant. 

(11) A particle moves in a straight line under the action 

/3\th 

of a force varying inversely as the I - j power of the distance, 

shew that the velocity acquired by falling from an infinite 
distance to a distance a from the center is equal to the velocity 
which would be acquired in moving from rest at a distance a 

to a distance - • ' 

(12) A particle moves in a straight line from a distance a 
towards a center of force, the force varying inversely as the 
cube of the distance ; shew that the whole time of descent 



(13) A particle Is placed at a given point between two 
centers of force of equal intensity attracting directly as the 
distance ; to determine the motion and the time of an oscil- 
lation. 

Let 2a be the distance between the centers, a? the distance 
of the particle at any time from the middle point between 
them, then the equation of motion is 
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-^ = -fi{a + x) + fi{a''X) 

TT 



Hence, the time of an oscillation = 



V(2m) * 

(14) If a particle begin to move directly towards a fixed 
center which repels with a force = fi (distance), and with an 

initial velocity = /x* (initial distance), prove that it will con- 
tinually approach the fixed center, but never attain to it. 

(15) A particle acted upon by two centers of force, each 
attracting with an intensity varying inversely as the square of 
the distance, is projected from a given point between them, 
to find the velocity of projection that the particle may just 
arrive at the neutral point of attraction and remain at rest 
there. 

If fjb, fjL be the absolute forces of the centers ; a^, a^ the 
distances of the point of projection firom them ; and V the 
initial velocity ; we have 

(16) Supposing the Earth a homogeneous spheroid of 
equilibrium, the time of descent of a body let fall from any 
point P on the surface down a hole bored to the center (?, 
varies as CP, and the velocity at the center is constant. 

(17) A material particle placed at a center of attraction 
varying as the distance, is urged from rest by a constant force 
which acts for one-sixth of the time of a complete oscillation 
about the center, ceases for the same period, and then acts as 
before, shew that the particle will then be retained at rest, 
and that the spaces moved through in the two periods are 
equal. 

(18) A body moves from rest at a distance a towards 
a center of force, the force varying inversely as the distance : 
shew that the time of describing the space between I3a and 

/3**a will be a maximum if /8 = — j— . 
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(19) If the time of a body's descent in a straight line 
towards a given center of force vary inversely as the square 
of the distance fallen through, determine the law of the 
force. 

(20) Assuming the velocity of a body falling to a center 

of force to be as * / , where a is the initial and x the 

variable distance from the center, find the law of the force. 

(21) Find the time of falling to the center when the force 
GC (dist.)"^. 

(22) Shew that the time of descent, to a center of force 
X (dist.)"^, through the first half of the initial distance, is to 
that through the last half as tt + 2 : tt — 2. 

(23) A particle descends to a center of force cc (dist.)". 
Find n so that the velocity acquired from infinity to distance 
a, shall be equal to that acquired from distance a to distance 
Ja, from the center. 

(24) A particle is placed at the extremity of the axis of a 
thin attracting cylinder of infinite length and of radius a, 
shew that its velocity after describing a space x is propor- 
tional to 



y 



a 



(25) A particle falls to an infinite homogeneous solid 
bounded by a plane face, find the time of descent. 

(26) Every point of a fine uniform ring repels with a 
force QC (dist.)"^, find the time of a small oscillation in its 
plane, about the center. 

(27) Shew that a body cannot move so that the ve- 
locity shall vary as the space from the beginning of the 
motion. And if the velocity vary as the cube root of that 
space, determine the force, and the time of describing a given 
space. 
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(28) Shew that the time of quickest descent down a focal 
chord of a parabola whose axis is vertical is 



/ 



where I is the latus rectum. 

(29) An ellipse is suspended with its major axis vertical, 
find the diameter down which a particle will fall in the least 
time, and the limiting value of the excentricity that this may 
not be the axis major itself. 

(30) Particles slide down chords fi'om a point to a curved 
surface, under the action of a plane whose attraction is as the 
distance, and they reach the surface in the same time ; shew 
that the surface is generated by the revolution (about a line 
whose length is a through perpendicular to the plane) of 
the curve whose polar equation about is 

p cos 5 = a {1 — cos {k cos 6)}» 

(31) If the particles commence their motion at the surface, 
and reach after a given time, the equation to the generating 
curve is 

p cos 5 = a {sec {k cos 0) — 1}. 

(32) Prove that the times of falling through a given space 
A G towards a center of force 8, imder the action of two forces, 
one of which varies as the distance, and the other is constant 
and equal to the original value of the first, are as the arc 
(whose versed sine is AC) to the chord, in a circle whose 
radius is AS. 

(33) The earth being supposed a thin uniform spherical 
shell, in the surface of which a circular aperture of given radius 
is made, if a particle be dropped from the center of the aper- 
ture, determine its velocity at any point of the descent. 

(34) If a particle fall down a radius of a circle under the 
action of a force oc (Z>)' in the center, and ascend the opposite 
radius under the action of the same force supposed repulsive, 
shew that it will acquire a velocity which is a geometric mean 
between radius, and the force at the circumference. 



eectii^ineAr motion. 75 

(35) If a particle fall to a center of force oc (2>) ; deter- 
mine the constant force which would produce the effect in the 
same time, and compare the final velocities. 

(36) Find the equation to the curve down each of whose 
tangents a particle will slide to the horizontal axis in a given 
time. 

(37) A sphere is composed of an infinite number of fi:ee 
particles, equally distributed, which gravitate to each other 
without interfering; supposing the particles to have no initial 
velocity, prove that the mean density about a given particle 
will vary inversely as the cube of its distance from the center. 
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100. In this chapter we intend to treat principally of the 
motion of a free particle which is subject to the action of 
forces whose resultant is parallel to a given fixed line. 

The simplest case of course will be when that resultant is 
constant. The pr6blem then becomes the determination of 
the motion of a projectile in vacuo, since the attraction of the 
earth may be considered within moderate limits as constant 
and parallel to a fixed line. This we will now consider. 

101. A free particle moves under the action of a vertical 
force whose magnitude is constant ; to determine the form of the 
jpathy and the circumstances of its description. 

Taking the axis of x horizontal and in the vertical plane 
and sense of projection, and that of y vertically upwards, it 
is evident that the particle will continue to move in the plane 
of xy, as it is projected in it, and is subject to no force which 
would tend to withdraw it from that plane. 

The equations of motion then are 

d^x ^ d^y 

df ' d£' ^' 

if g be the kinetic measure of the force. 

Suppose that the point from which the particle is projected 
is taken as origin, that the Velocity of projection is k, and 
that the direction of projection makes an angle a with the 
axis of X. 

The first and second integrals of the above equations will 
then be 

dx nil 

^ = Fcosa, J = Fsina-5r« (1). 

x= Fcosa.e, y = Fsina.^-J?^ (2). 
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These equations give the co-ordinates of the particle and 
its velocity parallel to either axis for any assumed value of 
the time. 

Eliminating t between equations (2) we obtain the equa- 
tion to the trajectory, viz. 

y = a;tana- ^T72^ 2 ^ (3), 

^ 2K cos a 

which shews that the particlerwill move in a parabola whose 
axis is vertical, and vertex upwards. 

102. Equation (3) may be written 

, 2 F* sin a cos a 2 F* cos' a 
or a? = «/, 

ff 9 ^ 

( F*sinacosaV 2F»cos'a/ F''sin'a\ 

By comparing this with the equation to a parabola, we 
find for the co-ordinates a?^, y^ of the vertex 



a« = 



F' sin a cos a F^ sin* a 



^ > 



yo= 



Hence we obtain the equation to the directrix 

y = y, + i (parameter) = ^^ + —2^ =- . 

Now if i? be the velocity of the particle at any point of 
its path, 

= (F*cos''a) + (F*8in''a-2l^sina.«+^0 

= V*-2gy, by (2). 
To acquire this vdocity in falling, &om rest, the par- 



78 PARABOLIC MOTION. 



^ 



tide must have fallen, § 77, through a height — , or 
— — y, i.e. through the distance from the directrix. 

if 

103. To find the time of flight along a horizontal 'plane. 
Put y = in equation (3), The corresponding values 

of a; are and sin a cos a* But the horizontal velocity 

is Fcos a. Hence the time of flight is ; and, ceteris 

paribus, varies as the sine of the inclination to the horizon of 
the direction of projection. 

104. To find the time of fiight along an inclined plane 
passing through the point of projection. 

Let its intersection with the plane of projection make an 
angle /8 with the horizon ; it is evident that we have only to 
eliminate y between (3) and y = a; tan /8. 

This gives for the abscissa of the point where the pro- 
jectile meets the plane, 

2F" 
x^ = (sin a cos a — tan )8 cos" a) 

a/ 

r 

_ 2 F* cos g sin (a — )8) 
"" gcosfi 

Hence time of flight 

._ x^ ^ 2Fsin(a~)8) 
^*" Fcosa~ g cos)8 

105. To find the direction of projection which gives the 
greatest range on a given plane. 

The range on the horizontal plane is — sin 2a. For a 

given value of F this will be greatest when 

2« = -,ora=^, 
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That on the inclined plane is — S^, or 

^ cosp 



2F* 

-5-5 cos a sin (a — /8), 



ff cos' )8 

That this may be a maximum for a given value of V we 
must equate to zero its differential coefficient with respect to 
a, which gives the equation 

cosacos (a — /S) — sinasin (a — /8) =0, 

or cos (2a — /8) = ; 



whence a 



-K^^)- 



Hence the direction of projection required for the greatest 
range makes with the vertical an angle 



I-«=§(|-^)' 



that is, it bisects the angle between the vertical and the plane 
on which the range is measured. 

106. To find the elevation necessary to the particle's pass- 
ing through a given point. 

Suppose the point in the axis of x and distant a from the 
origin. Then we must have 

F* 

— sin 2a = a. 

Let a! be the smallest positive angle whose sine is ^ . 



r 



The admissible values of a are — and — ^r— ; so that we 

see there are two directions in which a particle may be pro- 
jected so as to reach the given point, and that these are 

equally inclined to the direction of projection ( a = 7 J which 

^ves the greatest range. . 
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Suppose the given point in the plane which makes an 
angle )8 with the horizon. Then if its abscissa be a, we 
must have 

s cos a sin (« — fi) = a. 

g cosp ^ ' 

If a', a" be the two values of a which satisfy this equa- 
tion, we must have 

cos a' sin (a' — /8) = cos a" sin (a" — )8) ; 
and therefore a" — i8 = — — a', 

Hence, as before, the two directions of projection, which 
enable the particle to strike a point in a given plane through 
the point of projection, are equally inclined to tne direction of 
projection required for the greatest range along that plane. 

107. To find the envelop of all the trajectories correspond- 
ing to different values of a. 

Differentiating equation (3) with respect to a, we get 

- qx sin a 
F* cos^a 

or tan a = — (4). 

gx , ^ ^ 

The elimination of a between (3) and (4) gives us as the 
equation to the required envelop 

F' go? 



or 



g V ^g) 



This represents a parabola, whose axis is vertical, whose 
focus is the point of projection, and whose vertex is in the 
common directrix of the trajectories. 
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It will easily be seen from what has gone before that there 
are two directions of projection, so that the particle may pass 
through any given point within this parabola, only one for a 
point in it ; and of course there is no possibility of its reaching 
(with the given velocity F) any point without this parabola. 

108. By a somewhat simpler method of considering the 
problem we might easily have arrived at some of the more 
obvious properties of the trajectory, thus. 

Take the direction of projection as the axis of x, and the 
vertical downwards from the point of projection as that of y. 
By the second law of motion we may consider the velocity 
due to projection to be maintained constant = V parallel to 
the axis of x, while we have in addition parallel to the axis 
of y the portion due to gravity as investigated in § 77. 

Hence x=Vt 



x=Vt ) 

. . > at any time, 



2F* 
and therefore a? = y, 

if 

the equation to a parabola referred to a diameter and the 
tangent at its vertex. The distance of the origin from the 

directrix, being J"* of the coefficient of y, is — , and the 

if 

velocity due to a fall through that space is as before 



A 



%-a-r. 



109. Many properties of parabolic motion are more easily 
obtained by geometry than by analysis. We proceed to give 
a few examples. 

Thus suppose in the figure to be the ^oint of projection, 
IdN the directrix common to the trajectories of all particles 
projected from in the plane of the figure with a given velo- 
city, and suppose it be required to determine the direction of 
projection for the greatest range along the plane 08. Since 
O IS a point in each trajectory and i/Athe common directrix, 

T. D. 6 
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the foci of all possible trajectories lie in the circle MF'FF" 
described with center and touching MN in M. 

Take any ^ point in this circle as F^ then the path whose 
focus is F* will intersect 08 again in a point P' such that if 
P'N" be drawn perpendicular to MN, Fr = FN\ Now in 
order that F may be as far as possible from 0, at P suppose, 
it is evident (ex absurdo) that the focus must be taken at the 
point F where 08 meets the circle. But the tangent at 
bisects the angle between the diameter MO and the focal 
distance OF* Hence the direction of projection for the 
greatest range on an inclined plane bisects the angle between 
the plane and the vertici^l. 

Again, if with center F and radius FF' an arc be de- 
scribed cutting F'.FF" in jP", it is evident that the trajectories 




whose foci are P', P", will intersect 08 in the same point F. 
Hence, since the directions of projection for these cases will 
bisect the angles MOF, MOJF" respectively, we see that to 
strike a given object there are in general two directions of 
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projection, and that these are equally inclined to the di- 
rection which rives the greatest range on the plane passing 
through the object and the point of projection. 

Again, for the envelop of all the trajectories. It is evi- 
dent mat P must be a point in the envelop ; since it is the 
ultimate position of P', when the two paranoias which inter- 
sect in that point have become indefinitely nearly coincident. 
Draw FN perpendicular to MN^ and produce it till NQ = FO. 
Draw QR parallel to MN^ and cutting OM in B. iZQ is a 
fixed line smce RM=MOy and as 0P= PQ we see that the 
envelop is a parabola whose focus is and directrix RQ. 

It may be seen at once that it touches in P the only tra- 
jectory which can pass through that point. Since the tangent 
of either curve at P bisects the angle OPQ or FPN. 

110. Ex. It 18 required to throw a shell vnth given 
velocity so as to strike at right angles an inclined plane through 
the point of projection. 

The letters being the same as before, join ySjT cutting 




MFF* in F\ Draw F'FN' perpendicular to MS cutting 08 
inP'. Find jF' so that P'i^' = PT" = P'JV'. P' is a point in 

the trajectory whose focus is F'. , Hence the tangent at P' 

^ 6—2 



woBm 



^■^P^BB^Pwavi 



!ar 



If^pippiiav 
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bisects F'FN'. But OF bisects FP'F". Hence the trajec- 
tory at P' is perpendicular to 08. 

Also as F" is the focus of the other path by which the 
point F^ might be reached, F' will be the vertex of that path, 
and therefore the particle will be moving horizontally when 
it reaches F\ 

111. Even if the plane along which the range is mea- 
sured do not pass through the point of projection, a somewhat 
similar construction will enable us to find the direction of 
projection for the maximum range. Thus, 

Let it be required to find the direction of projection from 



F'P 




with velocity due to -4 in order that th« range on a hori- 
zontal line MN may he a maximum. 

Suppose Q' the point where the projectile falls. Join 
QF', FOy F being the focus of the path. Then if QF be 
vertical and meet the horizontal line through A in P*, we 
have FQ = QF. This is true of each of the paths, and 
QF is constant. The farthest point Q which can be reached 
will therefore be determined by inflecting 0^ to MN, where 
OQ— OA + FQ^ and therefore i£AO = a^ AM= J, the cosine 

of double the requisite angle of elevation will be ( t ) . 

Should MNhe an inclined plane, we must evidently draw 
a line QO, and the corresponaing vertical QF; such that if 
QO meet the circle inF,FQ= QF. 
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This resolves ' itself into the well-known geometrical 
problem of describing a circle whose center is in a given line^ 
and which touches a given circle, and a given straight line. 




Of the two solutions, which this problem admits of, one be- 
longs to MNy the other to MN produced to the other side of 
the point of projection. 

112. Perhaps, however, the most satisfactory method of 
solving all such problems about the maximum range, is to 
describe the parabola which 'envelops all the trajectories. 
The point where this cuts the plane, &c. on which the range 
is estimated, gives the maximum value of the range, and it is 
then easy from known properties of the envelop to construct 
for the required path. 

113. Let P be any point in the trajectory, 8 its focus, 
BNj ALy the directrix, and the tangent at the vertex. 
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Then (velocity at P)" = 2g PN= 2g 8P 
= (by a property of the parabola) ■— /SZ/'= —^ SIP. 

Hence velocity at P oc 8N; and, since by the figure 
SL = LNf PL is the tangent at P and is perpendicular to 
SN. 

Hence as 8N is perpendicular to the direction of motion 
at P, proportional to the velocity at P, and drawn from a fixed 
point 8, the locus of -AT is the Hodograph (§ 18) turned through 
a right angle about 8, As this is a horizontal straight line, 
the Hodograph is a vertical line. 

This result will be found of considerable utility in 
solving various problems in the common vacuum theory of 
projectiles. It is evident that 8B, BN represent the hori- 
zontal and vertical velocities at P, in the same scale in which 
jSjST represents the entire velocity at that point. 

114. When a particle moves subject to the action of two 
centers of force where the law is the direct distance and the 
absolute intensities the same, but one attractive and the other 
repulsive, its motion will be the same as that of a pro- 
jectile in vacuo. ^ 

For the whole force on the particle resolved perpendicular 
to the line joining the centers is evidently zero, and that 
parallel to this line is equal to that which would be exerted 
by either of the centers on a particle placed at the other ; and 
always tends in the direction parallel to that from the repelling, 
to the attracting, center, lit corresponds therefore exactly 
to the force of gravity, within moderate elevations above the 
earth's surface. 

115. Again if a particle moves on a plane inclined to the 
horizon at an angle 0, the whole force on it is, by § 79, g sin 
parallel to the line of greatest slope on the plane, and there- 
fore the trajectory will still be a parabola, whose dimensions 
will depend upon 0. 

Ex. A particle is projected from a given point with a 
given velocity, and moves on an inclined plane ; jind the locus 
of the directrices of its path for different inclinations of the 
plane. 
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It will be easily seen that when a particle moyes on an 
inclined plane, the velocity at any point is equal to that 
which would have been acquired by sliaing from the directrix; 
that is (§ 80) equal to the velocity due to the fall from a hori- 
zontal plane through the directrix. Now the velocitv is given 
constant, hence the locus of the directrices is a horizontal 
plane. 

116. A particle moves subject to the action of a force 
always perpendicular to a given plane, and a function of 
the distance of the particle from the plane: to determine the 
motion. 

It is evident that the motion will be confined entirely to 
a plane through the direction of projection perpendicular to the 
attracting plane. Let us take the former as the plane of ary, 
the axis of a; lying in the attracting plane. Let (l>'{D) be the 
acceleration at distance D, where ^' is the derived function 
of <f>. Then the equations of motion are 

Suppose the particle projected from a point (a, i), in a 

direction making an angle a with the axis of x, and with a 

velocity F. 

dx du 
Multiplying by/ 2 -^ , 2 -^ , and integrating we get 

( J- J = const. = F* cos' a, 

7^, \ (1). 

(f) =a-2<^(y)=F«sin«a + 2<^(i)-2<^(y). 

Hence v' = F' + 2 {<^ (J) -^ (v) } and therefore depends only 
on the distance from the attractmg plane, a particular case of 
conservation of energy. 

To find the differential equation to the path, we have 

dy 

It ^^y_ V[F'sin'a + 2{j)(&)--</)(3/)}] 
dx dx" Fcosa * 

H 
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an equation integrable for particular forms only of the function 
<l>. An interesting case is that in which the attraction of the 
plane is inyerselj as the cube of the distance, 

or <}> (y) = -^ > and therefore ^ (y) = — i ^ . 
The differential equation becomes 

dx Fcos a 

There will be three cases according as [ F' sin' a — ^ j is 
positive, zero or negative. 

1st. Let it be positive and = — , , 

. whence V(a,' + 3.»)=-^^(a.+ 0), 

the equation of a hyperbola whose transverse axis is that 
of X, 

2nd. Let F'sin*a-^ = 0, 

dr/ ^ ^//i 
^ dx Fcos a' 

a parabola whose axis is that of x. 

3rd. Let F' sin' a — ^ be negative, and == — -^ , 

^di^Va^E^a'^^''^''^^^ 
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the equation of an ellipse of which the axis of x is an axis. 

We might have obtained the above results hj integrating 
separately the two equations of motion, and then eliminating 
t between them. 

If the force be repulsive, instead of attractive, it is easy 
to see, by a slight modification of the above process, that there 
is only one case, and that the curve described is a hyperbola 
whose conjugate axis lies in the intersection of the plane of 
projection and the attracting plane. 

From this we see that the conic sections are the only 
curves which can be described by a free particle moving in 
a plane and subject to a force in the direction, and inversely 
as the cube, of the perpendicular on a given line in that 
plane. 

The converse of either of the above propositions is easily 
investigated ; thus, taking the first, our problem becomes 

117. To find the law of force perpendicular to an axis 
that a free particle may describe a conic section. 

Take the axis as that of x, and the vertex as origin, then 
the equation 

j^ = 2mx + nos^ (1) 

will represent, by properly taking m and n, any parabola, any 
hyperbola referred to its transverse axis, or any ellipse re- 
ferred to either axis. 

Also, since the force is perpendicular to the axis, we 
have 

dx 

— = c. 
dt 

Hence t/-^=^mc + nxc; 



^^^^'S+d^"^'- 
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From these ^ = l|„c'-(^Vi 



d^ 2^1 \dt)) 

y\ y J 

= -5 («^ —m*— 2mnx —n'x^ 



c'm' 



by equation (1). 



^ For the second case, a hyperbola referred to its conjugate 
axis taken as that of x, the equation is 

Hence «/ -7^ =s p^x -? 

from which we have immediately 






Thatis, S^4{.V-(|)} 



y \ y 



,V) 



_pqc 



118. To find the force which mtist act perpendicular to a 
plane, in terms of the distance from that plane, that a given 
path may be described. 

Take the axes as before ; then, F being the required force 
(a function of y only), we have 

d X dx 

^ = 0, or ^ = const. = a, suppose ; 
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9'^ (■)• 

Let y =/(a?) be the equation to the given curve, 



S =«'/"(«), 



orby(l), Y^c^f'ix) 

=«r{/-'(y)}. 

by the equation to the curve. Hence the law of force required 
is found. 

119. It is necessary to observe that, in the case of § 116, 
when the particle actually reaches the axis, it will not proceed 
to describe the portion of the same curve which lies on the 




other side of the axis, as this would involve a change in sign 
of the constant horizontal velocity. It is, in fact, evident that 
in such cases the particle having described ABO will, instead 
of pursuing the^ course C&a, actually describe CDE similar and 
ecjual to Cbay but turned in the opposite direction. And a 
similar remark applies to the general problem in § 118. 

Although, in the case of ABC being a conic, one of whose 
axes is CQ, and therefore cutting it at right angles in (7, it 
might seem that at G the horizontal velocity vanishes, yet it 
is to be recollected that the velocity at G is infinitely great ; 
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and it may easily be shewn by independent methods, such as 
limits, if the foregoing analysis do not appear satisfactory, that 
the velocity parallel to GG is really constant throughout the 
motion. 

120. It may be useful to notice that cases of this kind 
are reduced at once to investigations similar to those of last 
Chapter, by considerinff, separately, the equs-tions of motion 
parallel and perpendicular to the attracting plane. 

Whenever, then, we can completely determine the motion 
of a particle towards a center of force, in a straight line, we 
can also completely solve the problem of the motion of a 
particle anyhow projected, and attracted by an infinite plane ; 
the law of force in terms of the distance being the same in 
the two cases. 

121. Generally, when a particle is anyhow projected and 
subject only to the action of a force whose direction is perpen" 
dicular to a given plane, and whose magnitude depends solely 
on the distance from the plane; the velocity parallel to that 
plane is constant ; and, in passing from any point to another^ 
the square of the entire velocity is altered by a quantity de- 
pending only upon the distances of these two points from the 
given plane. 

Take the axis of y perpendicular to the given plane, and 
the axis of x in it, so that the direction of projection lies 
in xy. This will evidently be the plane of motion ; and the 
equations are 

de''^' de^^' 

Tx dx 

Hence ^ = c, 

V being the velocity of projection, and y^ the co-ordinate of 
the point of projection ; which proves the proposition. 
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This is, of course, merely a particular case of the general 
principle of Conservation of Energy (§ 73). 

122. As another example of the motion of a particle 
under the action of forces whose direction is constant, let us 
consider the motion of a particle of light in the corpuscular 
theory, at the confines of two homogeneous media whose hound- 
ing surface is plane. 

In this case the hypothesis is that the attractive or repul- 
sive forces, exerted oy the particles of any medium on a 
S article of light passing through it, are insensible at sensible 
istances but enormously great at infinitely small distances. 
Hence of course the path of such a particle in a homogeneous 
medium will be a straight line, and will be described with 
constant velocity, until the particle is infinitely near to the 
bounding surface of the medium. 

Thus, suppose -45 to be the common plane surface of two 
such media. Draw CD at a distance from AB equal to that 
at which the intensity of the attractive forces of the particles 
of the medium begins to be sensible ; and draw jEJF parallel to 
CD and equidistant from it with AB. By what we have just 
noticed, a particle of light moving along PQ will arrive at Q 
without any change of velocity or direction. Also from the 
symmetry of the figure, the resultant of all the sensible forces 
on it will always be perpendicular to AB. This shews, § 121, 
that the velocity resolved parallel to AB is constant through- 
out the motion, and also that whatever be the direction otPQ, 
the change in the square of the velocity in passing from Q to 
any point of the path will depend only on the distance of that 
point from AB. 

Let PQB represent a portion of the path. 

We have no means of determining its actual form, since 
the extent through which the force is sensible, the law of its 
variation, and whether it change from attractive to repulsive 
with the distance, are unknown. 

Through any point B draw KBL parallel to AB, and let 
GH be equidistant from KL with AB. 

Then at B the particle is subject only to the actions of the 
upper medium beyond GH^ and of the lower medium. 
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If the resultant effects of these two shoiild, at a point 8 in 
the superior medium, destroy the velocity perpendicular to 
AB, the particle will evidently pursue a course SB'Q'F' 




similar and equal to 8EQP, and the angles P'Q'G and PQD 
will be equal, as also the velocities in PQ and P'Q\ (§ 121.) 
Here we have the case of a ray reflected at a plane surface. 

If however the attraction of the lower medium should so 
prevail that the particle actually enters it, then we may con- 
sider its motion while still within the range of action of both 
media precisely as before ; but there will be two cases. 

I. At some point as 8 whose distance from AB (the 
bounding surface) is less than that of AB from CZ>, the velo- 
city perpendicular to AB may be destroyed ; then as before, 




the particle will pursue the path 8T'Q'P', similar and equal 
to 8TQP, and will be reflected at an angle equal to that of 
incidence and with its original velocity. 

II. The particle may pass into the lower medium so far 
as to be independent of the action of the upper medium. 
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After this it will move in a straight line as before, and the 
change of the square of its velocity will be, § 121, independent 
of the path pursued. Hence, if Fbe the velocity, and a the 
angle, of incidence ; F', a' those of refraction, we have 

Fsin a==r' sin a', 

where a is a constant depending on the nature of the two 
media* 



^*°*'^' S = 'F=v(^ + f«)' 



and, therefore, for particles of light which have the same velo- 
city the ratio of the sines of the angles of incidence and 
refraction is constant. This is the known law of ordinary 
refraction. 

We have introduced this example, although belonging to 
a theory now completely exploded, as it forms a good illus- 
tration of the application of the results of this Chapter, and 
was the first instance of the solution of a problem connected 
with molecular forces. It is due to Newton. 



EXAMPLES. 

(1) The time of describing any portion PQ of the para- 
bolic path of a particle acted on by gravity, is proportional to 
the difference of the tangents of the angles which the tangents 
at P and Q make with the horizon. (§ 113.) 

(2) The sights of a gun are set so that the ball may 
strike a given object ; shew that when the sights are direpted 
to any other object in the same vertical line, the ball will 
also strike it. 

(3) Shew that the time of a projectile's describing an 
arc of its path cut off by a focal chord is equal to the time 
of falling vertically from rest through a space equal to the 
chord. 

(4) If a shell burst, all the fragments receiving equal 
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velocities from the explosion ; shew that the locus of the foci 
of the paths of the fragments is a sphere, of the vertices an 
oblate spheroid, and of the particles themselves at any time 
a sphere. 

(5) Two bodies, projected from the same point -4, in 
directions making angles a, a' with the vertical, pass through 
the point B in the horizontal plane through A ; prove that 
if ^, i' be the times of flight from A to B^ 

sin(a + a')""^''H-^' 

(6) With what velocity must a projectile be fired at an 
elevation of SO*', so as to strike an object at the distance of 
2500 feet on an ascent of 1 in 40 ? 

(7) ABG is a right-angled triangle in a vertical plane 
with its hypothenuse AB horizontal; a particle projected 
from A passes through G and falls at B) prove that the tan- 
gent of the angle of projection = 2 cosec 2-4, and that the 
latus rectum of the path described is equal to the height of 
the triangle. 

(8) If a body be projected at an angle a to the horizon 
with the velocity due to gravity in 1', its direction is inclined 

at an angle - to the horizon at the time tan-, and at an 

2 A . 

angle — ^r — at the time cot - . 

2 id 

(9) A plane -45 inclined at an angle a to the horizon, 
leads up to a horizontal plane BG] a particle is projected 
with a velocity V from the point -4, traverses the plane -4jB, 
and falls upon the horizontal plane BC) if the times of motion 
from A to B and from jB to C be equal, shew that 

. 2F'8ina(l+sin"a) 
^^" g (l + 28in»a)" * 

(10) Three particles are projected simultaneously from 
the same point, and strike the horizontal plane through the 
point simultaneously ; prove that, if their ranges be in geo- 
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metrical progression, the latera recta of their pat&s will also 
be in geometrical progression. 

(11) If u and V be the velocities at the extremities of a 
focal chord of a projectile's path, V^ the horizontal velocity, 
shew that 

^ + ?-^«- (§113). 

(12) From a point in an inclined plane two bodies are 
projected with the same velocity in the same vertical plane in 
directions at right angles to each other; the dilSerence of their 
ranges is constant. 

(13) A ball is thrown up in a vertical plane passing 
through the sun, in a direction inclined at an angle to the 
horizon, and it is observed that t seconds elapse from the 
instant that the ball is in the line joining the point of projec- 
tion with the sun till it reaches the ground again, and that T 
seconds is the whole time of flight: shew that 

^ tan ^= Ttana, 

where a is the altitude of the Sun. 

(14) Find an expression for the velocity of the shadow on 
the ground in (13); and shew that its greatest distance from the 

point of projection is r-^-^ , and that it will attain 

this position after a time — ^^" ^ "^ , V being the velocity 

of projection. Prove also that the shadow moves with a uni- 
form acceleration g cot a. 

(15) A particle is projected from the top of a tower with 
the velocity which would be acquired in falling vertically 
down n times the height of the tower, find the range on the 
horizontal plane through the bottom of the tower, and shew 
that it will be a maximum when the an^le of projection is 

isec"^(l+2n). 
T. D. 7 
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(16) Two inclined planes of equal altitudes h, and in- 
clined at the same angle a to the horizon, are placed back to 
back upon a horizontal plane. A ball is projected from the 
foot of one plane along its surface and in a direction making 
an angle /8 with its line of intersection with the horizontal 
plane. After flying over the top of the ridge it falls at the 
foot of the other plane ; shew that the velocity of projection is 

2 *Jgh cosec /8 Vg + cosec" a. 

(17) Two bodies -4, B acted on by gravity are projected 
from two given points in the same vertical line with the same 
velocity and in parallel directions ; shew that if A be higher 
than jB, pairs of tangents drawn to ^'s path from any points 
of -4's path will intercept arcs described by B in equal times. 

(18) If V, v\ v\ be the velocities at three points P, Q, R, 
of the path of a projectile where the inclinations to the horizon 
are a, a — )S, a — 2y8 ; and if t, t' be the times of describing 
PQy QR respectively, shew that 

fU J J 1 .' 1 2.C0Si8 ,n ^-«v 

V « = v«, and -+-77 = r-^. (§113). 

(19) If two particles be projected from the same point at 
the same instant in the same vertical plane, with velocities v 
and t?i in directions making angles a and a, with the horizon ; 
shew that the interval between their transits through the 
other point which is common to their paths is 

2 vi\ sin (g '^ a^) 
g \ i7j cos ofj + 1? cos a ' 

(20) ^ If any chord be drawn to the trajectory of a projectile 
the velocities of the particle at its extremities if resolved per- 
pendicular to the chord, are equal. (§ 113). 

(21) Particles slide from rest at the highest point of a 
vertical circle down chords, and are then allowed to move 
freely ; shew that the locus of the foci of their paths is a circle 
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of half the dimensions, and that all the paths bisect the ver- 
tical radius. 

(22) If the particles slide down chords to the lowest 
point, and be then suffered to move freely, the locus of the 
foci is a cardioide. 

(23) Down what chord from the vertex of a vertical circle 
must a particle' slide so as to have when falling freely the 
greatest range on a given horizontal plane ? 

(24) Find the locus of the foci of all trajectories which 
pass through two given points. 

(25) The envelop of all the parabolas which correspond 
to a given velocity of projection is equal to the trajectory for 
which the direction of projection is horizontal. 

(26) Particles fall down diameters of a vertical circle; 
the locus of the foci of their subsequent paths is the circle. 

(27) If two bodies be projected from the same point, 
with equal velocities, and in such directions that they both 
arrive at the same point of a plane whose inclination to the 
horizon isyS, and if ^, t' be the times of flight, and a the angle 
of projection of the first, 

* sin (a — /3) * 

(28) If the focus of the projectile's path be as much 
below the horizontal plane through the point of projection, as 
the vertex is above ; shew that double the angle of projection 



= sec 3. 

(29) From points of an inclined planp, particles are simul- 
taneously projected in different directions. If their times of 
flight are the same, shew tliat their locus at any instant is a 
plane parallel to the given one. 

(30) A particle is thrown over a triangle from one end of 
the horizontal base, and, grazing the vertex, falls upon the 

7—2 
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other end of the 1)ase. If a, ^3 be the base angles^ the angle 
of projection, 

tan = tan a + tan/8. 

(31) For the greatest range on an inclined plane through 
the point of projection the direction of motion on leaving, is 
at right angles to that on reaching, the plane. 

^32) Particles are projected from the same point in a ' 
vertical plane: 1st, with the same vertical, 2nd, with the 
same horizontal, velocity ; shew that in each case the locus 
of the foci is a parabola whose focus is at the point of projec- 
tion, and axis vertical, but whose vertex is upwards in case 
(1) and downwards in (2). 

(33) If a be the angle of projection, T the time which 

elapses before the projectile strikes the groomd, prove that at 

T 
the time , . ^ the angle which the direction of motion 
4 sm a 

makes with the direction of projection is - — a. 

(34) If a body describe an arc of a cycloid under the 
action of a force parallel to the base, shew that this force 
varies inversely as 2 sin ^ — sin 2^, being the corresponding 
arc of the generating circle measured from the vertex. 

(35) If the force perpendicular to a plane vary as the 
distance, shew that the curves described nave equations of 
the form 

y = Aa* + Ba^y \ as the force is repulsive 

or y = -4 cos {mx + J5) j or attractive. 

Find the circumstances of projection in the two cases that 
the curves may be the catenary, and the companion to the 
cycloid, respectively. 

(36) Particles are projected in the same plane and from 
the same point, in such a manner that the parabolas described 
are equal ; prove that the locus of the vertices of these para- 
bolas will be a parabola. 



( 101 ) 



CHAPTER V. 



CENTRAL FORCES. 



123. In this part of the subject we consider the motion of 
a particle under the action of a force whose direction always 
passes through, and whose intensity is some function of the 
distance from, a fixed point. The fixed point is called the 
Center of Force^ and the force is said to be attractive or repul- 
sive according as it is directed to or from the center. The 
former, as including the most important applications of the 
subject, we will take as our standard case ; but it will be seen 
that a simple change of sign will adapt our general formulae 
to the latter. If the center of force be itself in motion, the 
methods of §§ 24, 28, enable us easily to treat it as fixed ; but 
in this case the relative acceleration is not in general directed 
to the center, so that the problem no longer belongs to Central 
Forces strictly so called. It will be considered later. If the 
center be moving uniformly in a straight] line, the results of 
this chapter are at once applicable to the relative motion. 

124. A particle is projected in a plane, and is acted on 
hy a force P directed to the fixed point in that plane; to de~ 
iermtne the motion. 

The whole motion will clearly take place in the plane, as 
there is jao force to withdraw the particle from it. Let Ox^ 
Oi/, any two lines through at right angles to each other, be 
taken as the axes ©f co-ordinates. Let M be the position of 
the particle at the time t; and draw JlfiV perpendicular to 
Ox, and join MO. Let ON = x, NM = y, OM = r, and the 

X V 

anorle NOM— 0. Then, since cos = - , sin = - , the com- 
ponents of P, parallel to the axes and in the negative di- 
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rections, areP-, P-. But by the second law of motion 

r r 




we may consider the accelerations In the directions of x and y 
separately, and we have therefore 

d^x __ pX 
r 



de 



df r 



J 



{Ay 



In these, since P is a function of r, and therefore of x 
and y, the second members will generally contain both these 
variables, and the equations must be treated as simultaneous 

differential equations. Their integrals will give ^^Vy-ji^-j i 

in terms of t\ from which the position and velocity of the 
particle at any instant will be known, and the problem com- 
pletely solved. In one case, however, viz. when P is pro- 
portional to r, the first equation will involve x and ^, and the 
second y and ^, only, and each equation may be Integrated 
by itself. As it is the simplest example of Its class, and of 
great Importance in Its applications, especially to Acoustics 
and to Physical Optics, we will begin by considering it* 

125. A particle moves about a center of force, the force 
varying directly as the distance : to determine the motion. 

Let /i be the acceleration at unit of distance^ usually called 
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the absolute force of the center, then P = /^r, and equations 
(A) become 

J, > <^)' 

the integrals of which, see § 83, are 

x=:A coayfit + B] (1), 

y = ^'cos{VAt< + J5'} (2), 

A, By Ay B* being the constants introduced in the integration, 
to be determinea by the initial circumstances of motion. 
Consider the particle projected from a point on the axis of Xy 
at distance a from the center, with velocity F, and in a 
direction making an angle a with Ox. When < = 0, we have 

a? = a, y = 0, -i- = Fcos o^> ;^ = Vain a. Hence, 

a = -4 cos By 

= ^' cos B'y 

Fcos a = — -4 tsJii sin By 
Fsin a = — -4 V/^ sin B[. 

Expanding the cosines in (1) and (2), and substituting 
these expressions for the constants, we obtain 

a;= — - — ams/fj^t + acoas/^t (3), 

Fsina . , . /.v 

y= / am si fit (4), 

which contain the complete solution of the problem. Elimi- 
nating ty we have 

{x sin a — y cos a)* + ^ ^ = a* sin* a, 
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the equation to the path of the particle ; which is therefore an 
ellipse whose center is 0, Equations (3) and (4) give periodic 

values for ^> y> ^ > ;^ * such that all the circumstances of 

27r 
motion will be the same at the time ^ + -7- as at the time t. 

The period of revolution is therefore -y- : a most remarkable 

result, as it is independent of the dimensions of the ellipse, 
and depends solely on the intensity of the force. 

By taking fi negative in equations (5), we may apply 
them to the case of a repulsive force varying as the distance 
from 0. In the integration for this supposition the sines 
and cosines would be replaced by exponentials, and the curve 
described would be a hyperbola having as center; but 
the motion would not be one of revolution, as the particle 
would necessarily always remain on the same branch of the 
hyperbola. 

126. Recurring to equations (A), it will in all cases but 
the one we have just considered be more convenient to trans- 
form them to polar co-ordinates, especially as the general 
polar differential equation to the orbit described by a particle 
under the action of a central force can be easily formed, as 
follows. 

127. A particle hetng acted on hy a central force ; it is 
required to determine the polar equation to the path* 

Multiplying the second of equations (-4), § 124, by a:, and 
the first by y, and subtracting, we obtain 






Integrating, 



dn doR 
a? -^ — y , - = constant « h suppose. 

Changing the variables from a?, y, to r, 0^ where x = r cos 5, 
y = r sin a, we get as in § 22, 
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'■S=* ('). 



or, substituting - for r^ 



u ' 



Again, « *= r cos 5 

dm, 



§=*'*' • (2). 

cos 6 



, M sin 4- cos j^ ja 

which gives ^ -, ^ 



» — A [ tt sin fl + cos 6 -j^ , by (2) ; 



and therefore -j^ sa — A / 1* cos ^ + cos fl -^^j 



de 

dt 
d^u' 



=5 - iV Tw cos + cos 5 ^j , by (2). 



But, by the first of equations (^), 

d^x 



df 



-Pcos^. 



d'^x 
Equating these values of -^ , and dividing by cos 6y we 

have 

P=AV(J^,+ u) (3), 

'^^•i^+«-;^^=^ (*)• 

This is the differential equation to the orbit described ; 
and as, in any particular instance, P will be given in terms 
of r, and therefore in terms of w, its integral will be the polar 
equation to the required path* 
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128. The general integrals of (-4), which are differential 
equations of the second order, ought to contain four constants. 
One of these has been already introduced in (1), and two 
more will be introduced by the integration of (4). If the 
value of T deduced from the integral of (4) be substituted in 
(1), aud that equation be then integrated, the remaining con- 
stant will be introduced, and the path of the particle and its 
position at any time will be obtained. The four constants in- 
volved in the resulting equations must be determined from the 
initial circumstances of motion ; namely, the initial position of 
the particle (depending on two independent co-ordinates), its 
initial velocity, and its direction of projection. 

129. Equation (3) may be used to ascertain the law of 
central force which must act upon a particle to cause it to de- 
scribe a given curve. To effect this we must determine the 
relation between u and from the polar equation to the orbit 
referred to the required center of force as pole : we must then 
differentiate u twice with respect to ^, and substitute the 
result in the expression for -r ; eliminating 5, if it be in- 
volved, bv means of the relation between w and 0, In this 
way we shall obtain P in terms of u alone, and therefore of 
T alone. 

When we know the relation between r and 6 from (4), we 
make use of equation (1) to determine the time of describing 
a given portion of the orbit ; or, conversely, to find the posi- 
tion of the particle in its orbit at any time. 

130. The equation of the orbit between r and ^, the 
radius vector and the perpendicular on the tangent at any 
point, may be easily obtained from (4). For by Biff. Gale. 
we have 

d^u , _ 1 ^jP 

and therefore P = -5 -^^ • 

^^ dr 

131. The sectorial area swept out hy the radius vector of 
the particle in any time is proportional to the time (§22)» 
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If A denote this area we have, by Diff. Gale. 

dt 2 dt ' 

and therefore, by equation (1) of § 127, 

dA ^h 
dt 2 ' 

whence A = ^ht + (7 = ^hty 

C being zero if A and i be supposed to vanish together. Let 
A' be the area described in any other interval t', then 

A'^iM; 
and therefore A : A' :: t : t' ; 

or, the areas described in diflferent intervals are proportional 
to these intervals. We also see, by taking ^=1, that the 
value of h is twice the area described in a unit of time, 

132. The velocity of the particle at each point of its path 
is inversely proportional to the perpendicular from the center of 
force on the tangent at that point. (§ 21.) 

ds 
For Velocity = v = -7 

^dadO 
dd dt 

7^ dO 

{p being the perpendicular on the tangent from the center of 
force) 

= - , by equation (1) of § 127. 

Hence, as above, a; oc - . 

P 
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133. This equation enables ns to express h in terms of 
the initial circumstances of the motion. For, let R be the dis- 
tance of the point of projection from the center, Fthe velocity, 
and yS the angle which the direction of projection makes with 
that of R. Then evidently 

Perpendicular on tangent at point of projection = -B sin yS ; 

whence h = VR sin fi. 
Again, since by i?(^ Cale., 



we have 



"'^^i--®]- 



another important expression for the velocity. 

134. The velocity ai any point of a central orbit is inde- 
pendent of the path described, and depends solely on the interi" 
sity and law of the force, the distanjce of the point from the 
center, and the velocity and distance of projection. 

doc dv 
Multiply equations (-4) § 124, by -i- , -^ respectively, and 

add, then 

dx d^x dy d^y __ P f dx dy\ 

~ dt ' 
(since a?-\,^^f^, we have x^^+y^ = T^^. 
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Hence ^^ = -2P^:. 
at at 

Also, since P is some function of r, let P=s<l) (r), then 

At the point of projection t; = F, r = -B ; and therefore 

whence K-i^^ = *(-B)-^W» 
which proves the proposition. (Compare § 73). 

135. The velocity of a fcertide nt any point of a central 
orbit 18 the same as that tohich vxmld be acquired by a par- 
ticle moving freely from rest along one-fourth of the chord of 
curvature at the point, drawn through the center of force, under 
the action of a constant force whose intensity is equal to that of 
the central force at the point. 



By § 1S4, 



dt dt' 

dV jy 

or t? J- = — jP. 
ar 



And by § 132, 



J? 



Diflferentiating the logarithm of the latter, we obtain 

1 dv ^ 1 dp 
V dr p dr* 

and, dividing the former equation by this, 

^ dp r i op 

" = 2P2 {Bif. Calc.) 
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where q is the chord of curvature through the center. Hence 
the proposition, § 77. 

From this it follows that the velocity, F, of a particle 
moving in a circle of radius jB, under the action of any force 
P to the center, is given by the equation 

a simple, and most useful expression. 

136. Def. An Apse is a point in a central orbit at 
which the radius vector is a maximum or minimum, and tlie 
coiTesponding value of the radius vector is called an Apsidal 
Distance, 

The analytical conditions for such a point [Diff, Calc.) are 

du 

that -^ should vanish, and that the first succeeding differential 

coefficient which does not vanish should be of an even order. 
The first condition ensm*es that the tangent at an apse is per- 
pendicular to the radius vector. 

Every apsidal line divides the orbit into two parts which are 
equal and similar, 

du 
For -j^ changes sign in passing through an apse, and 

therefore, since i-^ is some function of m, /(m), suppose, 

d.u 
if on one side of the apse ^ be represented by + islfiu)^ on 

the other it will be represented by — V/(««)* 

Hence if -4 be an apse, the center of force, and OP, OQ 
a,nj two lines on opposite sides of OA and equally inclined to 
it, we have 



QOA^j 



^^ du 



AOP=-j 



±V/W ' 

^ du 



iV/(«)' 

OA 
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{Note. These integrals have no meaning if there be an 
apse in AP or in AQy for then they contain an infinite 
element.) 




XT r ^^ ^ f _^ A 






"'/r^^^^'^'"*^'^^^- 



o« 



"Whence, if P and Q have been taken so close to A^ that 
no apse but A lies between them, which can of course always 
be done, unless the orbit is a circle about (?, we have 

OP =(?(?, 

which shews that any two lines on opposite sides of, and 
equally inclined to, OA are equal. Hence the parts AP^ A Q, 
into which OA divides the orbit, are equal and similar, so 
long as neither contains an apse. But if P be an apse, it is 
evident that Q will also be one ; and therefore, the portion of 
the orbit between P and the next apse being similar and 
equal to PA, and the same being true for Q ; these new por- 
tions are symmetrical about OA, and so on : and the proposi- 
tion is completely proved. 
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137. In a central orbit there cannot be more than two 
apsidal distances. 

For, since the parts of the orbit on opposite sides of an apse 
are similar, the particle after passing two apses must come next 
to one at an equal distance with that of tne first, then to one 
at an equal distance with that of the second, and so on. 
Hence there can be but two apsidal distances. 

138. When the central force varies as a power of the 
distance, we maj obtain the above result, as well as the 
equation for determining the apsidal distances, directly from 
equation (4) of § 127. Suppose P = /aw*, then we have 

du 
Multiplying by 2A* -^ and integrating, we have 

*1(S)'^''}-'=»-^.»"^<'- 

Suppose the particle projected with a velocity equal to 
the velocity from infinity at the same 
the initial value of u^ then when u » c, 



ir times the velocity from infinity at the same distance, and 
et c be 



whence 0= (o*- 1) -^e""*: 

^ » — 1 

and therefore h* {(^V + « j = ~i I""^' + (s' " 1) «""'}• 

#71/ 

To determine the apsidal distances we must put -jh^^^^ 
which gives 

u"-^-^^^J^t*'+ (2»- l)c"-^- 0. 
The form of this equation shews that it can have at most 
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two positive roots, which are therefore the two apsidal dis- 
tances. 

Although there can only be two apsidal distances, there 
may be any number of apses, and the angle between two 
consecutive apsidal distances is called the apsidal angle. 
Grenerally, to determine this angle, the equation to the orbit 
must first be found for the particular case considered ; but the 
apsidal angle may be determined approximately for any law 
01 force, without first finding the form of the orbit, if we 
assume that it does not differ much from a circle. 

] 39. A particle revolves in an orbit which is very nearly 
circular, and is acted on by a central force varying as anyjiinc- 
tion of the distance^ to determine the apsidal angle. 

Assume P = fiuf <f> {u), then the differential equation of the 
orbit is 

K the orbit were circular, we should have w = c, and 
-^ =iO, in which case o — p^(c) = (o) 

When the orbit is very nearly circular we may put 
u = c + Xy where x is always very small. Hence 

d^x M . / X 

UiX Lb 

or ^ + c + aj-^,{^(c)+a?<ji'(c)}=0, nearly; 

and (a) enables us to reduce this to 

d'x 



+ x 



dB" 

or, by a second application of (a), 

d 



{.-^y.o, 






dep 

T. D. 8 
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the integral of which is (§ 83) 

Hence the general value of which renders ;^ = 0> is 
given hy the equation 



A^-&^--' 



n being any integer ; and consequently the diflference between 
any two successive values of is 



TT 



TFIfl 



the approximate apsidal angle. 

Thus if the force v&jy directly as the n^ power of the dis- 
tance, we have 

fiu^ <f> {u) = fiu* ; and <j> {u) = w"*"*, 

whence (f) (w) = — (n + 2) w"*"*, 

and the apsidal Angle is -jj- r . 

v(3+w) 

This shews that n cannot be less than — 3, or that the 
force must not vary according to a higher inverse power of the 
distance than the third, if the circle is to be an approximation 
to the path of the particle : and furnishes a simple example of 
the determination of the -conditions of Kinetic Stability, into 
which we cannot enter in this elementary treatise. 

To find the law of force that the apsidal angle in the nearly 
circular orbit may be equal to a given angle, a suppose, we have 



TT 



^/^-^} 



from which ~-i~ = - fl — -^ ) : 

9 (c) c \ a / 
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or, hj integration, log —~ = T 1 - — J log c, 

whence ^ (c) = Gc^'^ ; 

and therefore the law of force, fiu^(f> (w), is fiu*'a\ 

140. A particle is projected from a given point in a given 
direction ana with a given velocity, and moves under the action 
of a central force varying inversely as the square of the dis- 
tance; to determine the orbit. 

We have P= fiu\ and therefore 

d^u f^ ^fi 



d' 



the integral of which is 
or, as it is usually written. 



M 



w = J,{l + 6C08(e-a)} (1). 

This gives ^ = -^6sin(^-a) (2). 

Let B be the distance of the point of projection from the 
center; yS the angle, and F the velocity, of projection; then 
when ^ = 0, 

12 

Hence, by (1), Tg - ^ = ^ ^^^ «> 



and, by (2), -^cot^ == - 6 sin a. 



8—2 
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From these, tana = — ^— ^ (3), 

ButA*=F'5'sm«/8, §133; 

... F*jB sin jS cos^ ,-^ 

wherefore tana = r^a r> • * a {ph 

fi— V Bsm p 

andl-e' ^^--j (4). 

Now (1) is the general polar equation of a conic section 
about the focus ; and, as its nature depends on the value of 
the excentricitjr e given by (4'), we see that 

if F' > -^ , c> 1, and the orbit is a hyperbola, 
F^=-^, e = l, * a parabola, 

F'<-^, e<l, an ellipse. 

141. By § 96, the square of the velocity from infinity at 

distance JR, for the law of force we are considering, is -^ , and 

the above conditions may therefore be expressed more con- 
cisely by saying that the orbit will be a hyperbola, a para- 
bola, or an elKpse, according as the velocity of projection 
is greater than, equal to, or less than, the velocity from 
infinity. 

The velocity of a particle moving in a circle is also often 
taken as the standard of comparison for estimating the velo- 
cities of bodies in their orbits. For the gravitation law of 
force with which we are dealing the square of the velocity in 

a circle at distance jS is ^ ; and the above conditions may 

be expressed in another form by saying that the orbit will be 
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a hyperbola, a parabola, or an ellipse, according as the velo- 
city of projection is greater than, equal to, or less than tj2 
times the velocity in a circle at the same distance. 

142. Supposing the orbit to be an ellipse, we shall obtain 
its axis major and latus rectum most easily by a different pro- 
cess of integrating the differential equation. Multiplying it 

by 2A*^ and integrating, we obtain 

1 2it 

But when «* = ^ > v= F; which gives (7= ^* """g ' 

Hence V {@'+i^j = t^*= F»- ^ + 2,.t. (5). 

Now to determine the apsidal distances, we must put 

d0 "' 
and this gives us the condition 

^->^m-^-' («)' 

which is a quadratic equation whose roots are the reciprocals 
of the two apsidal distances. But if a be the semiaxis major, 
and e the excentricity, these distances are 

a (1 — 6) and a (1 + e). 

Hence, as the coefficient of the second term of (6) is the 
sum of the roots with their signs changed, we have 

_J_+_J ^±. 

o(l-e)^o(l + e)~ A* ' 

or o(l-e»)=- (7). 
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And, as the third term is the product of the roots, 

1 2fi F' 

a'{l-^~VB h*' 

ox^ = ^-^ (8). 

Substituting then - for -p — F* in (5), we have 

^ = ;*(2«-i) : (9). 

Equations (7) and (8) give the latus rectum and axis major 
of the orbit, and shew that the axis major is independent of 
the direction of projection. 

Equation (9) gives a useful expression for the velocity at 
any point. 

143. The time of describing any given angle is to be 
obtained from the formula, 

= ^/{fia (1 — e*)}, by equation (7). 

From this, combined with the polar equation to a conic 
section about the focus, we have 

m 

dt r» 



de v{a«»(i-^} 

'a«(l-/) 



-/ 



s 



fi {1+e cos 0y ' 



measuring the angle from the nearest apse. To integrate 

this, let 

oi sin . , 

© = -— 5, then 

1 + ecos 0^ 
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1 /1V !-«' 

d& cosg + e g^ ^ 

11 1-e^ 1 



el + eCOS0 e (l-i-6C08^) 

dd 



S' 



{dd__ ___f0_ ., 1 f g^ 



sec* X <?^ 



l-e* l+ecosd 1 - e*} ^j ^^^ ^ (i_e),tan' | 

^ ^iEi^ + _?_, t3,- L /fc:) tan 11 , 
l-e*l+ecos^^(l-e')» W U+e/ 2J 

(ife<l); 



_ e sin^ 1 1 



f V(e+1) cos - +V(«.-1) sin 5 



e'-ll+ecos^ (e«-i)* [v(e+l) cos | -VM) sin ^ 



2 



^ ,/ ,s • ^1 
2-V(«-l)sin- 

(if e > 1). 



Hence the time of describing, about the focus, an angle 6 
measured from the nearer apse is, in the ellipse, 

and, in the hyperbola, 

fV(e+l)cos|-V(e-l)sin-| ,, sin^l 

V '^L [V(«+l)cos2+V(«-l)sm-) 

144, In the parabola, if tZ be the apsidal distance, the 
integral becomes 

{since e = l, a{l-e) = d, o (I - «0 = 2<?}, 
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/8d*[l ,6,. 





1 + tan' ^ ) d tan - 



=v/f/( 
-\/7-('"'l+i'"' 

145. From the result for the ellipse we see that the 
periodic time is 27r ^ — . This might also have been found 
from the consideration that the periodic time is 

^_ 2 area of ellipse _ 27ra' \/(l — «*) 

/a» 27r 
= 27r./- = — , 

in the notation commonly employed. 

146. By laborious calculation from an immense series of 
observations of the planets, and of Mars in particular, Kepler 
enunciated the following, as the laws of the planetary motions 
about the Sun. 

I. The planets describe Ellipses of which the Sun oc- 
cupies a focus. 

n. The radius vector of each planet traces out equal 
areas in equal times. 

III. The squares of the periodic times of any two planets 
are as the cubes of the major axes of their orbits. 

147. From the second of these laws we conclude that 
the planets are retained in their orbits by a central force 
tending to the Sun. For, 
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Jfthe radius vector of a particle moving in a plane describe 
equal areas in equal times about a point in ihatplane^ the re- 
sultant force on the particle tends to that point. 

Take the point as origin, and let x, y be the co-ordinates 
of the particle at time t\ X,Y the forces acting on it, resolved 
parallel to the axes ; the equations of motion are 

W^' "dJ-^^ ^^^• 

But by hjrpothesis, if A be the area traced out by the 

radius vector, —7- is constant. 

at 

TT ^dA dy dx ^ 

Hence, 2^=«J-y^ = C. 

•rw/«. . . d^v d^x 

Differentiatmg, x — — y -ja = ^ > 

or, by(l), jcr-yX=0. 

Y y 

Hence, -y^ = - , and by the parallelogram of forces (§ 62) 
the resultant of X and !F passes through the origin. 

148. From the first it follows that the law of the force is 
that of the inverse square of the distance. 

The equation to an Ellipse about the focus is 

2 
t^ = -(l + ecos^), 

where I is the latus rectum. 

d^u "26 
Hence, -3^ = — ^ cos ^, and therefore the force to the 

focus requisite for the description of the ellipse is (§ 127) 
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Hence, if the orbit he an ellipse, described about a center 
of force at the focus, the law of force is that of the inverse 
square of the distance, 

149. From the third it follows that the force towards the 
Sun which acts on each of the planets is the same for each 
planet at the same distance. 

For, in the formula in § 145, T' will not vary as a^ unless 
fi he constant, i. e. unless the absolute force of the Sun be the 
same for all the planets. 

We shall find afterwards (Chap. XII.) that for more 
reasons than one these laws are only approximate, but their 
enunciation was sufficient to enable JSTewton to propound the 
doctrine of Universal Gravitation; viz. that every particle 
of matter in the universe attracts every other with a force 
which is as the masses directly, and as the square of the distance 
inversely. 



EXAMPLES. 

(I) A particle describes an ellipse under the action of a 
force always directed to the center, to determine the law of 
the force. 



From the polar equation to the ellipse, center pole 

- cos'^ sin'^ , du f\ \\ /, . /, 

I = — J — I — Ti— ; we have ^ jz = I f2 — 5 J cos ^ sm ^ ; 



d\ . 



(iy=&-^)(-"^-«-'^>- 



4'[»'-«-(S)'--f^-©}] 
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h* 1 1 h* 

and therefore the law is that of the direct distance. 

The above example is the converse of § 125. The solution 
may be. very easily effected by the use of § 130. 

(2) A particle describes a conic section under the action 
of a force always directed to one of the foci, to find the law 
of force. 

In this case 

U = -jz aV {1 +^ COS (6 - a)}, 

a(l — e^ ^ ^ ^* 

and .'. P= AV f ^ + wj 

AV 1 



QC-i, 



a(l-e') r' 
the converse of § 140. See also § 148. 

(3) Find the law of force, tending to the pole, under 
which a particle may describe an equiangular spiral. 

T 

(4) Find the law of force by which a particle may de- 
scribe the lemniscate of Bernoulli, the center of force being 
the node. 

Poci. 
r 

s 

(5) Find the law of force by which a particle may de- 
scribe a circle, the center of force being in the circumference 
of the circle. 
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(6) Find the law of force by which a particle may de- 
scribe the spiral r = a (sec- j , the centre of force being the 
pole of the spiral. 



Poc ' 



»n-a 
n 



[Shew that this result is not true forn= 1, and find the 
correct one.] 

(7) Find the law of force that a particle may describe 

the cissoid of Diodes r = 2a ^ , the center of force being 

. cos ^ ' ® 

the pole. 

n cosec" 
Fee — 5 — . 

[Here ought to be expressed in terms of r in the value 

of P.] 

(8) A particle is projected from a given point in a given 
direction with the velocity which it would acquire in falling 
to the point of projection from an infinite distance, and is 
acted on by a force varving inversely as the n^ power of the 
distance, to determine the orbit. 

Here P = /AM*, and therefore, § 127, 

du 
Multiplying by 2A' ^ and integrating, 

Let F be the initial velocity, fi the angle of projection, 
and c the initial value of u, then, § 96 

n— 1 
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But when u<=c, v=V; .'. (7=0, and 

\d§)'^''~h''{n-l)- 
Now § 133, 



n^l 



TO-1 



•• A'"2o"^sin''j8' 

fduV , _ «"-^ , 
•• [dej'^ ~c"-»sin*i8' 



n-8 



rf^ c ' sin/3 



• • 



To integrate this let 

.'. (w - 3) tfc""^ ^ = 2a?. 

-r\. ••,. fi — 3 du 2 

DxTidmg, -^^ = i- 

Substituting in (1), 

n-8 

de 2 c'sin^S 



Integrating, 



c ' sin/8 

n-8 

2 -, «» 

sec 



n-3 =7-' . o' 

c sin /3 



(1). 
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Suppose we take the initial line so that 0* = 0, then 



ft-S 



— =isec — - — 1 



n-8 



c * sin/8 
or, if -Bbe the initial distance = -, 



fir= 



r. 71 — 3 ^ 

cosec p cos — - — dy 



the polar equation to the required path. 

(9) A particle, acted on by a central force varying in- 
versely as the fifth power of the distance, is projected in any 
direction with the velocity from infinity ; find the orbit. 

Its equation is r = 22 cosec /8 sin (^ — ^, /8 being the 
angle of projection, and the line joining the point of projec- 
tion with the center being taken as the initial line. 

(10) A particle acted on by a central force varying in- 
versely as the fifth power of the distance is projected fi:om a 
given point with a velocity which is to the velocity from 

2a/6 
infinity as 5 to 3, in a direction making an angle sin"* -—- 

with the radius vector: find the orbit. 

Here we have 

■••»'{(S)'+ »*}="• -''+?■• 

But if F be the velocity of projection, c the initial value 
of w, 

F« = ff*;(§96):] 
and when w = c, v = F; .*• (7= -^ ; 
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•■•©■--Kt'-I") 



But h ^ 18?- 25' 






• • 



Substituting and integrating we find, after the necessary 
reductions, 

wtere R is the initial distance, and a a constant to be deter- 
mined by the position of the initial line. 

(11) A particle acted on by a force, varying partly as the 
inverse third, and partly as the inverse fifth, power of the 
distance, is projected with the velocity from infinity at an 
angle with the distance, the tangent of which is \/2, the 
forces being equal at the point of projection ; determine the 
orbit. 

(12) The force tending to the center of a curcle whose 

r-\ — jj-J , find the velocity with which a 

particle will describe the circle ; and shew that if the velocity 
DC suddenly doubled the particle will come to an apse at the 
distance 3a. 



(13) If P= 2/L6 -J + fjbu^, and a particle be projected at an 

c 

angle of 45° with the initial distance (5 = ) - , with a velocity 

c 

which is to the velocity in a circle at the same distance as 

V2 to V3, find the curve described. 

r = R{l-e). 
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(14) If a particle be acted on by a central force varying 
inversely as the seventh power of the distance, and be pro- 
jected from an apse with a velocity which is to the velocity 
in a circle at the same distance as 1 to V3 ; find the equation 
to the curve described. 

r« = 5»cos2(^ + a). 

(15) A particle, acted on by a force varying inversely as 
the cube of the distance, is projected from a given point with 
any velocity in any direction ; to separate the curves according 
to the circumstances of projection. These curves are callea 
Cotes' Spirals. 

The equation of motion is- 

__+„__„ = (1). 

Let -^be > 1, and let p — 1 = h^; then 

the integral of which is 

u = A^+Be'*^ (2). 

This resolves itself into three distinct species of curves 
according to the values of A and jB. 

Species I. Let A and B have the same sign ; then 

u^A^ + Be'^*; 

and^ = i(^€**-J3e-*0. 

The values of A and B may in these equations be ex- 
pressed in terms of the initial distance, and angle of projection; 
out we may put the equation to the curve in a simpler form 
as follows. Let a be the value of d corresponding to an apse, 

then when ^ = ^> ^ = ^ 5 
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or = ^€** - J56-*«, 

which always gives a possible value of a ; and therefore 

jA.i» s B€^ = c, suppose. 
Substituting, tt = c {6*<*^> + ^^<^)}. 

Hence when ^ =a, u^2c, or — is the apsidal distance. 

As ^ increases, w increases, or r diminishes ; and when ^ = co , 
tt=Go,orr = 0. Hence the curve forms an infinite number 
of convolutions about the pole ; and, as it is symmetrical on 
both sides of the apse, it will be as represented in the figure, 
where A is the apse and the center of force. 




Species n. Let^ > 1,5=0, then th? equation (2) 
becomes 

the equation of the logarithmic spiral. The nature of the curve 
will be the same if A^ instead of jS, vanish. 

Species HI. Let ^> l,andjB negative, thenbyequation (2), 

u = A^ — Be"^. 
T. D. 9 
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Putting tt = 0, we obtain as for Species I, 

Hence, when ^=:a, w = Oorr = oo, As^ increases r de- 
creases, and when is infinite r=0,; so that there is an 
infinite number of convolutions round the pole. It is easily 
shewn that this curve has an asymptote parallel to OA^ fit a 

distance ^r-y • 
2cA; 




Species IV, Let ^ = 1. Then equation (1) becomes 



dS" 



= 0, 



the integral of which is 

the equation of the reciprocal spiral. 

Species V. Let ^, < 1, and let 1 - p = Jf, then by 
equation (1), 

the integral of which is 

u^A COB (kd+B); 



whence 



-j^^'-Ah sin [led + 3). 
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Let a be the value of corresponding to the apae, 
then A;a = — JB; 

and M = -4 cos Jfe (5 — a), 

1 . . . ' 

which shews that -^ is the apsidal distance. The asymptotes 

to this curve are easily found for any assigned value of k^ 
One case is represented in the annexed fig. 




(16) A particle projected in any manner is acted on by 
a central force varymg inversely as the fifth power of the 
4listance, to determine the orbit 

Here P= /am», and we have 

cPu 



whence 






When tt = c, »«= F; therefore (7=»F*— 



2 ' 



whence 



Bat A* = 



ftlu\* ,_F» f*c* fo^ 



& 



(§ 133) ; and therefore 



9—2 
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This equation cannot be integrated in finite terms unless 

either the right-hand member be a perfect square, or F* = -y . 

The latter case is included in the more general one of Ex- 
ample (8). In the former we must have 

■ 

2/xg' { (? /^c^ \_. 

F»sin«/3 W/3 2F*sin*/3; ' 



or 



^K^-fV?^^"*^' 



from which ^ may be found. 

Extracting now the square root, integrating^ and taking 
the initial line so that the constant = 0, we derive after the 
necessary reductions, 

- Va^ 1-€^^' 

^■" FBsin/3 l + €^va- 

Giving ^/2 the positive or negative sign we have a spiral' 
having an interior or an exterior asymptotic circle, the radius 

of this circle being in either case y^^~q • 

(17) A particle is projected from an apse at the distance 

is/[mK), and is acted on by a central force — « + -j , * being 

twice the area described in a unit of time ; find the equation 
to the orbit and the time of describing a given angle. 



r' = :r-^ — s> * = wtan"^d. 



(18) If a particle move about a center of force Qc ^ + -^ , 
shew that the equation to the orbit is generally of the form 
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~ 1 — e COS {kff) * 

In the case when the projection takes place at an apse^ 
the apsldal distance being ? , and v being equal to A^ shew 
that the equation to the path is 






T _,« 2^ y 



and that the time of describing an angle a is 

-tand(d + Jsin2^) where tan g = Jf^u\ • 

(19) If V be the velocity, and P the force at distance r in 
a central orbit, and if v', P', r' be similar quantities for the 
corresponding point of the locus of the foot of the perpen- 
dicular on the tangent, shew that 

v' . PV „ 

XT V 

(20) A particle attached to one end of an elastic string 
moves on a smooth horizontal plane, the other end of the 
string being fixed to a point in the plane. If the path of the 

particle be a circle, shew that the periodic time oc ( ^ j , 

a and r being the natural and stretched lengths of the string. 
If the orbit be nearly circular, find the angle between the 
apsides. 

(21) A particle is projected in such a manner as to describe 



a 



a reciprocal spiral whose equation is = — ; shew that the 






time of performing the n^ revolution = -—7 7; 7- . 

'^ . ° 2w (n — 1) TT VA* 

(22) If P be a central force attracting a catenary, and p 
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be the perpendicular on the tangent at any point from the 

center of force ; then the force which would cause a particle 

p 
to revolve in the curve formed by the catenary oc — . 

(23) Find the time in which a particle would move from 
the vertex to the end of the latus rectum of a parabola ; and 
shew that if the velocity be there suddenly altered in the 
ratio m to 1 (w being < 1) the body will proceed to describe 

an ellipse, the excentricity of which is (1 — 2m* + 2m*)*. 

(24) A spherical surface is described in space, having 
in its center a force varying inversely as the square of the 
distance ; shew that if a particle be let fall from this surface 
and be projected in any direction at any moment of its descent 
with the velocity acquired, it will move in an ellipse, the 
major axis of which is equal to the radius of the sphere. 

(25) If the Earth's orbit be taken an exact circle, and 
a comet be supposed to describe round the Sun a parabolic 
orbit in the same plane ; shew that the comet cannot possibly 

(2 \**^ 
—J part 

of a year. 

(26) If a particle be projected about a center of force 
varying inversely as the square of the distance, with a velocity 
equal to n times the velocity in a circle at the same distance ; 
the angle a between the axis major and this distance may be 
determined from the equation 

tan (a-/3) = (1 - n") tan/3. 

(27) A particle describes a parabola about a center of 
force (oc 2>"*) residing in a point in the circumference of a 
given ellipse the foci of which are in the circumference of the 
parabola; shew that the time of moving from one focus to 
the other is the same, at whatever point in the circumference 
of the ellipse the center of force is placed. (§ 165). 

(28) A particle moves about a center of force, and its 
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velocily at any point is inversely proportional to the distance 
from the center of force ; shew that its path will be a loga- 
rithmic spiral. 

(29) A particle is describing a curve about a center of 
force, and its velocity x — , find the law of force and the 
equation to the path. 

^"^^-^ Q" =cos{(n-l)d + a}. 

(30) A particle is projected in any direction from one 
extremity of a uniform straight line each particle of which 
attracts it with a force proportional to the distance, prove that 
the particle will pass through the other extremity. 

(31) A particle projected in a given direction with a 
given velocitjr and attracted towards a given center of force 
has its velocity at every point to the velocity in a circle at 
the same distance as 1 to V2 ; find the orbit described, the 
position of the apse, and the law of force. 



V 2A' 



cos(d-a), P=^. 



/ 



(32) A particle is projected from a given point with a 
given velocity and is acted on by a central force varying in- 
versely as the square of the distance ; shew that whatever be 
the direction of projection the center of the orbit described 
will lie on the surface of a certain sphere. 

(33) Find the locus of the center of force that a cycloid 
may be described with uniform velocity, and find the law of 
force to the moving center. 

(34) If a particle revolve in a circle of radius r, about a 
center of force distant a from the center of the circle, shew 
that the time from distance r to the nearer apse is 
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2*r* 



■j*{^-S) 



3h"5-;\/('-p)}' 



where is the initial force ; and that the periodic time is 

27rr> 

where is the force at the nearer apse. 

» 

(35) Shew that the only law of central force for which 
the velocity at each point of the orbit can he equal to that in 
a circle at the same distance is that of the inverse third 
power, and that the orbit is the logarithmic spiral. 

(36) A particle describes an equilateral hyperbola about 
a center of force in the center, shew that an angle from the 
apsidal line is connected with the time t of its description by 
the formula 

sin 20 = — 7 — — r . 

(37) If a number of particles, describing different circles 
in the same plane about a center of force oc -D"", start together 
from the same radius, find the curve in which they all lie 
when that which moves in the circle whose radius is a has 
completed a revolution. 

(38) If the mf^ power of the periodic time be proportional 
to the rfi^ power of the velocity in a circle, find the law of 
force in terms of the radius. 

(39) If t; be the velocity of a particle revolving in an 
ellipse about the center, v its velocity when the direction of 
its motion is at right angles to the former direction, the time 

1 WKt 

of describing the intercepted arc = -y sin'* — v . 
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(40) A pOTticle revolves in a circle about a center of 

force in the center, the force ^j^l the absolute force is 

suddenly increased in the ratio of m : 1 when the particle 
is at any assigned point of its path, and when the particle 
arrives again at the same point the absolute force is again 
increased in the same ratio; shew that- the path which the 
particle will describe is an ellipse whose excentricity 

m 

(41) In a curve described by a particle under the action 
of a central force the angle between the radius vector and the 
tangent varies as the time. Find the curve and law of force. 

(42) Shew that the apsidal angle is the same for different 
apsidal distances, only when the force is as some power of 
the distance. 

(43) Given P=--5-+-8, determine the path. Shew 

r T 

that in the particular case of the projection being made at 

distance a, and with velocity =-V2, the equation to the 

orbit is . 

r = a(l + ^. 

. (44) Force = ^ , and a particle is projected from an apse 

^ /2/iL 

at distance a with velocity = . / -^ , shew that the path is 
a cardioide, and that the periodic time is 



37r /3a» 
4 V 2)x' 



(45) A particle is revolving in an ellipse about a center 
of force in the focus ; supposing that every time the particle 
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arrives at the lower apse the absolute force is diminished in 
the ratip 6f 1 to 1 — n; find the excentricity of the elliptic 
Orbit after p revolutions, the original excentricity being e. 

l + e 



(1 - «) 

(46) A particle describes a circular orbit about a center 
of force situated in the center of the circle ; prove that the 
form of the orbit will be stable or unstable according as the 

value of ,, ^ — , for t^ = a', is less or not less than 3, P being 

the central force, u the reciprocal of the radius vector, and 

- the radius of the circle. 
a 

(47) If the equation for determining the apsidal distances 
in a central orbit contain the factor (u — a)', shew that u = a 
cannot correspond to an apse unless ^ be of one of the forms 

4m + 2 or . If the factor u — a occur twice, then a 

2n-t- 1 

will be a root of the equation 

^(t^)-AV = 0, 
where (f) {u) is the central force. 

(48) Examine carefully the case of an apse where the 
center of force coincides with the center of curvature. Shew 
that the particle will, after passing such an apse, describe a 
circle about the center of force, but that the motion will be 
imstable. 
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CHAPTER VI. 

ELLIPTIC MOTION. 

150. In this chapter we propose to dectuce from the 
results of the last some of the properties of Elliptic and 
Parabolic Orbits described about a center of force in the focus. 
This is a problem of great interest, as it has been proved by 
actual observation that the orbits of planets and comets are 
in general (neglecting the small effects of disturbing forces) 
ellipses either very slightly excentric, or so much so as to be 
scarcely distinguishable from parabolas. There are, it is true, 
some comets whose orbits are moderately excentric ellipses, 
and some whose orbits are hyperbolas ; but, as the problem 
in their case becomes very complicated, and the approximate 
methods which we will here employ are inapplicable to their 
motions, it has been considered advisable to omit the con- 
sideration of such cases. 

151. For the intelliffibility of what follows it will be 
necessary to premise a fel defiStiona . 

Suppose APA* to be an elliptic orbit described about a 
center of force in the focus 8. Also suppose P to be the 

Sosition of the particle at any time t. JDraw PM perpen- 
icular to the major axis A GA\ and produce it to cut the 
auxiliary circle in the point Q, Let G be the common center 
of the curves. Join GQ, 

When the inoving particle is at -4, the nearest point of 
the orbit to S, it is said to be in Perihelion. 

The angle ASP, or the excess of the particle's longitude 
over that of the perihelion, is called the Triie Anomaly. Let 
us denote it by u. 

The angle A GQ is called the Excentric Anomaly, and is 

2'7r 

generally denoted by u. And if — be the time of a complete 
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revolution, nt is the circiilar measure of an imaginaiy angle 
called the Mean Anomaly; it would evidently be the true 
anomaly if the particle's angular velocity about S were 
uniform. 

152. It is easy from known properties of the ellipse to 
deduce relations between the mean and excentric, and also 
between the true and excentric, anomalies; and this we 
proceed to do. 

To find ike relation hetween the mean and excentric ano* 
malies. 




In the figure QGA is the excentric anomaly, and the 
mean anomaly ia evidently to 27r as the area P8A is to the 
whole area of the elliptic orbit (§§ 145, 151), or as area Q8A 
to area of auxiliary circle. 

Now area Q8A =; area QGA - area QG8 

B= \ a\ -- ^ a . 06 • sin tf 
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(a being the semi-major axis of the orbit and e its excentricity) 

a", . . 

—• (w — e sm u) 
TT nt 2^ ' 

Jtience — = , ; 

t 
* 

or w< = w — 6sinw. 



153. To find the relation between the true and eoscentric 
anomalies. 



We have (by Conies) 



1 + 6 COS 5 

But /8P=a — e(7if=a(l — 6C0sw). 
Hence ^ = 1 — ccosw; 

1 + 6 COS ^ ' 



TT /I COS «^ — 6 

Hence cos = 



and tan 



2"V 1 



1 — e COS M ' 

1 ~ cos ^ 

+ COS 
1 — 6 cos W — COS W + e 

l — e COS u + COS t^ — 6 

(l+e)(l — cosif) 

(1 — 6) (1 + COS m) 



l + e\. u 
tan — • 

1-ey 2 
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The two equations which we have just found are suf- 
ficient for the solution of our problem, but they are sometimes 
obtained in the following manner* 

154. The direct problem in elliptic motion is 

To find the time of motion of a planet or cmmtAhrough any 
"portion of its elliptic orhit. 

The equation of the orbit gives us 

^^ a(l-e«) ^ 
1 + e cos 5 * 

And from the description of equal areas in equal times, we 
have 

From these equations we have 

dt a»{l-e^» 1 (1-c^* 1 



dJd hJii (l + ecosfl/ n (1+ecos^)* 

if — be the period of revolution. (§ 145). 

Hence if t^ be the time of describing an arc measured by 
6^ from perihelion, 

B (h 

cosd = cos'--sin"-, and 1 =cos'- + sin'-j 

re, d0 

= (l-e')»i |(l+6)cos»^ + (l-e)sin-||" 

y,e?tan - 
Q 2 

, fix sec* - j^ d0 

= 2(l-.e^M 2 c?g 

-'^ |(l + 6) + (l-e)tan»||" 
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To simplify this, let ns put 

-IVd^)-! (». 

(an assumption which will evidently conduct us to a formula 
already proved, as it is clear that ^ will represent the ex- 
centric anomaly). 



We have 



nt^ 



(l + «)*sec*^ 



ym'-i)^ 



'.'•<»'** v^ 



=J^{(l-e)co8«^ + (l+e)8m«||^ 

= 1 (1 — 6COS0)rf^ 

= ^j — esin^j (2). 

When 0^ is given we must calculate ^^ by means of (1), and 
thence t^ by means of (2), 

* 

Since (1) and (2) give us the time of passing through an 
arc from perihelion subtending any angle 5^ at the focus, it 
is evident that we have now the means of finding the time of 
describing any given portion of the orbit, and have thus the 
complete solution of the direct problem. 

155. The inverse problem, which is far the most im- 
portant, is to find the values of and r as functions of ty so 
that the direction and length of a planet's radius-vector may 
be determined for any given time. This generally goes by 
the name of Kepler's problem. 

158. Before entering on the systematic development of 
tt, r and in terms of t from our equations, it may oe useful 
to remark that if e be so small that higher terms than its 
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square may be neglected, we may easily obtain developments 
correct to the first three terms. 

Thus u=nt + esmu 

=^nt + e sin {nt + 6 sin nt) nearly, 

= w« + 6 sin n« + — sin 2nt. 

A 
T 

Also - = 1 — 6 cos t^ 
a 

= 1 — 6 cos (n^ + 6 sin nt) 

= 1 — 6 cos n^ + - (1 — cos 2nt). 

which may be written 

(1 + 6C0S^)«5? = ^(^-^' 

or (l-e^*(l+6cosd)"'^ = w. 
Keeping powers of e lower than the third 

rl — 2ecos5 + - e'cos2^j ^ = w> 

3 

or ^ = — 2681110+ 2^s^^2^J 

3 
whence ^nt + 2e am0 -- -r e'sin 20 

3 

s= w^ + 2e sin (w< + 2e sin nt) — t e* sin 2n< 
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3 

= n^ 4- 26 sin nt + 4e' cos nt sin nt— -^ sin 2nt 

4t 

5 

157. Kepler's Problem. To fivd r and as functions 
of t from the equations 

r = a (1 — 6C0sw) ^ (1) ; 

**°l=\/(r^)*^l -(2); 

nt^u-^-eeinu (3), 

These equations evidently give r, 0, and t directly for any 
assigned value of w, but this is of little value in practice. 
The method of solution which we proceed to give is that of 
Lagrange, and the general principle of it is this — - 

We can develop from equation (2) in a series ascending 
by powers of a small function of 6, the coefficients of these 
powers being u and the sines of multiples of u. Now by 
Lagrange's theorem^ we may from equation . (3) express w, 
1—e cos w, siii w, sin 2u, &c. in series ascending by powers 
of e, and whose coefficients are sines or cosines of multiples 
of nt. Hence by substituting these values in equation (1) 
and in the development of (2), we have r and expressed in 
series whose terms rapidly decrease, and whose coefficients 
are sines or cosines of multiples of nt. And this is the com- 
plete practical solution of the problem. 

158. To eocpress the true, as a Junction of the excentrh, 
anomaly. 

Substituting in (2) the exponential expressions for the 
tangents, and writing itoi J —1, we have 

2 



S*+€^ VV 'g5«4-g 



6 
T. D. 10 
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whence 

,, e«.{V(l+e)+V(l-e)} + (V(l-e)-V(l + e)} . 

^ -6*.{V(l-e)-V(l+e)} + {V(l-e) + V(l + c)}' 

nr ™,trin<,^ V(l + c) - V(l - e) _ 6 

or, puttmgX = ^^j_^^^^^^^_^j-j_^^^^_^,j, 

Taking the logarithm of each side and dividing by t, 

= w + 2 (Xsin tt + -r- sin 2w + -r- sin 3u + &c.) (4). 

159. 7b develop u in terms ofu 
If we have 

y = z + x^{y) (5), 

we obtain, bj Lagrange's Theorem, the development 

ny) =m + ^i> {^)f («) + 1^ ^ (Wiy C'')} 



+i:Y:3(iy{^'/'(^)}+&c (6), 

Now equation (3) may be put in the form 

u = nt + eaiD.Uf 

which is identical with (5) if 

t 

y = w, z^nt, x = ey and (y) = sin y. 
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Also, as it is the deyelopment of u that we require, we must 
pat 

f(u) = Uj and /' {u) = 1. Hence, by (6) 

y=. + a;sin.+3^1(sm'.) + ^(|y(8in'.)+&c.; 

and, substituting for the powers of sin z their corresponding 
expressions in sines and cosines of multiples of z, 

. x^ d /I— cos2a\ cx^ /rfV/38in«— 8in3«' 
y=.+a>8m.+ — ^(^— ^— j+^-^y i i 

X* ^ dy f 3 - i COB 2z + COB iz \ J. 
"*" 1.2.3.4 \d^) \ 8 j "•" ^- 

* 

a? . a? . 

= « + ic sin 2 + ~ sin 2« + — (3 sin 32? — sin «) 4- 



2 ■ 8 

or, substituting for a;, y, z their values as above, 

M = n^ + 6 sinn^ + - sin2n^ + - (3 sin 3n« — sinn^) 

2 o 

+ - (2 sin 4ni — sin 2w<) + &c (7), 

To develop sin w, we recur to equation (3), which gives, 
after the elimination of u \>j means of (7), 

e ^ 
sinw = sinn« + -sin2n«+3- (3sin3n^— sin w«) +&c (8). 

2 o 

By the application of Lagrange's theorem to equation (3), 
it is easy to deduce the following expressions : 

sin 2w = sin 2n* + e (sin Znt — sin nC) + e' (sin ^nt — sin 2w<) 



+ — (4 sin nt — 27 sin Zn% + 25 sin hnt) + &c. 
24 



10—2 
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3e 

sin 3u = sin Bnt -f — (sin ^nt — sin 2nt) 

St 

+ — (15 sin 5n« — 18 sin 3nt + 3 sin nt) + &c. 

o . , 

&C. = &C. 

Sutstituting these values in (4), we ottain the value of ^, 
containing however the quantity \. If we take as its approxi- 
mate value K + Q > *^^ make the requisite substitutions, we 
2 o 

obtain 

1 5 . 13 

^ = n« + (2e — T e') sin n^ + -r e' sin 2w^ + 777 e' sin 3n« + 

^4 4 12 

which is correct as far as 6*. 



160. In proceeding farther with the development, it be- 
comes necessary to expand \ and its powers in series ascending 
by powers of e. This is readily done as follows. 



We have 



>'= l + V(l-eO =l^^"PP°^- 



e* 



Hence E=2 — -p, from which by Lagrange's Theorem, 

and thus the value of X^ being e^E^, is known. 

The correct value of to the fifth power of e is thus found 
to be 
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nt + 2e sin nt + -p sin 2n< + rj-^r (13 sin 3;i^ — 3 sin nt) 

4 2.3 

+ -6-— (103 sin int - 44 sin 2nO 
2 • o 

+ 6 Q r (1^97 sin 5nt - 645 sin Znt + 50 sin w«). 

161. ?b develop r in terms oft 

From (1) it is evident that all we have to do is to de- 
velop, by Lagrange's Theorem, 1 — e cos w as a function of t, 
from nt=u^eBiRU. 

To develop (1 — 6 cos u) in terms oft. 

Here /(y) = 1 - 6 cos y, 

f{y)=eamy; 

and the form of ^ is the same as before ; hence 

1— 6C0sy=(l — ecoaz)+xBmz (esin«) 

OCT a f * % • \ , 



Hence, as before, substituting for the powers of sines their 
equivalent expressions in sines and cosines of multiple arcs, 
differentiating, and substituting u for y, nt for z^ and e for x, 
we have 

1 — 6C0Sw = - = l — 6C0sn< + — (1 — cos2n^) 

4- - (3 cos nt — Z cos Znt) 
o 

+ ^ (cos 2nt — cos 4n«) -I- &c. 

which gives the radius vector in terms of the time. 
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162. In the case of parabolic motion the above methods 
are not applicable ; but a much simpler one is. 

To find the time of describing any arc of a parabola from 
the vertex; the center of force being in thefociLS, 

The equation to the curve is 

r = rf sec* - , where d is the perihelion distance. 
And the condition of equable description of areas gives 



or 



wTiich is the expression required. ^ From this it is evidently 
easy to calculate the time ol describing any arc of the orbit. 

The inverse problem of parabolic motion would require 

Q 

the solution of the cubic equation just found for tan - in terms 

of the time. This however is easily obviated by the formation 

of a table in which corresponding values of t and - are cal- 

culated on the supposition that w = 1. If we wish then to 
solve the inverse problem, all we have to do is to find the 



— _ — _ ^ __^._ ^ — 

very great excentricity, the result of the following direct 
'obl 
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value of corresponding to the number nt. This will be the 
true anomaly required, and the same table will of course 
apply to any parabolic orbit. 

163. If the orbit be not parabolic, but elliptic and of 
y great excentricity, the 
problem is sometimes of use. 

To find the 'place of a comet at a given time in a very eX' 
centric elliptic orbit* 

We have — = "* ^^ ~ ^'^* ^ (R u^) 

we nave ^^ - ^^ (i + e cos 0)' ' ^^ ^^^'^ 

Let D be the perihelion distance, 2> = o (1 — c) ; 

,0 

"^^ "f" '|(l + «) + (l-e)tan'|j.* 

^ «^f,_, !-«♦ .^1"* 
— sec-Jl + - tan -' 



{-:- 



V{/^(1 + «)1 2[ 1 + e 2 

Expanding in powers of (1 — e), and neglecting higher 
powers of (1 — e) than the first ; since e = 1 nearly, 

whence 
n/,=tan|+Jtan'|+(l-e)gtan|-itan'|-ltan»|)...(l). 

The following is a convenient method of calculating the 
value of 0^ for a given value of t^. 

Suppose to be at time t^, the true anomaly of a comet 
moving in a parabolic orbit of which D is the perihelion 
distance ; then by § 162 
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"0 1 ff 

w«j = tan- + gtan ~ (2). 

Let ft = 5 + 3?, substitute in equation (1) and (since x is 
very small) expand in powers of x by Taylor's Theorem : we 
have approximately 

nt =tan- + -tan^-- + -a5sec -+ 

* 2 3 2 2 2 



+ j(l-e)tan-^l-tan»---tan*|j. 



From this, by means of (2), we obtain 

a? = T-r (1 — c) tan - (4 — 3 cos' ;: — 6 cos* - ) . 

To make use of this formula, there must be added to the 
table before mentioned, a column giving the values of _ 

corresponding to those of 0. Taking then any value of t^ 
we seek in the second column the value of Q for the number 

nt. and then the value of for the value of 5 so found. 

1 — 6 

As the orbit is known, 1 — e is known, hence x and 5 are 
known in terms of ^, and the true anomaly, or 

5 + a?, is known. 

164, Remarle, In all that precedes we have supposed 
for simplicity that the angle 0, which determines the position 
of the particle, is measured from perihelion ; and that 5 = 0, 
^ = 0, together. This is not usually the case, but let ff be 
the longitude of the particle at time f, -cr that of the perihelion, 
€ the longitude of the particle at time t = 0, or the Epoch as 
it is generally called ; then at time t the mean longitude is 
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evidently nt + e, and the mean anomaly n^ + e — -cr. Hence 
by our previous results 

^' — -cr = ni + € — -cr + 2e sin (n^ + € — -cr) 

5 
+ - e" sin 2 (n^+ e — -or) + &c. 

r=Ka{l — ecos(n^ + e — -bt) + ...}, 

which are the formulae in general use; ff being, as before 
observed, the true longitude at time t. 

165. The time through any arc of a parabolic orhit^ de- 
scribed about the focus, may be expressed in terms of the chord 
and extreme radii vectores of the arc. 

Let rj, 0^, T-j, 9^ be the co-ordinates of the extreme points, 
c the chord, of the arc. Then, T being the required time, we 
have (§162) 

nr=tan|-tan| + Ktan»|-tan*|), 
or, as we may write it for simplicity, 

= I («. - {(1 + h*) + (1 + o + (1 + «.0}. 

cos * ' 
Now ! + <,<,= — ^ J 

cos ~ COS — 

2 2 

and in the triangle whose base is c, sides r^, r^, and vertical ' 
angle 0^ — ^j, we have by Trigonometry 
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COS 



Also, ri = <?8e<^-^, r, = <?sec'-J. 



2 ' » 2 



Hence, l+t^t^=-^»J[8{a — c)}. 
And «,- «j = V{1 + «," + 1 + C-2 (1 + «,0} 

= \/^[^+»-i-2V{»(«-c)}] 

= >^i[2«-c-2V{«(«-c)l] 

=;^{V«-V(«-c)}. 

Also 1 + «j' + l + C + l + *!*» = 3 [»"i + »'« + V{»(«-c)}] 

= 2[2«-<' + V{«(«-c)}]. 

♦ 1 

Hence n r= — -i {Vs — V(» — c)} {« + V» V(» — c) + (» — c)} 

3rf* 



But « = ^^ , by § 162. 



Substituting this, and the values of «, (» — c), we have 

In this investigation we have supposed the arc not to 
include the perihelion ; if it should do so we must take the 
sum of the radicals as the value of T. 
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166. It may be shewn in a similar manner that the time 
of describing about the focus an arc of an ellipse or hyperbola 
whose chord and extreme radii vectores are given, may be 
expressed in terms of these quantities and tne axis major 
alone. For the proof we must refer to the Micanique Ve- 
leste, or to Pont^coulant's S^st^me du Monde. 

It may also be shewn, in much the same manner, that the 
ratio of the area described in a given time, to that of the 
triangle formed by the jchord and extreme radii vectores, may 
be expressed independently of the parameter of the path. 



EXAMPLES. 

(1) If the perihelion distance of a comet's orbit be J of 
the radius of tne Earth's orbit supposed circular, find the 
number of days the comet will remain within the Earth's 
orbit. 

(2) If a comet describe 90* from perihelion in 100 days, 
compare its perihelion distance with the distance of a planet 
which describes its circular orbit in 942 days. 

(3) Shew how to divide a planet's elliptic orbit by a 
diameter, so that the times of describing the two parts are 
as n : 1, and find in what cases only one such line can be 
drawn. - 

(4) In the case of planets and comets prove the following 
formulae, the letters being the same as in the text, 



r 

-sm 
a 






log^ = -log(l+V) 



2 '{\ cos u + JX* cos 2u + J\' cos Bu + &c.) 
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(5) A body describes an ellipse : prove that the times of 
describing the two parts, into which the orbit is divided 
by the axis minor, are to one another as tt + 2e is to tt — 26, 
where e is the excentricity of the ellipse. 

(6) If jF^, Qq be chords parallel to the axis major of an 
elliptic orbit, shew that the difference of the times through 
the arcs PQ^ pq varies as the distance between the chords. 

(7) If a comet whose orbit is inclined to the plane of 
the ecliptic were observed to pass over the Sun's disc, and 
three months after to strike the planet Mars, determine its 
distance from the Earth at the first observation, the Earth 
and Mars describing about the Sun circles in the same plane 
whose radii are as 2 : 3. 

(8) Shew that the arithmetic mean of the distances of a 
planet from the Sun, at equal indefinitely small intervals of 
time, is 



«(•-» 



(9) When a body describes an ellipse under the action 

of a force in the focus ;8^, if H be the otner focus, the square 

UP 

of the velocity at P varies as -^ . 

(10) The time through an arc of a parabolic orbit bounded 
by a focal chord x (chord)*. 

(11) If a circle be described passing through the focus 
and vertex of a parabolic orbit, and also through the position 
of the moving particle at each instant, shew that its center 
describes with uniform velocity a straight line bisecting at 
right angles the perihelion distance. 

(12) Shew that the velocity of a comet perpendicular to 
the major axis varies inversely as its radius vector. 

(13) D^ , D^ being two distances of a comet, on opposite 
sides of perihelion, including a known angle, shew that the 
position of perihelion may be found from the equation 

J ■ ..^ = tan J (sum of true anomalies) . tan { (difference). 



ELLIPTIC MOTION. 157 

(14) In -what point of all conic sections is the paracentric 
velocity a maximum ? Shew that in such a case the velocity 
is to that in a circle at the same distance as the distance is to 
the perpendicular on the tangent. 

(15) In an elliptic orbit find the relation between the 
mean angular velocity about the center of force and the 
angular velocity about the other focus, and thence shew that 
when e is small the latter is nearly uniform. 

(16) If a, P be the greatest and least angular velocities 
in an ellipse about the focus, the mean angular velocity is 

2 v^(a^/3«) 
Va + V/3* 

(17) Find the maximum value of O — nt in an elliptic 
orbit, and develop it in powers of e, shewing that it cannot 
contain even powers. 

If be this quantity, 

^ „ , lie' . SQee** , « 
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CHAPTEE VIL 

CONSTRAINED MOTION. 

167. We come now to the case of the motion of a particle 
subject to the action not only of given forces, but of undeter- 
mined pressures or tensions. Such cases occur when the par- 
ticle is attached to a fixed, or moving, point by means of a 
rod or string, and when it is forced to move on a curve or 
surface. 

In applying to a problem of this kind the general equations 
of motion of a free particle, we must assume directions and 
intensities for the unknown forces, treating them then as 
known, and it will always be found that the geometrical 
circumstances of the motion will furnish the requisite number 
of additional equations for the determination of all the un- 
known quantities in terms of the time. 

One case of this kind has been already treated of (§ 79), 
namely, that of a particle moving on an inclined plane under 
the action of gravity. There the undetermined force is the 
pressure on the plane, which however is evidently constant, 
and equal to the resolved part of the particle's weight per- 
pendicular to the plane. 

The laws of kinetic friction are but imperfectly known, 
and the few investigations which will be given of motion on a 
rough curve or surface are of very slight importance. 

168. The simplest case is 

A particle is constrained to move on a given smooth plane 
curve, under the action of given forces in the plane of the curve^ 
to determine the motion. 

Taking rectangular axes in this plane, the forces may be 
resolved into two, X, F, parallel respectively to the axes of x 
and y. In addition there will be the force jB, the mutual pres- 
sure between the curve and particle, which evidently acts in 
the normal to the curve since there is no friction. 
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liCt P be the position of the particle at the time t; and let 




the forces X, Y, J2, act as in the figure. Draw PT, a tangent 
to the constraining curve at P. Then if FTx = 6, we have 

* A dy a dx 

Qm0 = -f , cos ^ = 3-. 

(18 08 

The mass of the particle being, as before, taken as unity, 
the equations of motion are 

§ = X-iisin^ = X-iZ^^ (1), 

at 08 ^ ' 



ar (18 



(2). 



These two equations, together with the equation to the 
given curve, are sufficient to determine the motion completely. 

To eliminate jB, multiply (1) by -7- , (2) ty -^ , and add. 



We thus obtain, 



/ . dy dx dx dy\ 
I smce -4 -r- = -r- -^ 1 , 






d8 dt d8 dt, 



dx d'x dy d^y _ ds d^8 __ Y— jl V^ 
diW 'dtW'"di'de'' di ^ dt 



(3), 
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or, as we may write it, 

— = T — + r^ 

d^ da ds^ 

which might at once have been obtained by expressing the 
acceleration along the tangent. 

Now, it has been shewn in Chap. 11. that if the forces re- 
solved into X and Y are such as occur in nature, 

Xdx^-Ydy 

is the complete differential of some function ^ (a?, y). See § 73. 

Integrating (3) on this hypothesis, we have 

M(S)'-(S)]=?=*(-^)-^'^ ■«. 

supposing V to represent the entire velocity of the particle at 
time U 

Imagine the particle to start at the time < = 0, from a point 
whose co-ordinates are a, J, with a velocity F, 

We have, from (4), 

and therefore ^ ^* = 5 ^' "^ ^ ^^' ^^ " ^ ^^' ^^ ^^' 

This shews that a particle, constrained to move under the 
action of the forces X, Y, along any path whatever from the 
point a, h to the point ar, y, has on arriving at the latter point, 
the square of its velocity increased by a quantity entirely in- 
dependent of the path pursued : another simple case of the 
conservation of energy. 

169. To find the pressure on the curve. 

Q*i doR 

Multiply equation (1) by ^ , (2) by ^ , and subtract. 

Then, noticing that 

dy dy^ dxdx ^ \dt) _ ds 
ds dt ds ^t SP " dt ' 



dt 
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we have 

dyd^x dxd*y^y,dy ydx j^ds 
didf'^dt'i^''Jt^Tt'dt' 

But {JDiff, Gale.) if p be the radius of caryature of the con- 
straining curve at the point a?, y, 

d»\^ 



Q 



^ dx d^y dy d^is ' 
diW"di~d? 

Transforming bj means of this, the above equation becomes 

(ds\- 

p da da 



or, 5 = Xsin^-Fcos^ + - (6). 

P 

The two parts of which this expression consists are, evi- 
dently, the resolved pressure on the curve produced by the 
forces X and y, and the pressure due to the velocity only. 

170. To find the point where the particle will leave the 
conatraining curve. 

For this it is evident that we have only to put 5 = 0, as 
then the motion will be free. 

This condition gives us 

- = IT cos ^ — X sin ^. 
P 

Now let F be the resultant of X and F, then if Q be the 
chord of curvature at P parallel to i^, Q is evidently 

= 2/) sm-FPT' = 2/t) . sin (JFPX - ^ 

rcosg-Xsing 

"^/^ V(-x:'+r") • 

T. D. 11 
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Hence, .? = t V(^'+ ^') 

Comparing this with the formula i^v^—fs (§ 77), we see 
that the particle will leave the curve at a point where its 
velocity is such as would he produced hy the resultant force 
then acting on it, if continued constant during its fall from rest 
through a space equal lo ^ of the chord of curvature parallel 
to that resmtant, 

171. The formulsB just given are much simplified when 
we consider gravity to be the only force acting. Taking in 
this case the axis of y vertically upwards, our forces become 

X*0 and Y^-g; 

and the velocity, and the pressure on the curve, are given by 

ilv^'-^V^ = g{k'-y), if i; = F when y = A:; 

v' 
and 5 = ^ cos ^ H — . 

P 

Suppose we change the origin to the point from which the 
particle's motion is supposed to commence ; and take the axis 
of y vertically downwards; we shall evidently have 

and if the particle start from rest 

This shews that the velocity depends merely on the 
distance beneath a horizontal plane through the original 
position of rest. Hence, whatever be the nature of the curve 
on which a particle slides under the action of gravity, its 
motion will always be in the same direction till it rises to 
the same level as that to the fall from which its velocity is 
due. If it cannot do so, its motion will be constantly in the 
same direction ; if it can, its velocity will become zero, and the 
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particle will then either come permanently to rest, or return 
to the point from which it started. 

172. To find the time of a particle^ s sliding down any arc 
of a curve, from rest at the upper extremity of the arc. 

Taking the upp^r extremity as origin and the axis of y 
vertically downwards ; we have 



dt 



I 

and t,=l 



dy ^ 



(1) 



if y^ be the vertical co-ordinate of the lower extremity of the 
given arc. 

Or, taking the lower point as origin, and axis of y upwards, 
we have, since in this case v tends to decrease 5, 

ds 



'.4 



-vVt Jo 



Vi 



ds J 



^"J[^{y,-y)] •'• A^9{y.-y)\ 



(2). 



173. Ex. To find the time of d^cending from rest at any 
point of an inverted cycloid to the vertex. 
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Taking formula (2) ; since in this case the vertex is origin, 
and axis that of y, we have from the figure 

8 = 0P= 2 chord OP' = 2V(^ . ON) = 2V(2ay), 

if a be the radius of the generating circle. 



_ da /2a 

and* Z'^^'" ^'^ 



'Jiyyi-y^ ' 



-("Vf-'^i):' 



which is independent of y, , that is, of the point from which the 
particle begins its descent. 

The reason of this remarkable property will be more 
easily seen if we take the formula for the acceleration in the 
direction of the arc. We have thus 

d^8 

^ = -5rsin(P'0a?) 

(since OP' is parallel to the tangent to the cycloid at P) 

= -^sin(O^P') 
OF 



^-9 



OA 



8 



4a' 



or the acceleration is proportional to the distance from the 
vertex measured along the cycloid. Comparing this with 
^*^ 83 — 85, the reason of the allove result will be evident. 
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174. A particle acted on hy gravity moves in an arc of a 
vertical circle^ to determine the motion. 

Taking the vertical diameter as axis of y, and its lower 
extremity as origin, the equation to the circle is 

-XT ds a 

Hence -t-= 



dy 'J{2ay-y*)* 

if we suppose the motion to commence at the point defined 
by y^ ; and therefore 

dt a 1 #^% 

d^~~7W) V{(y.-y)(2«y-/)} ^ '' 

If we put y ssy^sin*^, we have for the time of falling 
through any arc 

an elliptic integral of the first order, whose value for given 
limits can only be approximated to; except when yj = 2a, 
that is, when the velocity is that due to a fall from the 
highest point of the circle. This case we will soon consider 
(§ 176). 

(1) may be put in the form 

eft ^_ 1 /a 1 /, _ y_\"* 

: dy 2V<7 VCy^y-y") V ^a) 

+ 2.4.6l2^j^-+ 2.4...2W \2a)^^'}' 
each term of which may be -integrated separately. 
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Suppose it be required to determine the time of descent 
to the lowest point ; the limits of y are y^ and 0. If we 
notice that 

i^/[y^y-y') '^^ ^'H{y.y-f) n 

, r y^dy _ 2/1-1 f y'^^dy 

^hile f ^^ ^y .^^ = fvers-^ H^ + oV = -tt; 

Jy^^{yiy-y) \ .Vi /yx 



< 



, r y'^dy 1.3.5... (2w-l) 
we have / -77-^ — =^^ — 57 = ^ , ^ ' — ^ ttv *. 

hr^iyiy-y) 2.4.6...2W ^^ 

Hence the time of fall to the lowest point is 

f l.3...(2»-l) 17.y,\" -] 
■^t 2.4...2n J W '^"•J* 

When the arc of vibration is very small, we have 
and the time of a complete oscillation is 

VI- 

The value of ^^ coincides with that in a cycloid, § 173, if we 
observe that in the cycloid the quantity a is 4 times as great 
as in the circle. 

175. The next approximation gives, as a correction to 
the period of a quarter oscillation, the expression 



2 V<? 8«' 
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whose ratio to that period is 

^ = (J chord semi-angle of oscillation)*. 

Thus, if the particle oscillate through an. arc whose chord is 
—- , on each side of the vertical, the time of oscillation given 

la. 1 

Lv the formula ir j. / - will be incorrect by abont -—-- of its 

^ y g. 1600 

amount, in defect. 

When the particle is supposed to be- suspended by a 
thread without weight, it becomes what is termed a simple 
pendultmi. Such a machine can exist only in theory, but 
JDynamics furnishes us with the means of reducing the calcu- 
lation of the motion of such a pendulum as we can construct, 
to that of the simple pendulum. It is evident that by its 
means we may determine the value of g^ if the length of the 
pendulum, its arc of oscillation^ and the number of vibrations 
ft makes in a given time, be known. Since gravity decreases 
(according to a known law) as we ascend above the Earth's 
surface, the comparison of the times of vibration of the same 
pendulum ojl the top of a mountain and at its base would 
give approximately the height. One of the most important 
applications of the pendulum is that made by Newton. It is 
evident that if the wjright of a body be not proportional to its 
mass, the value of g will be different ibr different materials. 
Hence the fact that pendulums of the same length vibrate in 
equal times at the same place whatever be the matter of which 
the bob is made, proves, by means of the above formula, the 
truth of one part of the Law of Gravitation, § M9 : viz. that, 
ceteris paribus, the attraction exerted by one body on another 
is proportional to the quantity of matter it contains, and inde- 
pendent of its quality. 

176. Or we may take the equation for the acceleration 
along the arc. 

Suppose to be the center, OA the vertical radius, B the 
point whence the particle starts with velocity ao), at time 
t = ; Pits position at time U. 

Let AOB^a, AOP==0, OA = a. 
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Theng = 

But 8== 



— g sin 6. 
a0. 



Hence 



d^ 



_ 9 



- 2- sin 0. 
a 




de 



(1). 



Multiplying ty 2 -i- and integrating, we have 

But ;^ = ««>> when ^ = a, 

^^"""^ ft '^A/^i \/(^' ^-'^'' + ^ (2). 

This cannot be integrated without elliptic functions unless 



aco 



^9 



— cos a = 1 ; 



or a?©" = 2^a (1 + cos a) ; 

i. e. unless the velocity of projection at B, be that due to a fall 
through the difference of altitudes of B and the highest point 
of the circle, . 
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In this case, 








COS-. 



From this we have 



^f4=log.(7^ 



1 + sm - 
a-srn- 



But ^ = 0, ^ = a, ^together. 



. i(l — sin-) (l + sln-j 
therefore ^l^^log-^ . ^ . ^ (3). 

V V |l + 8m -J (^1-8111 -j 

which determines the motion completely. . 

From the remark in § Ul, it is evident that, after reach- 
ing -4, the particle will ascend the other semicircle with a 
velocity just sufficient to carry it to the highest point ; the 
time, T, at which it will reach that point after leaving A, 
will be found by putting 

f^==7r, a=0, in (3). 



This gives a/ ^~ ^^S* QO = QO ; 



or« the pafticle will continually approach the highest point, 
but never reach it. 

177. To find the 'pressure on ihe circle., 

Suppose R directed outwards from the 'Center, (then 
evidently 

5 = — +^costf 

= 2g (cos 9 — cos a) + aa? + g cos ^, by (2), 

a= Sff cos ^ — 2^ cos a + cm\ 
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Suppose the particle to have been projected from -4, with 
velocity aa> ; then a = 0'; 

and i2 = 3^cosd — 2^ + a6)'. 

This expression for li admits of the value zero if 

^wo' ^ 5fff or aco ^ */{5ffa). 

It may happen however that the points thus found may 
not lie within the arc which the particle passes over. 

There are positions of rest (§171) when aa)'i>2^/(ffa). 
Now, in order that the points where i? = may lie within the 
limits of oscillation, the value of cos 0, for the former, must 
not be less than that for the latter ; 

or, '^ ^_ ^ ^ 



This condition can only be satisfied by 2^ — ata' vanishing 
or becoming negative ; that is, by 

a<i)<j:V(2^a). 

Hence, if the velocity of projection from the lowest point 
do not fall short of*/{2ffa), and do not exceed fj{^ga)^ there 
will be a point in the path at which i? = ; and if the particle 
be moving on the concave side of a smooth circle, or be 
attached by a string to a fixed point, the circular motion will 
cease at that point; the particle will fall ofi^ the circle in the 
one case, and the string will cease to be stretched in the 
other. 

Beyond these limits it is evident that we shall have, for 
velocity of projection^ > */{5ffa) continuous revolution in the 
circle, and for velocity of projection < *^{2ga) oscillations about 
the lowest point. 

Also by what we have before shewn, if the particle be 
constrained by a circular tube, it will oecillate if the velocity 
at the lowest point is less than 2 \l{ga)i if that velocity be 
equal to 2 \/{ga) the particle will reach the highest point after 
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the lapse of an infinite time; and if greater than 2 ^/{ga) it will 
revolve continuously. 

178. A particle falls from rest at a height k down the 
semicubical parabola whose equation is ax' = y', the axis of y 
being vertical ; to determine the motion. 

Here, -j- =— V{25^ (^""3f)}> since gravity tends to diminish s. 

Hence ^ = - /-^^^±^^- 
and the time of fall to a point where y = Hs 

'''^{Sga)],V k^y ""^^ 
Let — = -r-~r-^ the limits of ^ are . -^ — -7 and 0: 

,^- . , 9^+4a r^^ ue 

and therefore ^. = ^ ,.^ — r I 



'^ 3V(8^a)j, -(IH-^T- 



Put 5 = tan ^, limits are tan"* v"! oT ^^^ ^> ^^^ 



9^ + 4a 



+ 
I 2rf^ cos'^ 



/9 (fc - Q 
wan- /9(^-?) 1 V 4a+9Z 



which determines ^^ for any values of Tc and I. 
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If the time of fall to the cusp at the origin be required, 

Z = 0, and 

y_ 9h + 4:a r 3 /k 6 s^jak) ] 
3V(8^an 2Va 4a + 9Ar 

179. A particle acted on hy gravity is projected, from the 
vertex, along a smooth paraiola whose axis is vertical and ver- 
tex upwards ; to determine the motion and the pressure on the 
curve. 

Let a? = 4ay be the equation, the axis of'y being vertically 
downwards, and the vertex the origin. Then 



(§J=^=^'+^^y' 



where V is the giveu velocity at the vertex. Suppose it due 
to a height l, then 



Now 



($)=ig{i+y) (1). 



hy the eqoation to the curve. 

Hence f^y = ^^^i^±i^, 
\dtJ a + y ' 

and, if t^ be the time of fall to a depth k, 

which is thus determined. 

For the pressure on the curve, supposing it positive when 
from the axis, . 
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JC — — — O-r- 

p "da 






2a 



, ^ {l^a)ai 

(«+y)* * 

If Z > a, jB 18 positive, or the particle will move on the 
concave side of the curve ; if Z < a, i? is negative, and the 
particle moves on the convex side. In each of these cases 
the pressure is inversely as the f* power of the distance 
below the directrix. 

If Z = a, that is if the velocity of projection at the vertex 
be that due to a fall from the directrix, H is zero the whole 
way, or the particle moves freely, as we might have inferred 
from the results of Chap. IV. 

180. To find a curve such that a particle under the action 
of gravity will descend any arc of it from a given pointy in the 
same time as it takes to descend the chord of that arc* 

Take the vertical through the given point as the initial 
line, then if p, 6 be the polar co-ordinates of a point in the 
curve, the given point being pole, the conditions of the pro- 
blem give at once 

6^ being the inclination to the vertical of the tangent at the 
point of departure. 

Or, differentiating with respect to ^, 

ds dp 

dd V2 f dd Vising ' 

V(2/> cos 0) "" 2 W{p cos ef) (cos 5)* J ■ 
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^- {%)'--'-&■ 

Eliminating s between these equations, and reducing, we 
obtain 

ndp ^ cos 29d0 

/> sin25 ' 

whose integral is 

log.p* = log, G sin 2^, 

that is, /)' = a* sin 2^, 

the Lemniscate of Bernoulli, the node being the pole, and a 
tangent at that point the initial line. 

181. To find a curve aiLch that if a particle^ acted on by 
gravity, fall down it through a vertical space h, starting from 
the vertex with velocity due to a height h, the time of fall will 
be independent ofh. 

Let the axis of y be vertically downwards, then evidentlr 
the time required is 

ds 



''-I 






t-- ^ 



Let -T- = 4>{y) be the required differential equation to 



the curve, 

* ^ iy) ^y 



i_ /•' 



1 r4>{hz)h^dz .. . ■ 
Now -j^ is to be identically zero, hence we have 
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^^ <!>' iy) dy ^ 

<i>{y) 2y' 

whence ' ^ (y) = <73^'* = ^- , 

which shews the curve to be a cycloid, whose base is hori- 
zontal and vertex upwards. 

182. Two' points hexrtg given, which are neither in a ver- 
tical nor in a horizontal line, to find the curve joining them, 
doion which a particle sliding under the action of gravity, and 
starting from rest at the higher , will reach the other in the 
least possible time. 

The curve must evidently lie in the vertical plane passing 
through the points. For suppose it not to lie m that plane, 
project it on the plane, and call corresponding elements of 
the curve and its projection cr and a-'. Then if a particle slide 
down the projected curve its velocity at a will be the same 
as the velocity in the! other at cr. But c is never less than a\ 
and is generally greater. Hence the time through a is gene- 
rally less than that through o-, and never greater. That is, 
the whole time of falling through the projected curve is less 
than that through the curve itself. Or the required curve 
lies in the vertical plane through the points. 

Taking the axes of x and y, horizontal, and vertically 
downwards, respectively, from the starting point ; if x^ be the 
abscissa of the other point, the time of descent will be 

^^ ^^ 

-7— ctx -J 

l^odx . . ay 

Applying the rules of the Calculus of Variations, we have, 
since V or , ^ is a function of y and », the condition 
for a minimum, 
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"-^(f)-''. 



the differential coefficient 1)eing partial. 
This eives V(l +-P*) ^ P' > /r 

or Vy V(l +i?') = 77= V« suppose* 

Hence ^*=^^(1±^ = ./-^, 

the differential equation to a cycloid, the origin being a cusp 
and the base the axis of x. 

This is a problem celebrated in the history of Dynamics. 
The cycloid has received on account of this property flie name 
of Brachistochrone. Farther on we propose to investigate 
the nature and some of the properties of Brachistochrones for 
other forces besides gravity. For an investigation not in- 
volving the Calculus of Variations see Appendix. 

183. To find the curve dotcn which if a particle^ projected 
with a given velocity, slide under the action of gravity^ it will 
descend equal vertical spaces in egual times. 

Here we have, taking the axis of x horizontal, and that 
of y vertically downwards, 

if the velocity is that due to a fall from the axis of a;. 
Also by condition ^ = const. = V(2^*)> suppose. 



Hence 



ds _ /y 
dy''SlV 

dx ^ ly — h 
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the semicubical parabola. . 

If the horizontal velocity is to he constant^ we have 



dx 



/y^h 



and therefore 2 ijh ts/[y -'k) = x+ G; 

a parabola with its axis vertical and vertex upwards ; as in- 
deed we might have foreseen from the results of Chap. IV. 

184. A particle moves on a smooth plane curve under 
the action of a force directed to a fixed center in the plane of the 
curve; to determine the motion. 

Let r=f{0) be the polar equation of the constraininjo^ 
curve about the center of force as pole, and let P=^ (r) be 
the central repulsive force on a particle whose distance from 
the center is r. 

Resolving along the tangent at any point, 

^=P± (i) 

Hence, , (^Y= »»=(?+ 2/^(r) dr (2). 

r 

Equation (2) contains the complete solution of the problem 
so far as the motion is concerned; since, bj means of the 
equation to the curve, either r or « may be eliminated from 
it, and if the resulting differential equation be integrable, it 
will give « or r in terms of t. 

Eor the pressure on the curve. Resolving along the 
normal at any point, p being the radius of curvature, we 
have 

^^?=* w. 

T. D, 12 
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an expression which hy mesiiia of the foregoing equations will 
give B in terms of t or r. 

Hence the solution is complete, 

185. A particle, tnittally at rest at a point of the logor- 
rithmic spiral r = ae^^ whose radius vector is b, moves on the 
curve under the action of an attracting center of force cc dis- 
tancCf situated at the pole; to determine the motion, 

-T d^s dr 

Here ^=^/.r^; 

therefore (^j =C— /xr^, 

and 0= C-jjffj 

ds 
hence -jl = V{/a (^' — ^1* 

We have therefore —^--^=-^0^dt, 



whence r = 5cos 






At time < = 0, h = bcoafi; which gives /8 = 0, 
and finally r = 6cos ,., . ,, ; 

which determines the position of the particle at any time. 
When it reaches the pole r = 0; the required interval is 

therefore f = Z^^l+^, 
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For the pressure on the curve, 

^ v" TdQ 



_ li{Jb^ — 7^) fir 



V(l+n») r • 

Hence the pressure is towards the pole when the motion 
commences, becomes zero when the particle's distance from 

the pole is diminished in the ratio of ~j^ , and then is di- 
rected from the pole for the rest of the motion. 

186. When the constraining curve is one of dovhle cur- 
vature. 

All we know directly about B is that it is perpendicular 
to the tangent line at any point. 

Resolve then the given forces acting upon the particle into 
three, one, 8, along the tangent, which in all cases in nature 
will be a function of a?, y, z and therefore of s ; another, T^ 
in the line of intersection of the normal and osculating planes 
(or radius of absolute curvature); and the third, P, perpen- 
dicular to each of the other two. 

Let the resolved parts of B in the directions of T and 
P be -Bj, JK,. Then the acceleration along the tangent is 

and therefore 



de' 



s 



d^ 
df 



= 5 



(1). 



This equation together with the two to the curve is sufficient 
to determine the motion completely. 

Now the particle at any point of its path may be considered 
as moving in the osculating plane. Hence, by our investiga- 
tion for motion on a plane curve, § 169, if p be the radius of 
absolute curvature, v the velocity, 

12—2 
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V 



S.--p-T (2), 

r being considered positive when it acts towards the center 
of absolute curvature. 

Now R^ is the force which prevents P's withdrawing the 
particle from the osculating plane ; and therefore 

• -B. = -P (3), 

(2) and (3) give the resolved parts of the pressure on the 
curve. 

Also 5 = V(5j' + -K/), and makes an angle =:tan"^ l^\ 
with the osculating plane, 

.187. In Art. 173 we arrived at the remarkable property 
of the cycloid, that a particle falling under the action of 
gravity from rest at any point of the curve reaches the lowest 
point in the same time, whatever be the point of the curve 
from which it starts. Let us find for what forces a similar 
property is possessed hy any other given curve. 

Let the forces resolved along the curve have a component 
= 0'Wj where s is the distance at any instant from some 



fixed point : then, 



s 



df 



= >5=-fW (1); 



and if the particle starts at a distance k from the fixed point, 
the velocity =0 when s = h. Hence the corrected integral 
of (1) is 



and we have V2t = I 



{^W-'^W}*' 



if T be the time of fall to the fixed point, which is by 
hypothesis to be independent, of K 
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Put s^Jcz, the limits of z are 1 and 0, and 



v2T=r 



hdz 



. {^ {k) - 4> {Jcz)}i ' 



and that this may be independent of hy 

4>{h)-<l> {Icz) = mz) ; 

which gives ^^i _ ^ t^ =f{z). 



U 



W 



C" 



Hence, by inspection, ^p-^ = O' + -tj 



(2). 



Or thus 



'<A 



.f^(A)-^(ib)}J-|^^M:i££(^ 



MLlMLdz, 



= 



■ <j>(k)-^{kz) 
•which must be identically equal to nothing. 

Hence {^ (h) -^ <f>' [k)} - {<l> (kz) - ^ ^' {kz)} 
identically, which can only be the case if 

0(»)-|f(a:) =.(?"; 

(or if <f> (x) = constant ; which we evidently need not consider, 
as in this case there would be no acceleration.) 

Hence -2*^)+^>)=-HS-, 



X 



which gives, as above, ^^= C + --^p 



(2), 



or <l>{x) = G'a?+G", 
and ^' {x) = Cx. 
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Hence, by (1), J = fif=- Cir (3), 

that Is, the resolved force along the curve must be propor- 
tional to the arcnal distance from the fixed point. 

188. We might have arrived at the same conclusion, but 
not quite so satlsfactorllj, thus. 

Now the condition that the (n + 1)*** term when integrated 
between the limits should not contain h is that 

I \9W\ — should be independent of h 

This can only be the case if {<^ (^)}*, and of course also 
{<f> (a)]^, be of the same dimensions as ds, and therefore as 8» 

Hence take {<f> («)}* = G\ 
or <l>(s) = CV; 

and we have <^' («) = Gs, as before. 

Hence, if X, Y, 2 he the impressed forces, 

08 da as 

is the condition they must satisfy at every point a?, y, z of the 
given curve. For such forces the given curve is said to be a 
Tautochrone. 

By equation (3) § 187, the time of descent is 
'' = 270- Hence (7 = g. 

189. To find the Brachistochrone for a jparttck suhjected 
to the action of any forces which make Xdx + Ydy + Zdz a 
complete differential. 
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Generally ^ = / — , between proper limits, is to be a mini- 
mum ; and therefore, taking its variation. 



it 



[ voda — dah) _ ^ ,. 



But, here, - v' =J{Xdx + Ydy + Zdz) \ 



2 
which gives v8v « XBx + YSy + ZSz, 

otd88v-{XSx+YSt/ + ZSz)dt (2). 

Again d^ = da? + d^ ^ dz\ 

and*&fe = «&& = |&fo + |&?^ + |&& (8). 

Hence (1) becomes, by (2) and (S), and since d and S fol- 
low the commutative law, 

- [i {XSx +Yh/+ ZSz) dt 

by integrating the first term by parts. The integrated terms 
in [ ] belong to the superior, those in { } to the imerior, limit. 
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But, if the terminal points are given, we have at both limits 

Sa? = 0, Sy = 0, S« = 0, 

and therefore the terms independent of the integral sign 
vanish. In order that the integral may be identically zero, 
we must have 

d /I dx\ X. , . 

dAv^Tt)^^-'' (*)' 

with similar expressions in y and z. The elimination of ^, 

ds • • 

and V or -y , from these equations will give us two differential 

equations to the curve required, the forces X, y, Z being by 
hypothesis functions of x, y, z only. 

But without getting rid of v we may prove two properties 
common to all such Brachistochrones. 

Eliminating t from (4) we have 

^ /I ^\ X _ 
d$ \v da) 1? "" ' 

-rf'a: dvdx ^ ^ . ,. 

~'^^-''ii^+^=*^ («)' 

with similar expressions in y and z. 

Multiplying these in order by X, /a, v and adding; if we 
take X, /i, V such that 

_ d^x d\ d^z ^ ^ 

''w+'*d^+''^='^) 

dx dy dz^ ^ \ 
da ds da 

we shall have also 

\X + /iY+ vZ^ (7). 

Now (6) shews that the line whose direction cosines are as 
X, /A, V is perpendicular to the radius of absolute curvature of 
the path, and also to the tangent ; that is, it is normal to the 
osculating plane. Also by (7) the same line is perpendicular 
to the resultant of X, F, Z^ 
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Hence, the osculating plane at any point contains the re- 
sultant of the impressed forces. 

Again, if p be the radius of absolute curvaturei 

and its direction cosines are 

cPx cPy d^z 
^d^' ^d?' P~d?' 

therefore, multiplying equations (5) by 

d^x d^y d^ 
d^' W 1?' 

and adding, noting that, since 

®' Hi)' <)'-'' 

we have 

dx d*x dy d^y dz d^z __ 
ds ds^ ds di^ ds d^"^ ^ 

we obtain the equation 

-r~v^^^^'''^^^^'d^) ^'^' 

which expresses that the portion of the 'pressure due to the w- 
locity is equal to that produced hy the impressed forces. 

190. If the terminal points are not definitely assigned 
(if, for instance, it be required to find the line of swiftest 
descent from one given curve to another) we have no longer 

Sa? = 0, Sy = 0, S« = 

at the limits ; but, with the requisite modifications, the pro- 
cess in § 189 enables us to find the proper conditions in any 
case. . These questions, however, belong rather to Calculus of 
Variations than to Kinetics. 
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Thus, suppose that the final point of the path is to lie on 

we have 

^8« + |'Sy + g'8, = (1). 

Also that [ ] may vanish, which is necessary in order that 
St may be zero, we must have 



t&» + tSy + §& = (2). 



dt dt dt 

Now the only relation between &c, hy and Zz is (1), to 
which (2) must therefore be equivalent : hence 

dx dy dz dF dF dF 
dt ' dt * dt *' dx * dy * dz^ 

These equations show that the moving particle meets 
the terminal surface at right angles. A similar condition is 
easily seen to hold if the initial point of the path is also to lie 
on a given surface, provided the whole energy be given and 
the given surface be an equipotential one. If it be not equi- 
potential, terms depending on So?,, Sy„ hz,, will appear in the 
mtegral and must be taken along with { }. 

If a terminal point is to lie in a given curve the condition 
is to be determined in a similar manner. 

191. A particle moves under the action of given forces on 
a given smooth surface; to determine the motion^ and the pres'- 
sure on the surface. 

Let 

F{x,y,z)^0 (1), 

.be the equation to the surface, R the force acting in the nor- 
mal to the surface, which is the only effect of the constraint. 
Then if X, /i, v be its direction cosines, we know that 
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with similar expressions for /^ and v; the differential coefficients 
being partial. 

TiXyYfZ'bQ the impressed forces, our equations of motion 
are, evidently, 



df 



g-r^s,\. 






= Z+Sv 



(8). 



Multiplying equations (3) respectively by 



dx dy dz 
It' It' dt^ 



and adding, we obtain 



^d^ dy^d^y dz d^z 
dt'de'^dtW^didf' 

^^Tt-^^Tt^^di 



IdJ^ 
2 dt 



(4). 



B disappears from this equation, for its coefficient is 

^ dx dy dz 

and vanishes, because the line whose direction cosines are pro- 
portional to -^ , &c. being the tangent to the path, is per- 
pendicular to the normal to the surface. 

If we suppose X, F, Z to be such forces as occur in nature, 
(Chap. II.) the integral of (4) will be of the form. 



i^=^<f>{x, y, z) + C. 



(5), 
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and the velocity at any point will depend only on the initial 
circumstances of projection, and not on the form of the path 
pursued. 

To find R, multiply equations (3) in order by X, fi, r, add, 
and observe that \* + /** + i^ = 1. We thus obtain 

^ d^X d\ d^Z ^^ ^r rr t% 



XT • d^x d'^x /ds\^ . dx d^s « 

Now.smce ^=^y+_— ,&c. 

^ cfx cPy d'z /ds\*L d'x d\ d*z\ 
for, evidently, ^;;7- + M:j^ + ^x~^' 



ds da ds 

But, if p be the radiug of curvature of the normal section 
through S5, p^ the radius of absolute curvature of the path, we 
have, by Meunier's Theorem, 

/ d'^x . d^y dh\ 

TT ^ d^x . d^y . dh v' 

Hence x^+^J + v-^ = -, 

and the above equation becomes 



v' 



P 
which gives the normal pressure on the surface. 

192. To find the curve which the particle describes on the 
surface. 

For this purpose we must eliminate It from equations (3). 
The result is 

d^ df df ,.» 

-X — -T- — r- («^' 

two equations, between which if t be eliminated, the result is- 
the differential equation to a second surface intersecting the 
first in the curve described. 
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193. So far for the general case, let us now make par- 
ticular hypotheses. 

If there be no impressed forces on the particle, we have 
by (5), t?*s=(7, and equations (6) become, since in this case 

d}x d^y d^z 



d^ 



d^^ ^d£^^d£^ 
x 



Now -TT) &c. are proportional to the direction cosines of 

the radius of absolute curvature of the path ; \, /tt, v are those 
of the normal to the surface. Hence those lines coincide, or 
the normal to the surface lies in the osculating plane to the 
path. 

But this is the property of the longest or shortest line 
joining two ^points on a surface, hence we have the following, 

// a 'particle^ subject to no forces, move from one point to 
another of a smooth surface, the length of the path described 

will be a maximum^or minimum. 

^^ « 

This result will be afterwards deduced from a diflferent 
principle (Chap. IX.). 

194. A particle moves on a surface of revolution, the only 
force acting being gravity parallel to the axis of the surface; to 
determine the motion. 

Take the axis of the surface as that of «, the equation 
may be written 

F{x,y,z)=f{^[x'^y')]^z^O. 
This may be put in the form 

if /> be the distance of any point in the surface from the axis. 
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Equations (6) become 



(7). 



/(P)^ /(P)^ 



-1 



The first two equal terms give ns, for the motion referred 
to a plane perpendicular to the axis, the equation 

But if be the angle between the plane containing p and 
the axis of Zy and a fixed plane through that axis ; we see 
(§§ 22, 127) that this is equivalent to 

p*^ = const. = A (8). 



And therefore -:j^ = -• :jb i"^-^ -Ar • 

df p dd\ p* dO) 



But, in equations (7), multiply the numerator and deno- 
minator of the first fraction bj x, and those of the second 
hjy\ then add their numerators and denominators to form 
those of a new fraction. It will of course be equal to either 
of the others, and therefore to the third firaction in (7). 
This gives 

d^x d^y 

'-^) '-^ ^'^- 

Now by differentiating the equation a:^+y*=/>', we obtain 

dx dy _ dp dO ^h dp 

^'di'^^di''f'dJdTt''Jd0' 
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And, by a second differentiation, 



^ de 



or 



ft" ■*"*<;«• "*■ \dtj "*■ \dtj ~p' d0\p dd) * 

And (9) becomes 

Id ndp\ ^f../^\T 
p' dd [p dd) p* Y '^ \dd) J V d (f(p) dp] 
^755 ^ f^ddXp' ddi' 

' Pde^'^Kdo) ~f — ¥~ i^~J*'3S\~^de]y 

the differential equation to the projection of the path on the 
)lane of a?y. If we omit the term containing g^ we see, by 
J 193, that the above equation will represent the projection on 
xy oi2k geodetic line on the given surface. 

196. Suppose the motion to take place in a spherical howl; 
OTf more simply^ let the particle he suspended hy a string from 
a JiQced point* 

This is the general case of the Simple Pendulum. 

Let us take the center as origin, and the axis oiz vertically 
downwards. 

Then JP(a;, y, «)==a' + y" + «'-a" = 0, 
and the equations of motion are 

W ^a' 

dF ^a' 

d'Z jyZ 

•de^9-R-^' 

^V-2ff{k^z) (1), 
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if Fand h be the initial values of v and z. 

dy dx ^ ,^» 

., dx dy dz ^ ,^. , 

by the equation to the surface. 

uX uti 

Hence, eliminating -^ and ~ from (1), (2), (3), we have 

an elliptic function which, if it were integrable in finite 
terms, would give z, and consequently x and y, in terms 
of ^. 

196. If the oscillations about the lowest point be very 
small, we may obtain interesting results by an approximate 
solution. 

Let 6 be the angle between the axis of z and the radius 
through the particle, -^ the angle denoting the azimuth of the 
plane containing these two lines, p the distance of the particle 
from the axis. Let the projection be made horizontally with 
velocity V when ^=:a, -^=0, ^ = together. 

Then z = a cos ^ = «(l— o"), approximately, 



A; = acosa = a [1 — •5-) 



Also (2) gives at once, 

d/^ , . V 

,/:>'— ^ = A = a'sin'a — > — ^^aVa^ approximately (5) 

tf V Of sm Gc 
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Hence by (4), ^= /v[-^.ff.^p.»_/fgf ^.)|_^.p,^ 

la f edd 
V ^M{«'-^)(^-/3')l ^'' 

V* 
if ;S^ = — be not greater than a". If it be, the signs of the 

factors in the denominator must be changed. 

Hence, the value of lies between a and /3. 

If therefore a = /3, or F* = gaa^, the particle will move in 
a horizontal circle, and therefore with uniform velocity. We 
have then what is called a Conical Pendulum, and it is easy 
to see from equation (5) that in this particular case we are not 
confined to an approximate solution ; as the result just ob- 
tained is true whatever be the magnitude of the horizontal circle 

described, provided we take V^ = ga when a is finite. 

^ cos a 

We may now put (6), supposing a > y8, into the form 
and if we introduce a new variable, ©, such that 



we have 



ffi , 

r 

or 2(«+C) = (-)* cos-'o). 
But when t = 0, ^ = o, o>=l; 

hence o = cos 2 f ^j t ; 

T. D. 13 
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whence g'= ^ + — :: — cos 2 



O'-- 



or, substituting for the cosine of the double arc, 

^=a'cos«f2y^ + ^sin«f^y^ ...(7). 



The value of 6^ is therefore periodic. For « = 0, ^ (-] > 
27r ( - ] , &c. we have = a; and for « = - f -j , — (-) , &c. 
0—fi. Hence the period is tt f-j . 



197. To find the motion of the plane in which is 
measured, we return to the equation (5), 



p* 



-^ = aVa; which gives (?V^ = -^ = gj -^dt, 



or, bj (7), 



= f2)V ^ 






the integral of which (§ 143) is 

^+£7 = taQ-^|^tanQ^l. 

But '^=0, t=0 together; this gives (7= 0, and finally 

tan'>^= - tan (2) t (8). 

^ a \aj ^ ' 

It is easy from this to deduce the following results, viz. 
that each cjuarter revolution of this plane is accomplished in 
the same time, and simultaneously with the change of ^ in that 
plane from a to y8, or /8 to a. Also that, whatever we take as 
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the initial position, the time of this plane's tiuning through 
two right angles is the same, namely, ^ (-) • 

198. If we eliminate t between (7) and (8), we find 

a' sin'-^ + ^ cos' yfr * 

This is of the same form as the polar equation to an 
ellipse about the center. The projection of the particle's path 
on a horizontal plane is therefore approximately an ellipse, 
its semiaxes being aa, a^. 

199. To determine wpproximately the apsidal angle* 

At an apse 2; is of coui'se a maximum or minimum, and 
therefore ~ = 0. This gives, by § 195 (4), 

(a«-2;«){F'-2^(ife-«)}-A'«0 (1), 

whose two positive roots are the alternate values of z at the 
apses. Since we have supposed the particle to have been pro- 
jected horizontally, the point of projection is an apse; and 
therefore A is a root of this equation. 

Substituting k for z^ we get 

therefore (1) becomes after reduction 

(A;-.«){(i + ;5)F»-25r(a«-^»)l = (2). 

And, if Z be the other positive root of (1) or (2), we have 

2gJ^-P) 
^ "■ k + l ' 

13—2 
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Also if — 7 be the third root of (1), 

Hence + 7=-^ — r^-^7 . 

Now -^ = -5 o ; and therefore 

at a' — z*- 

dr^ h a 

'dz^'^'^ V{2y(a-A;)(Z-«)(7+i5)}* 

Hence the apsidal angle or the value of '^ from 5? = ft to 
z^ly is 

To get rid of 7 put « = a — -cj, the integral becomes 



••-» rfw 



(2a-<ir)r{(o-;fe)-iir} {tir-(a-Z)}|' 



-« «rf2a-i^)| ffa-;fe)-tirl f,ir-(a-Z)l^^-^^^^^|±5^ 



i; 



and, expanding in powers of -cj those factors whose variation 
is small compared with themselves, we have finally 

The integration may easily be carried on farther, all the 
terms being evidently positive, but we have enough to shew 



TT 



that the apsidal angle is greater than — , and that therefore in 
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the approximate elliptic path considered in last article the 
apse continually progredes. 

In the case of this orbit, if p and j "be its semiaxes, we 
have, by the properties of the sphere, 



a — A? = ^ nearly 



2a 



2a 



r; 



and therefore the apsidal angle 



2V 8a* 



••• ) > 



and the rate of progression of the apse therefore varies as the 
area of the projected orbit nearly. 

200. To determine the nature of the small oscillations exe- 
cuted under the action of gravity, on a smooth surface, by a 
particle aiout a position of stable equilibrium. 

The tangent plane at the position of equilibrium must be 
horizontal, and the surface must evidently lie above it in order 
that the equilibrium may be stable. 

If p, Pj be the radii of curvature of the principal normal 
sections, and if the axes of x and y be tangents to these sec- 
tions respectively, at the point of contact with the horizontal 
plane, we know by Analytical Geometry that the equation to 
the surface in the immediate neighbourhood of the origin is 



2z 



P Pi 







(1). 



The equations of motion of the particle are, as in § 191, 



de 



= BK 






df 



= Rv-g 



(2), 
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where X, fi^ v are the direction-cosines of the normal to the 
surface at the point x. y, z. Since x and y are very small, z is 
of the second order of small quantities by (1) and may there- 



d'-z 



fore be neglected, as may also -j: 

X tf 

Hence X = ^ fi=z-^^^ i; = l, approximately. Elimi- 

H f 1 

nating B from equations (2), we hare 






^_9 



^ = _£ 



df 



Pi 



X 



y 



(3), 



which show (§ 173) that the motion consists of superposed 
simple pendulum oscillations in the principal planes, the 
lengths of the pendulums being the corresponding radii of 
curvature. 

The annexed cut shows a very simple arrangement, due to 
Prof. Blackburn of Glasgow, by which this species of con- 




straint may easily be produced. Three strings are knotted to- 
gether at the point (7, the other ends A and B of two of them 
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are attached to fixed points, and the third supports the heavy 

})article D, Suppose CM to be vertical, then the small oscil- 
ations of D will evidently be executed as if on a smooth 
surface whose principal planes of curvature at D are in, and 
perpendicular to, the plane of the paper. The radii of curva- 
ture in these planes are CD and DE respectively. 

If we put - = n", and ~ = n^^ the integrals of (3) are 



w- 



a;=-4cos [nt + J5),l 

y = -4jCOs(Wj<+J5J.i 

The curves corresponding to these equations are very in- 
teresting, but we cannot enter at length on the consideration 
of them. We mav take, as a special case, that in which 
I>E=4,CD ; in which therefore 



y =^jCos {2nt + £^ 



bi- 



(5). 



The circumstances of projection determine in each case the 
particular curve described — a few of the principal forms are 
sketched below, one of which is a portion of a parabola. 







When n^ is nearly, but not exactly, equal to 2w, the curve 
described is always for a short time approximately one of the 
above figures, but its form . slowly passes in succession irom 
one member of the series to the next, completing the round 
wheu one pendulum has executed one more or less than twice 
as many complete oscillations as the other. 

201 • To find the Brachiatochrone for a particle constrained 
to move on a ffiven smooth surface^ gravity being the only im- 
pressed force. 
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Let 

F^O (1) 

be the equation to the given surface, z being the vertical axis. 

Tlien| = V{2i7(«'-^o)}, 
and therefore the time between the given points ia 

From the condition that t^ is to be a minimum we obtain 
dx dy 

But hx and hy are not independent, (1) gives us 

Hence, eliminating, we obtain 

d (dx 1 I d (dy 1 ) 



7dF\ (dF\ 

\dx) \dy ) 



which, by means of (1), may be reduced to a differential 
equation of the second order between two variables ; the in- 
tegral will therefore contain two arbitrary constants, which 
will enable us to make the curve pass through the two given 
points. 

202. A particle acted on hy any forces^ and resting on 
a smooth horizontal plane, is attached by an inextensihle string 
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to a point which moves in a given manner in that plane; to de- 
termine the motion of the particle. 

Let a;, y, 5, y be the co-ordinates, at time ^, of the par- 
ticle and point, a the length of the string, and B the force of 
constiraint 

For the motion of the particle we have 

a OS -^ ^ ss ■— " tC 

dt I a 

^''y^Y ny^y 

with the condition (a? — 5)* + (y — ^* = a*- 

Now X. y are riven functions of U Take from both 

. . . d^x d^v 

sides of the equations in (1) the quantities -^ , -^ , re- 
spectively, and we have the equations of relative motion 



<?*(a; — S) ^ ^x^x d^x^ 



dt ~^ ^ a de 

d^jy-y) ^Y R y^y ^ 

df a df 



\ (2). 



These are precisely the equations we should have had if the 
point had been fixed, and in addition to the forces X, Y and 
R acting on the particle, we had applied, reversed in direc- 
tion, the accelerations of the point s motion. It is evident 
that the same theorem will hold in three dimensions. The 

accelerations -^^ , ^^ are known as functions of t. and there- 

dr dv 

fore the equations of relative motion are completely deter- 
mined. Compare § 24. 

203. Let there he no impressed forces^ and suppose first 
that the point moves uniformly in a straight line^ 

Here ';ji 9 ^ ^^ constant, and therefore no terms are 
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introduced in the equations of motion. We have thus the 
case of § 26. 

Again, suppose ihepoinfs motion to he rectilinear^ hut uni- 
formly accelerated. 

The relative motion will evidently be that of a simple 
pendulum from side to side of the point's line of motion. In 
certain cases, when the angular velocity exceeds a certain 
limit, we shall have the string occasionally untended ; and 
this will give rise to an impact (Chap. X.) when it is again 
tended. While the string is untended the particle moves, 
of course, in a straight line* 

204. Suppose the point to m>ove, with uniform angular 
velocity o), in a circle whose radius is r and center origin. 

Here, supposing the point to start from the axis of a;, 

5 = r cos cot, y = r sin cot. 

Hence the equations of motion are, since 

d^x 5- d^v «- 






d^ {x — x) jB x^x 

d^ m a 

df m a ^' 

Whence (,_^^M_(y_20^1^ 

=^ef{{x-x)y-{jf-y)x}] 
or, in polar co-ordinates, for the relative motion, 

or — ^-^ — ^=— 6)' -Bm(& — ®Q. 
atr a 
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Now — <ot is the inclination of the string to the radius 
passing through the point ; call it ^, and we have 

which is the ordinary equation of motion of a simple pendulum 
whose length is ^. 

The particle therefore moves, with reference to the uni- 
formly revolving radius of the circle described by the point, 
just as a simple pendulum with reference to the vertical. 

206. To determine the motion of a pcBrticIe (xcted on 
hy given forceSy and constrained to move in a smooth tube, 
in me form of a given plane curve, of indefinitely small sectional 
area, which revolves %n a given manner about an axis in its 
plane. 

Let the axis of revolution be that of z, and let the position 
of the particle at time t be given by its distance r from that 
axis, the plane of the tube at that instant making an angle 
with a fixed plane passing through the axis. By the con- 
ditions of the problem ^ is a given function of t. 

The sole effect of the tube will be to produce a force of 
constraint, which lies in the normal plane to the tube, and 
may therefore be resolved into two parts, one perpendicular to 
the plane of the tube, the other in that plane ana in the prin- 
cipal normal to the tube. 

Let the impressed forces be resolved into three, P along r, 
T perpendicular to the plane of the tube, and 8 parallel to the 
axis of z. 

Let By R be the two resolved parts of the force of con- 
straint. 

The equations of motion will then be (by §§ 15, 64) 



df 



-m-^'^t- <"• 
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v-'-^i («. 

where s is the arc of the revolving ctirve. 

In addition to these we have the two equations 

^=/(0 (4). 

which gives the position of the tube at any time, and 

^ = <^(^) (5), 

the equation to the tube. 

By means of (4) and (5) we may eliminate 6, r, and s 
from (1), (2), (3). Then eliminating B between (1) and (3), 
we obtain a differential equation between z and ^, whose 
integral together with (4) completely determines the position 
of the particle at any instant. 

R and E may then be iGDund from (1) or (3), and (2). 

In general the angular velocity of the tube is given con- 
stant, or -^ = ©, whence'(ft) becomes 6=^ tot if the plane from 
which d is measuried be that of the tube at the time ^ = 0. 

The simplest case we can take is the following. 

206. A particle moves in a smooth straight tuhe which 
revolves uniformly round a vertical axis to which it is per- 
pendicular^ to determine the motion. 

d6 
Here z = constant, -^ = constant = ca, P= 0, and we have 

from (1) 

^-ra>« = 0; 

whence r-Ae^+Be*^. 
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Suppose the motion to commence at time « = by the 
cutting of a string, length r^, attaching the particle to the 
axis. The velocity of the particle at that instant along the 
tube would be zero. Hence at ^= 

r = r<j = -4+j5, 
.-. ^ = 5 = J; 



and r=-^(6»<+r*'). 

In the figure, let OM be the initial position of the tube, 
A that of the particle ; Oi, Q^ the tube and particle at time t. 
Then OA^r^^ arc AP=^ rjayt, OQ=^r^ and we have 



OA 
2 



9XCAP 



OQ = ^U °^ +e 



aroAP ' 
OA 



)• 




Whence we see that OQ and the arc AP are corresponding 
values of the ordinate and abscissa of a catenary whose para- 
meter is OA. 

Here, by (3), we have evidently R=g. 
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Also, by (2)j 5*= - 2^ (€-*- O <*) 

From this equation, combined with the value of r, we 
easily deduce 

and It IS therefore proportional at any Instant to the tangent 
drawn from Q to the circle APN. 

207. Suppose the tube to revolve uniformly in a vertical 
plane about a horizontal axis. 

We have from equation (1) of § 205 

(Pr 

If we conceive the tube to be vertical when ^ = 0, The Inte- 
gral of this equation is 

r = Ae'^ + 5€"-* -g \(jA - ©4 cos at, 



dr 



or r = ^6-* + 5r-'+ A coacot; 



andIfr = ro, ^ = 0, when« = 0, 

we have r^ = -4+jB+ -^, 
and = A-B; 

which completely determines the motion. It and JS' may be 
found as before. 

208. Let the tube be in the form of a circle turning uni" 
formly about a vertical diameter. 
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Let AOhe the axis, P the position of the particle at any 
time. Let POA = (f> denote the particle's position. Then the 
forces acting on it along the element at P are the resolved 




parts of gravity and of the centrifugal force (Chap. IX.) due to 
the distance NP from the axis. Hence as AP=A 0.(l> = aif}^ 
we have 



a -^ = ao)' sin ^ cos <l>—ff sin (f> 



(1), 



the first integral of which is evidently 

Suppose the particle to he projected from the lowest point 
with angular velocity co^; we nave, from the last writt^a 
equation, 

^ a 
Hence [^ ] = ©* {1 — cos* ^ — ^^ (1 - cos ^)} + <o^. 

This will be zero when (f> has a value determined from 
the equation 

cos' (f> ^ cos ^ = 1 ^2 + -^ ; 
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or COS 



*-&V{('-i--)'^5}- 



Now, so long as -V > —^ , or © ' > — , "both values of 

cos ^ are numerically greater than 1, and therefore the 

motion is one of continuous revolution. If 0)* = -^, we 

have -^ — for cos ^ = — 1, and therefore the particle just 

comes to rest at the highest point. We may notice that 
dftiil', or the square of the velocity of projection from the 
lowest point, is then equal to 2^.2a, or the velocity is that 
due to the diameter. 

Hence, if a particle be projected from the lowest point of 
a vertical circle with velocity due to the diameter, it will tend 
to reach the highest point and there remain at rest whether 
the circle be fixed or revolving with any angular velocity 
about the vertical diameter, another simple instance of con- 
servation of energy. In this case the position of the particle 
at any instant can be determined. 

If coj' < — , there is one possible value of cos 0, and there- 
fore the particle will oscillate about the lowest point. 

Suppose, again, the projection to be made from the ex- 
tremity of the horizontal diameter. In this case our corrected 
equation becomes 

\^f) =""**'*cos'^ + — cos^ + a)j*; 

and for positions of rest 

,, 2flr CO* 

cos A S cos = — V ; 

^ a© ^ CO 



or cos 
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Both values will be numerically less than 1, if 

V UV^V^ aw*' 

or -V<l---2> 
CO ao) 

and in this case the oscillations of the pstrticle will be per- 
formed between points corresponding to these values oi 0, 
and on the same side of the vertical diameter. 

209. The position of equilibrium of the particle will be 
found by putting -^ = 0, Hence, if ^' be the corresponding 
value of A OPj 

cos^' = -^, ; (2). 

To find the time of a small oscillation about this position, 
let -^ be the angle of displacement, then by (1), 






since (l> = (f> +y^, y^ being very small, 

(f + f) |c03 (f + f ) - £5} 

= — Q)' sin' 0'. y^ nearly, by (2), 

-("■-i)+> 

and therefore by § (85), the time required is 

2^«'» (3). 



V(aV-/) 



That there may be a position of equilibrium other than 
the highest or lowest point, we must have by (2) 



0)> 



V©' 



and thus (3) shews that a small oscillation is always possible 

T. D. 14 
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when there is a position of equilibrium other than the highest 
or lowest point. 

210. Find the fortn of the tube in order that the particle 
projected with given velocity may preserve its velocity un- 
changed, gravity acting parallel to the axis. 

Resolving tangentially, and taking co-ordinates a?, y in 
the plane of the curve, the axis of revolution being that of y, 
We nave 

d*s - dx dy 

/ds\^ 
Hence, f;^] = a?*©*— ^gy + 0. 

But -^ =s constant. 

Hence, a^=-^ (y + ^)> ^^^ equation to a parabola whose 

axis is vertical and vertex downwards. This result might 
easily have been foresee, as the velocity can only be constant 
if the accelerating effect of the impressed forces along the 
curve be zero at every point; that is, if the resultant of 
gravity and centrifugal force lie in the normal. That this 
may be the case, we must have Centrifugal force : Gravity 
:: Ordinate : Subnormal. But the centrifugal force is pro- 
portional to the ordinate, hence the subnormal must be pro- 
portional to gravity, i. e. must be constant : a property peculiar 
to the parabola. This proposition has a singular application 
in Hydrostatics. 

211. A particle moves on a rough curve, under the action 
of given forces ; to determine the motion. 

If /a' be the coefficient of kinetic friction, and 

be the force of constraint as in § (186), the effect of friction 
will be a force .fi »J{Ii^^ + B^ acting in the tangent to the 
curve, and in the opposite direction to the particle's motion. 
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Equation (1) of § (186), will therefore become 

the other two equations remaining the same. 

If from the three we eliminate B^ and J?,, we may hy 
means of the equations to the curve eliminate x, y and «, and 
the final result, involving only s and ^, suffices to determine 
the motion completely, 

212. Ex. A particle moves in a rough tube in the form 
of a plane curve^ under the action of no forces; to determine 
the motion. 



or '^ p 

Ttr dv d'a 1 
J>Jow t; "T = -73 , hence 
as dr 

dv ,t?' 

or t?=«€ •' ^. 

But, if -^ be the angle which the tangent at any point 
makes with a fixed line, 

P 
Hence, v = ae"**'*, where a is the velocity when -^ = 0. 

It may be instructive to compare this result with that for 
the tension of a string stretched over a rough curve. 

ds 
K the curve be one of double curvature, — is the angle 

P 

between two successive tangents. If the surface of which 

the curve is the cuspidal edge be developed, and if <}> repre- 
sent the angle between the tangents corresponding to the 
initial and final positions of the particle, 

14—2 
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213. A particle under the action of given forces moves on 
a given rough surf ace ; to determine the motion. 

If 5 be the force of constraint due to the surface, the effect 
of friction is fiB acting in the tangent to the path: of the par- 
ticle, and the equations of § 191 become 

from which Jt must be eliminated. The two resulting equa- 
tions contain x, y, z and <, and if the latter be eliminated, we 
have one equation in x, y, z which, with the equation to the 
surface, will completely determine the path. In general these 
equations are utterly intractable. 



EXAMPLES. 

(1) If a particle attached by a string to a point Just 
make complete revolutions in a vertical plane, the tension of 
the string m the two positions when it is vertical is zero, and 
six times the weight of the particle, respectively. 

(2) On a railway where the friction is — - of the load, 

shew that five times as much can be carried on the level as 
up an incline of 1 in 60 by the same power at the same rate^ 

(3) A pendulum which vibrates seconds at a place A^ 
gains two beats per hour at a place B; compare the weights 
of any the same substance at the two places. 

(4) Erom a point upon the surface of a smooth vertical 
circular hollow cylinder, and inside, a particle is projected in 
a direction making an angle a with the generating line 
through the point; find the velocity of projection that the 
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particle may rise to a given height (h) above the point, and 
the condition that the highest point may be vertically above 
the point of projection. 

(5) A heavy particle rests on the arc of a smooth vertical 
circle at an angular distance of 30° from the lowest point, 
being repelled from one extremity of the horizontal diameter 
by a constant force ; shew that, if slightly displaced along the 
arc, it will perform small oscillations in the time 

(6) A particle is constrained to move on a smooth curve 
under the action of a central force P tending to the pole, and 
the pressure on the curve varies always as the curvature, 
shew that 

2>^ dr 

(7) A seconds pendulum when taken to the top of a 
mountain h miles high will lose 21.6A beats in a day nearly, 

(8) AB is the diameter of a sphere of radius a ; a centre 
of force at A attracts with a force {fju x distance) ; from the 
extremity of a diameter perpendicular to AB a particle is pro- 
jected along the inner surface with a velocity (2yLt)*a: shew 
that the velocity of the particle at any point P is proportional 
to sin 0, and the pressure to 1 — 3 sin'* ^, where is the 
angle PAB. 

(9) A chord AB of a circle is vertical and subtends at 
the centre an angle 2 cot"* /a. Shew that the time down any 
chord AC drawn in the smaller of the two segments into 
which AB divides the circle is constant, AG being rough 
and fi the coefficient of friction* 

(10) A particle under the action of no force is projected 
with velocity Fin a rough tube in the form of an equiangular 
spiral at a distance a from the pole and towards the pole ; 
snew that it will arrive at the pole in time 
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a 



V /A sin a — cos a' 

a beinjy the angle of the spiral and p, (> cot a) the coeflScient 
of friction, 

(11) If a particle move on the surface of a smooth cone 
with its axis vertical and vertex downwards, and gravity be 
the only force acting, shew that the differential equation 
of the projection of its path on a horizontal plane is 

cl^u . ' , <7 sin a cos a 

a being the semi- vertical angle of the cone, 

(12) A particle is suspended from a fixed point by an in- 
extensible string : find the velocity with which it must be pro- 
jected when at the lowest point, so that its path after the 
string has ceased to be stretched may pass through the point 
of suspension. 

(13) A particle is constrained to remain on the curve 
r = a (I — cos 0) and is repelled from the pole by a force = ^ : 

if its velocity at the apse be equal to [- ) , shew that it will 

arrive at the initial line again in time tt f — J • 

(14) A particle slides down a catenary, whose plane is 
vertical and vertex upwards, the velocity at any point being 
that due to falling from the directrix ; prove that the pressure 
at any point is inversely proportional to the distance of that 
point from the directrix, 

(15) A particle projected with given velocity, moves 
under the action of gravity on a curve in a vertical plane ; 
find the nature of the curve that the pressure on it may be 
the same throughout the motion. 

(16) A particle is projected with given velocity from the 
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vertex of a cycloid whose axis is vertical and vertex upper- 
most, find where it will leave the curve, and the latus rectum 
of its iuture parabolic path. 

(17) The axis major of an ellipse is vertical, shew that in 
order that a particle projected vertically upwards from the 
extremity of the axis minor along the concave side of the arc 
may pass through the center after leaving the curve, the 
velocity of projection must be 

\ 3aV3 J ' 
a and h being the semiaxes of the ellipse. 

(18) The Earth being supposed to be at rest, and to con- 
sist of concentric spherical strata with densities varying 
gradually from the centre to the surface, investigate the law 
of density according to which a particle let fall from the 
mouth of a diametral pit would perform oscillations exactly 
similar to those of a simple pendulum oscillating through 45* 
on each side of the vertical. 

(19) Shew that if a particle falling from rest at a point in 
an inverted cycloid have its velocity suddenly annihilated 
when it has passed over half its vertical height above the 
lowest point, and be allowed to proceed always losing its 
velocity when half way down from the last position of no 

velocity, it will be at -^ th of its original height above the 

vertex after n times the time it would have taken to fall to 
the vertex undisturbed. 

(20) Shew that a simple pendulum under the action of a 
central force varying as the distance only, will move as it 
does under the action of gravity. 

(21) The times of oscillation of a pendulum are observed 
at the Earth^s surface, and also at a height h above the sur- 
face ; from these data find the radius of the Earth supposed 
spherical. 

(22) A pendulum ^oscillates in a small circular arc, and 
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is acted on in addition to gravity by a small horizontal force 
as the attraction of a mountain. Shew how to find the latter 
by observing the number of oscillations gained in a given 
time. Also find the direction in which the attraction must 
act so as not to alter the time of oscillation, 

(23) (See 15). Determine the nature of the curve about 
which the string of a simple pendulum must wrap itself in 
order that its tension may be constant, and deduce the equa- 
tion between the length of the arc, and the vertical ordinate 

y=z_±(z-,)+a(z-.)5-^, 

where I is the length of the string, T the constant tension, 
and V the velocity of the bob when the string is verticaL 

(24) A string wrapped round a regular polygon has a 
particle at the free end which just reaches an angle. There 
IS in the center a repulsive force « (i)), K v^ be the velocity 
when r sides are unwrapped, shew that 



_ r (r + 1) ^, , 
2 



< = — i; — ^^1, 



the particle starting from rest. 

(25) Find the curve cutting a series of ellipses with the 
same vertical axis and vertex, so that a particle descending 
each of them from rest at the point of section may press 
equally at the vertex ; in the following cases, 

(a) vertical axes = a. 
ifi) horizontal axes = J, 
(7) ellipses similar. 

(26) Find the equation to a curve in a vertical plane, 
such that if a particle descend along it, the parts of the pres- 
sure due to the velocity, and to gravity, may have a given 
ratio. 

If this be e, and the axis of y be vertical, then the dif- 
ferential equation id 
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(I)"- (f )■- '. 



where (7 is a constant. 

(27) Find a curve such that a particle starting from rest 
will describe any arc in the same time as the chord, the force 
being central and x distance. 

Deduce (180) as a particular case* 

(28) Also find the curve in (180) when the time down 
the chord is in a given ratio to that down the arc. 

(29) Find the curve in which a particle acted on by 
gravity will revolve uniformly about a point in the same 
vertical plane. 

(30) A particle acted on by a central repulsive force 
varying as the distance moves in a tube of the form of an 
epicycloid, the pole being at the center of force. Shew that 
the oscillations are isochronous. 

(31) A particle is initially at rest at a point of the spiral 
r = c€^^, distant d from the pole. Shew that if the pole be a 

center of force whose attraction = ^ , the time of fall to it is 



y( 



(32) In the preceding problem find the pressure on the 
curve at any instant. 

(33) A particle starts from rest at any point of the con- 
vex circumference of a vertical circle, shew that it will leave 
the circle after descending one-third of its original vertical 
height above the center. 

(34) A particle under the influence of gravity is pro- 
jected from one point in a horizontal direction towards another 
point, find the curve on which it must be constrained to move 
so as to approach uniformly to the latter point. 
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(35) Two particles are projected from the same point, in 
the same direction, and with the same velocity, but at dif- 
ferent instants, in a smooth circular tube of small bore whose 
plane is vertical, to shew that the line joining them constantly 
touches another circle. 

Let the tube be called the circle A, and the horizontal 
line, to a fall from which the velocity is due, L, Let w, m 
be corresponding positions of the particles. Suppose that mm 

E asses into its next position by turning about 0, these two 
, nes will intercept two indefinitely small arcs at m and m', 
which (by a property of the circle) are in the ratio mO \mO^ 

Let another circle B be described touching mm in 0,- and 
such that L is the radical axis of A and B. Let a be the 
distance between their centers, w/?, mp perpendiculars on L. 
Let mp cut A again in ^ and B in r, a. 

Then by Geometry, 
mC^=rm,7n8 =jpm {rm — qs) = 2a.jpm = - (velocity of m)\ 

Similarly, 

m'0^ = 2a,p'm' = - (velocity of w')*. 

Hence the velocities of m and m' are as mO : m'O^ and 
therefore by what we have shewn above about elementary 
arcs at m and m\ the proximate position of mm* is also a tan- 
gent to 5, which proves the proposition. 

It is easily seen from this, that if one polygon of a given 
number of sides can be Inscribed In one circle and circumscribed 
about another, an indefinite number can be drawn. For this 
we have only to suppose a number of particles moving in A 
with velocities due to a fall from i, If thev form at any time 
the angular points of a polygon whose sides touch J?, they 
will continue to do so throughout the motion. This however 
does not belong to our subject. 

(36) A particle under the action of gravity is projected 
with given velocity from a point, find the curve on which it 
must be constrained to move so as to recede uniformly from 
the point of projection. 
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(37) A railway train travels due north with given velo- 
city. Compare the horizontal pressure on the rails due to 
the Earth's rotation, with the weight of the train. 

(38) A particle attached by a string to a point moves in 
a horizontal plane. A small ring passing round the string 
moves uniformly in a straight Kne from the point. Shew how 
to find the equation to the actual path, and shew that that 
relative to the ring has the equation 

(39) A particle descends from rest under the action of 
gravity. Find the curve on which it must move in order 
that the ratio of the times of descending two vertical spaces 
whose ratio is given, may also be equal to a given quantity. 

Verify the general result in the particular cases : 

(a) Double the height in double the time. 

ifi) Four times the height in eight times the time. 

(40) 8 is the arc, and y the vertical ordinate of a curve 
passing through the origin. If time through 8 : time through 
chord oi8 \:k8 I chord, shew that 






(41) Given an arc of a curve, find the position in which 
it must be fixed, that a particle starting from rest may 
describe it under the action of gravity in the least time. 
Apply the result to an arc of the cardioide measured from 
the cusp. 

(42) A series of similar and similarly situated curves 
start from a point -4 in a vertical plane ; to find the syn- 
chronous cutve, or that which cuts off from each of the series 
a portion which would be described in a given time t by a 
particle starting from rest at A. 

Taking A as origin, and the axis of y vertically down- 
wards, we have 

-y\-^]^ «• 
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Now the common e(jaatIon of the corves contains one 
arbitrary parameter a, which will therefore appear in (I) when 
X is eliminated. Supposing then that (1) can be integrated^ 
if between the integral and the equation to the curTes we 
eliminate a, the result will be the equation to the required 
series of synchronous curves, in which r will appear as a 
variable parameter. 

The equation to the given series of curves will of course 

be in the form - =/| -) , so that if *^ = «, -7- in terms of© 

a *' \a/ ' a ^ dy 

will not involve a. It is thence easy to deduce the following 

values of x and y for the required curve, in terms of ei>, . 



, ti^ 



ibr 



[rymH' 






from which, if (1) is not integrable, the required curve can be 
constructed by quadratures. 

(43) If ^ be the time in a cycloid from the point whose 
abscissa is the radius of the generating circle, to any other 
point; T the time down the chord of the generating circle 
corresponding to the same two points, shew mat 

2 tan"* T a/| = tan"' ^V2 tan< 

(44) A particle moves in a circular groove radius a under 
the action of a center of force x D^ situated at a distance h 
from the center of the circle. It is projected from the nearest 
point with velocity F, shew that for a complete revolution 




0""i" 
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(45) A particle acted on hy gravity descends from rest 
at a given point, find the nature of the curve on which it 
must move that the pressure may be at any instant as the 
square of the vertical neight fallen through. 

(46) Find the tautochrone when the force is as the cube 
root of the distance from the axis of Xj and parallel to that 
of y. 

jB* + y* = a'. 

(47) To find all the tautochrones when the force is cen- 
tral, and varies as the distance. 

If iS be the force resolved along the curve, we must have 

Now if ^ be the angle between the radius vector and 
tangent, 

flf =3 — /Ar cos ^ = — ftr ^ ; 



••""as ifiT*' 

dr d / dr\ _ ii* dr 
•*• ^didi\di)~ip^d9' 

»{'%)' -^•'^''■' 

that is, r'-Z^^V+a 



And if a be that perpendicular from the center on the tangent 
which meets the latter at its point of 
ing value of r is a also, and tnerefore 



°-^»-= 
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'-'H'-i^y-'^'' (^)' 

which is the differential equation to the required curves. 

The curves will differ in species according to the value 

of- — 5. 

4/AT 

I. Let j—^ > 1, (1) takes the form 

y = «'(c«-r»), 

which is at once recognized as the differential equation to the 
epicycloid traced by a point in the circumference of a small 
circle, which rolls on the innea: surface of a large one whose 
center is the pole. 

If we suppose the radius of the larger circle to be inde- 
Dnitely increased, its circumference tends to become a straight 
line and the epicycloid to become a series of cycloids. The 
force in this case tends to be constant, and perpendicular to 
the bases of these cycloids, whence in the limit we have the 
result of § (173). 

II. Let^=l. 

Here p = a and the curve is a straight line. This is the 
case of § (89). 

in. J — a < !• ^ ttiai, as in the other cases, we may 

find the equation to the curve by integrating (1) after substi- 
tuting for p its value in terms of r and 6, but the equation we 
thus obtain is very complicated. This curve is found to be 
a spiral with two symmetrical branches extending to an 
infinite distance, and approximating to spirals whicli, make 
angles = cos"* e with the radius vector, 

IV. Let the origin be on the curve, and be the point to 
which the time of descent is measured. Then a = 0. 

If - — J > 1, the equation is impossible. 
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If it =* 1, we have d. straight line through the origin. 
If it < 1, we have the Logarithmic Spiral, 

V. If the force be repulsive, we require only to change 
the sign of /a. In this case we have an epicycloid traced by 
a point of a circle which rolls on the outside of ai^other whose 
center is origin. From this again we may deduce the tauto- 
chronism of the common cycloid for gravity. 

(48) A particle moving on the interior surface of a ver- 
tical circular cylinder is projected with a given velocity, and 
goes round n times before it falls to the level of the point of 
projection. Determine the direction of projection. 

(49) Shew that a particle moving under the action of 
gravity on a smooth helix whose axis is vertical, makes the 
first revolution from rest in the time 



^/l 



Sira 



g sm 2a 

(50) A groove is cut on a right cone of height A, at an 
angle /S with the generating line. Shew that the time of 
reaching the base, from a vertical height h. below the vertex, 
by a particle sliding in the groove is 

*s/(Sff) cos a cos /3 * 
where a is the semiverlical angle. 

(51) Find the curve on the surface of a vertical cylinder 
down which if a particle slide, the force of constraint will be 
constant. 

(52) A particle moves on a smooth ellipsoid, under the 
action of a force oc (2)) in the center. Given the velocity and 
direction with which it passes the extremity of an axis, find 
the pressure. 

(53) A smooth tube of indefinitely small bore revolves 
in a horizontal plane. A particle attached to the axis by an 
elastic string moves in the tube. Determine the conditions 
that the motion be oscillatory. 
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(54) A circular tube of indefinitely small bore revolves 
with uniform angular velocity © about a vertical diameter, 
and a particle in it is projected from the lowest point with 
velocity due to the diameter. Determine the motion, and shew 
that it is at its greatest distance from the axis after a time 

where a is the radius of the tube. 

(55) The axis of a rough helix of radius a is vertical, 
and the curve makes an angle J3 with the horizon; a ring 
slides on it with initial velocity 

^{ffa) (sin')8 - /i« cos'/S)* 
V/A COS )8 
determine the jnotion. 

(56) A heavy particle attached to a point by a strinff 
whose unstretched length is a, lies on a rough horizontal 
plane and is projected perpendicular to the string with velo- 
city V, If it comes to rest at a distance a from the point, 
after describing a distance 8, v^ = 2 figs. 

(57) A particle descends a rough circular tube from the 
extremity of me horizontal diameter. If it stops at the lowest 
point, shew that 

(58) Shew that the result of § (193) is true if tlie 
surface be rough. If a particle be projected with velocity V 
along the inner surface of a rough sphere, determine the 
motion, and shew that it will return to the point of projection 
in the time 

^ (^"- ')' 

where r is the radius of the sphere. 
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(59) If the only impressed force "be a central one = ^ , 

and the velocity be that from infinity, shew that the equation 
to the brachistochrone is 

(60) A material particle P, attached by a slender cord 
of given length a, to a point Sim, fixed axis SA, is attracted 
by a constant force g in a direction always parallel to a line SB, 
which is inclined at a given angle to the axis SA, and revolves 
about it with a given angular velocity g) : shew that if V= the 
velocity of P, a>' = the angular velocity of the plane FSA 
about SA, ^ = z FSB, 6 = z PSA, 

V^ = "Iga cos ^ + 2a'©©' sin' 5 + const. 

Shew also that the dynamical conditions of this Problem 
are the same as those of a ball-pendulum acted upon by gravity, 
when the Earth's rotation is taken into account. 

(61) A small smooth ring slides along a rod which 
moves with uniform angular velocity and so as always to 
be in contact with a given circle : determine the motion of 
the ring relatively to the rod. 

(62) A ring slides on a smooth elliptic wire which moves 
in its own plane with imiform angular velocity, about its 
center. Determine the motion ; and find the time of a small 
oscillation about the position of eqidlibrium where this is 
possible. 

(63) A particle is attached by a rod without mass to the 
extremity of another rod, n times as long, which revolves in 
a given manner about the other extremity, the whole motion 
taking place in a horizontal plane. If Q be the inclination 
of the rods, © the angular velocity of the 2nd rod at the 
time t, prove that 

T. D. 15 
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(64) If a particle slide along a smooth curve, which 
turns with uniform angular velocity to about a fixed point O, 
then the velocity of the particle relatively to the moving 
curve is given by the equation 

V* = C* + 6) V, 

where r is the distance of the particle from the point ; and 
the pressure on the curve will be given by the formula 

B = — I- ©V + 2aw, 
P 

where ^ is the perpendicular from on the tangent 

(65) A heavy particle is attached to a smooth string 
which passes over a ' rough circular arc in a vertical plane ; 
the particle initially at the extremity of a horizontal diameter 

is drawn up with uniform acceleration -: shew that the 

whole labouring force (i. e. work, see § 55) expended in 
dbrawing it to the vertex of the circle is 



Wa(^ + fi-fij^, 



where W is the weight of the particle, a the radius of the 
circle, and fi the coefficient of friction. 

(66) A heavy jjarticle is attached by a fine string to the 
apex of a right vertical cone whose semivertical angle is /8, 
and is projected from a position of rest on the cone with an 
initial angular velocity to (about its axis) which is less than 
fl, the least angular velocity which would make the particle 
leave the cone. If the coefficient of friction between the 
particle and cone be /t, find the position of the particle and 
the tension of the string at a given instant ; and shew that 
it will come to test after a time 

1 , il + (0 

log 



2/Ltfl cos )8 ^ 12 — 0) ' 
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(67) Determine (approximately) the motion of the bob of 
a simple pendulum ; when the point of suspension describes 
imiformly, and with small velocity, a horizontal circle. 

(68) If a curve revolve uniformly about a vertical axis 
and the only extraneous force be ^avity, provQ that the time 
of an oscillation of a particle shding on the curve about its 
position of rest is 



00 V r — 



psma 



p sin a cos" a ' 



p being the radius of curvature at the point of equilibrium, 
a the angle made by the normal at that point with the ver- 
tical, r the distance of the point from the axis of revolution, 
and 0) the angular velocity of the curve. 



15—2 
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CHAPTER Vin. 

MOTION IN A RESISTING MEDIUM. 

214. When a body moves in a fluid, whether liquid or 
gaseous, it must, in displacing the particles of the medium 
and in rubbing against them, lose part of its own velocity. 
The resistance of a fluid to a body moving in it is therefore of 
the nature of a retarding force ; but, in consequence of the 
great difficulty of making accurate experiments on the subject, 
the laws of the resistance of fluids have not yet been satisfac- 
torily ascertained. 

For a velocity neither very great nor very small, the 
general approximate law seems to be, that the resistance to 
a plane surface, moving with its plane at right angles to the 
line of motion, is proportional to the extent of the surface, the 
density of the resisting medium, and the square of the velocity 
taken conjointly. We are, however, only treating of the motion 
of a particle, in which the extent of surface has no place in 
our consideration, and will assume that the resistance depends 
entirely on the density of the medium and the velocity of the 
particle ; illustrating, by supposing diflferent laws, the method 
of procedure in all such cases. 

216. A particle acted on hy no farces is projected in a re- 
ststmff medium of uniform density, oj which the resistance varies 
as the n^ power of the velocity; to determine the motion. 

The motion will evidently be rectilinear. Let x be the 
distance of the particle from a fixed point in the line of 
motion at the time t, v its velocity at that time. The force 
due to the resistance may be represented by kv% h being a 
constant, and the equation of motion is 

^'^ - Z^,* 
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Fatting it in the form 






lire have, "by integration, 






w-1 



Suppose the particle to be projected from the origin, with 
velocity F, then when 

mm 

^=0, t?= F; and (7= — —z. 

n — 1 

Hence (n- 1) i« = i?*^- F'"^ (2), 

the relation between v and t It shews that v can never be 
zero if n > 1, but if w < 1 the velocity will become zero when 

^=*-jFj-^— r-jT. After this the particle will evidently remain 

at rest 

To find the distance of the particle from the origin at any 
time, we have from (2) 

t?or^={F*--(l-w)i<p. 

X and t being supposed to vanish together. When n < 1, the 
distance to whicn the particle will go, or its distance from the 

origin at the time . . -r , is 



(2 - w) A • 



216. There is one case in which the above solution fails, 
namely when w = 1, or the resistance varies as the velocity. 
In this case, by (1), 
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dv ^ 3 7 dt 1 

-- = — Aw, and A? -7- =3 — , 
at dv v^ 

from which ht = C7— logt?. 
When e = 0, t?= V; and C7=log F. 

Hence A?^ = log— (3) ; 

and therefore t? or -7- = Fe"**. 

V 
Integrating, x^-^(l-€*^ (4), 

the constant being determined as before that x and t may 
vanish together. 

Equations (3) and (4) determine the Telocity and the 
position of the particle at any instant. They shew that the 
velocity continually diminishes without ever actually be- 
coming zero, but that the space passed over by the particle 
can never be greater than a certain quantity, for when 

F 
k 

217. A particle, acted on by a comtant force in its line 
of motiony moves in a resisting medium of uniform density, of 
which the resistance varies as the square of the velocity; to 
determine the motion. 

Suppose the particle projected from the origin with the 
velocity F, and let v be its velocity at any time t, x its 
distance from the origin at that time, and / the constant 
acceleration due to the force. 

Assume -K" to be the velocity with which the particle 
would have to be animated that the resisting force might be 
equal to/, then the retarding force at any time may be repre- 
sented by /-^ . 
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I. Let /act so as to diminisli x ; then the equation of 
motion is 

d^x __ /» /I v* 

which, since 

d^x _^dv ^dv dx ^ dv 
df "^ dt dx dt~^ dx 

may "be written either 

These again may be changed into 

dt K* 1 



dv f K* + v" 
due K* 1 



Integrating, and determining the constants so that when 

. aj = 0, ^ = 0, V = F, 
we obtain 

^ = tan-I-taii-^-tan-^^(^^ 
^-tan ^ tan ^-tan ^»^pr^ , 

Let T be the time at which the velocity becomes zero, 
and h the corresponding value of x^ then 

K V K^ f F"\ 

r=-^tan"*^, and ^^-^f^^^V-'^K'*)* 
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After this the particle begins to return, the force of resist- 
ance therefore tends to increase Xy and the equation of 
motion is 



which, as before, mej be written either 

These may be changed into 

dt K* 1 



dv f K*-fi 
dx K* 1 



.8 f 



rf(t»')~ 2f K*-v'' 
Integrating, and determining the constants so that when 

« = 0, x = h, t=>T, 
we obtain 

■^ (A - SB) = log-g^— ^ . 

Let U be the velocity with which the particle will return 
to the point of projection ; then, patting a; = in the latter 
equation, we obtain 

— = 1 — e -K* • 

or, snb^titating for h its yalne, 

Z! 



K' 



a 9 



i+r« 
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whence 

This shews, as we might expect, that the particle returns 
to the point of projection with diminished velocity, 

n. Let /act so as to increase x. Then 

— — /•— /J^ 

from which we derive, as before, 

dt K^ 1 



dv f JT^-tf"' 
dx K^ 1 



Integrating, and determining the constants so that when 

^ = 0, a?=:0, v = Vf 



we obtain 






From the latter equation we obtain 



V* 



This equation shews that when x becomes very lar^e, 
V approaches to K, which is its limiting value. If the velocity 
of projection be less than JT, v will continually approach to JT, 
and never exceed it, and if the velocity be greater than K, 
p will constantly diminish towards Ky and never become less. 

218. The results of the last Proposition are applicable to 
bodies projected in a resisting medium vertically upwards or 
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downwards under the action of gravity ; for the acceleration due 
to gravitv- may still be considered constant, although not the 
same as for a particle in Vacuo. The actual moving force is 
in fact the difference of the weights of the body and the fluid 
displaced, so that if a be the ratio of the specific gravity of 
the fluid displaced to that of the body, the moving force 

where W and M are the weight and mass of the body, and 
therefore the acceleration caused by it =^ (1 — a). By substi- 
tuting this for /in the results of § 217, we may obtain formula 
for the motion of bodies in a vertical direction under the action 
of gravity. Hailstones and raindrops afford a good illustra- 
tion of the Terminal Velocity indicated by the result of II. 

219. To find the equations of motion^ in a resisting me- 
dium, of a particle acted on hy any forces. 

Let a?, y, z be the co-ordinates of the particle relative to 
an assumed system of rectangular axes, at the time t, and let 
JC, F, Z be the component accelerations, parallel to the axes, 
due to the forces acting on the particle. Then denoting by R 
the acceleration due to the resistance, which lies in the tangent 
to the path described, and in a direction opposed to the 
motion, we have 

d^x __ ir p dx 

d*Z rr 7> ^ 

These are the general equations of motion. In any par- 
ticular case R will be given as a function of the density of the 
medium and the velocity of the particle, and particular me- 
thods will be necessary for obtaining the path of the particle 
and its position at any time. The method of procedure will 
be illustrated in what follows. 
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220. A particle <zcted on hy a constant force parallel to 
a fixed line la projected from a given point in a given direc- 
tion with a given velocity^ and moves in a uniform medium 
whose resistance varies as the square of the velocity^ to deter*' 
mine the motion. 

This is, approximately, the case of a projectile disturbed 
hy the resistance of the air ; and its solution is, to a certain 
extent, useful in gunnery. 

Take the given point as origin, the axis of x perpendicular, 
and that of y parallel, to the given line, so that the plane of ocy 
may contain the direction of projection. Let / be the con- 
stant acceleration due to the force ; acting, we will suppose, 
to diminish y ; then the accelerating effect of the resistance 

fdsY 
may be represented ^7 ^[ji] where J is a constant. Hence 

the equations of motion are 

rf'a?_ y/ds\*dx . 

W — ^[dtj H W' 

§-/-KS)'S «■ 

The former may be writteii 

de '" dtdt' 
and, therefore, dividing by -j and integrating, 

\ dx ^ , 

Suppose tt to be the component of the initial velocity 
parallel to x : then, when « = 

— =5t^; whence C7 = logw, and 
dx _b, 
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TT dy dy dx .^dy 
Hence -^ = -7^ -ir = u€^ -f- ; 
at dx at dx 

^t ^ d^V .^d\ dx - .^dady 
therefore ^ = ,«-*^ ^ _A««-*^^ 

ttx at ax 

But bj (2), 

W~ ^ dtdt 

•^ *^ dtdx' 
Comparing these we obtain 

l + ^'--» • (»)■ 

the differential equation to the path. 

It maj be made integrable once bj multipljing the first 
term by 



'jii/i,,^:^. 



da 
dx 



This gives Jv(l+Jp")+^€»*' = 0, 



Integrating, and determining the constant so that when 
5 = 0, ^ = tana, a being the angle which the direction of 
projection makes with the axis of x^ we obtain 
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f V(l +/) + log [p + V(l +/)} + ^, €»^ 

f 

= tan a sec a + log (tan a + sec a) +/p (4), 

the intrinsic equation to the path. This equation cannot be 
integrated farther. 

If we make A; = in equations (1), (2), we have the equa- 
tions which belong to the trajectory in a non-resisting medium, 
the original velocity and direction of projection being the 
same as in this problem. Hence if 8y a be arcs of the trajec- 
tories in a non-resisting, and a resisting, medium measured 
from the point of projection to any two points at which the 
tangents are parallel, 

Hence -^- = e^ ; 
as 

and therefore ikB^^-\y 
since we suppose S and a to commence together. 

Hence 2A» = log (1 + 2M) (5). 

221. From equation (3) it appears that, as a becomes 

more and more nearly equal to + oo , -y- becomes more and 

more nearly zero, and therefore x becomes more and more 
nearly equal to a constant. Hence the curve on the positive 
side of the origin tends continually to coincide with a straight 
line parallel to the axis of y, at a finite distance, which is 
therefore an asymptote. 

Again, as a becomes more and more nearly equal to — oo , 
-^ becomes more and more equal to zero, or p tends to be- 
come constant. The curve therefore on the negative side of 
the origin tends to become parallel to a certain straight line. 

It appears also from equation (5) that when ^ = ~" o]l >• ^ 1^®" 
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comes — 00 , and therefore the curve tends to become parallel 
to the tangent at a point of the common parabola at a dis- 
tance T along the curve from the origin. Or, if tf be the 

angle which this straight line makes with the axis of ar, we 
have by putting « = — oo in equation (4), 

/I /I X - tan 5 + sec 5 / 

tan sec ^ — tan a sec a + log t ; =f^ • 

^ tan a + sec a Am" 

To shew that the curve has an asymptote parallel to this 
line, we must prove that S, the distance of the intersection of 
the tangent with the axis, from the origin, is always finite. 

X<low aj = a?— y ^; 

, . r . c?5 d dx y dp 

which gives -j- ^-^y -r 3-=~aj« 
° ax ^ dxdy p dx 

Also, if the ultimate value of p be called w, we shall have 
ultimately, 

and, by (3), 

dx u* ' 

dx nvr 

which, by integration, will be foimd to be finite when x is 
infinite and negative. 

Hence the curve is not similar on opposite sides of the 
vertex. The particle rises more obliquely and descends more 
vertically than it would do in a vacuum. 

222. The projectile will have reached the highest point 
when ^ = 0. This gives, for the length of the path between 
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the origin and the highest point, "by equation (4), the ex- 
pression 

1 hi? 

QjL ^og [1 + "^ {tan a sec a + log (tan a + sec a)}], 

and, for the velocity there, the value 

u\l-\--7- {tanaseca + log (tana + seca)}]"i, 

223. The above results will, as in § 218, be made applica- 
ble to the motion of a body projected in the air unaer the 
action of gravity, by writing for/ the value of ^, corrected for 
buoyancy. The most important application of the problem 
is to the practice of rifled arms, in which case p is always 
small, and an approximate equation to the path may be found. 

For we have 

f + ^^^o. 

ax vr 

da 
Multiplying this hy ^= V(l +jp')=l> (neglecting higher 

powers of ^ than the first), we have 

^ + /e«*^ = 0. 
dx I? dx * 

Integrating, and observing that when « = 0, jp = tan a, 

whence €**•=! + —^ (tan a — jp). 
Substituting in equation (3), we obtain 



or 



|-2^ = -(^. + 2^tah«). 
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Multiply by e^ and integrate, determining the constant 
as before \ and "we have 

Integrating, and observing that when iB = 0, y = 0, we 
have finally, 

the approximate equation to the required path. 

224. A particle, moving in a resisting medium, is acted on 
hy a force whose direction is constantly parallel to a fixed line; 
to find the resistance that a given curve may he described. 

Taking the fixed line as the axis of y, and denoting the 
force at any point by Y and the resistance by JB, the equations 
of motion will be 

S=-^s ('). 

-3-^-^^ «• 

Eliminating B, 

dx d^y dy d^x ^ydx . . 

T^T dy dt 
Now ~j- = -y-; 
dx dx' 

H 

dx d^y dy d'^x 

- d^y di'd^ '^Itd? 

hence -^ = i ^. , 

da? /^Y ' 

[dtj 
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( 



It) 



{%1-^, • «• 



or 
\atj 



Differentiating with respect to t, 

dxd^^ d Y dx 
'di~dF'"dx [^) dt ' 



df 2 dx 

Ux 



fe)' 



and therefore by equation (1) 



j^ _ \ ds d Y . , . 

''" 2dxdc (cTy j ^ '* 

da? 

From this equation, if we know F, the resistance that a 
given curve may be described can be found. 

225. If the resistance vary as the product of the density 
into the n*** power of the velocity, equations (4) and (5) inay 
"be used to find the law of density that a given curve may 
be described. For in this case M will be represented by 

^ f -^ ) , where Tc is proportional to the density at any point, 

and is to be determined as a function of x and y. We have 
then from (5) 

., (dsy/dxy^ 1 ds d Y ^ 
\dx) \dtj "" 2 dx dx (d^y) ' • 

and hence, by (4), ^ 

T. D. 16 
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Ijir da? 



which, according as n is not or is equal to 2, may be written 



/C=: - 

n 



1 (day-* d Y "" 

=^V^j 'dLclWy) ^^^' 

or7. = -i^log^ (^)- 

da? 

226. Equations (5) and (6) may also clearly be nsed to 
determine the laws of force by which a given curve may be 
described, the density being supposed known, and the direc- 
tion of the force being given. 

From equation (3), we obtain 

(da's? ■ /d8\^ 

\dt) \dt) 

y /flte\ dx d?y dy d*x ^' 

\dt) dt de 'tt de 

p being the radius of curvature. Hence 
fds\* ^ dx 

[dt) "^pdi 

= 2 y (J chord of curvature parallel to y), 

and therefore the velocity at any point is the same as would 
be acquired by a particle falling in vacuo through one fourth 
of the chord of curvature parallel to the fixed Une under the 
action of a uniform force equal to the force at that point. 

227. A particle, moving in a resisting medium^ is acted 
on hy a central force; to find the resistance that a given curve 
may he described, 

P denoting the central force and JB the resistance, the 
equations of motion are 
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d*x _ pOJ p dx 
W ^r~^ da' 



Eliminating R, 

dx rf*y _ dy d*x _P f dy dx\ 
dt de '^W~7Vdi~^'di)' 

p[dt) ~ r dt' 



hence 



Q-^l ('). 



which shews that the velocitj is that due to one fourth the 
chord of curvature through the center. 

Again, eliminating P from the equations of motion, we 
obtain 

rf V d^x nfdy dx\ dt 



therefore -25p- = ^{y(*)} 



and finally 5 = -^^(ii,-|) (2), 

which determines the required law of resistance. 

228. If the resistance vary as the product of the density 
and the n^ power of the velocity, 

16-2 
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and by equations (1) and (2), 



•■•*=-?(^-ifi(^i)- 

which, according as n is not or is equal to 2, may be written 



These equations determine either the law of density that a 
given curve may be described, the force being supposed known, 
or the law of force supposing the density known. 

229. A particle^ moving in a resisting medium qf tohtch 
the resistance varies as the product of the density and the square 
of the velocity y is acted on by a central force; to determine the 
orbit. 

This may be derived immediately from the result of last 
Article, but we will here give a direct investigation. Let P be 
the central force ; then, taking the equations of motion along 
the radius vector, and perpendicular to it, we have 

S-'(D'=-^-Kl)l «• 



'r dt\ dt)~ ^\dt) da' 



. Dividing the latter of ihese equations by r — , we have 

at 
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dt\ dt) 



Integrating, 



~dd ~ "dt' 
*■ dt 



"" dt "^ ' 



h being the constant introduced in the integration and de- 
pending on the initial circumstances. 



Again, putting r = - , 

u 

dr _ 1 du_ 1 du dff 
dt t?^ u*d0'di 

.de^ ' 
df~ "de*^ dt^'^^w^ dt 

- ""'dS'^ "dtdt- 

Substituting in equation (1), we haye, since 

'ds\* dr da dr 



/day clr_dsdr 
\^) d8~di di* 



andfinaUj^ + tt— ^j^=0. 



EXAMPLES. 

(1) A particle is projected with a given velocity Kin a 
uniform medium in which the resistance varies as the square 
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root of the velocity ; to find what time will elapse before the 
particle is reduced to rest, 

Eeqmredtime=^. 

(2) A particle projected with a velocity of 1000 feet a 
second, loses half its velocity by passing through 3 inches of 
a resisting medium of which the resistance is uniform ; to find 
the time of passing through this space. 

th of a second. 



3000 



(3) A particle falls towards a center of force which varies 
as the inverse cube of the distance, in a medium of which the 
density varies also as the inverse cube, and of which the 
resistance varies as the square of the velocity ; prove that at 
any distance x from the center, 

(velocity)* = t {1 - e"* ^^~a\ 

where /* = force at unit of distance, h = density at unit of 
distance, and a = distance of the particle from the center at 
the beginning of its motion. 

The equation of motion is 

d^x ti . h fdx\* 



df 






dv ^ fi hv* 

Let v^ = z; 

dz 2fe__ 2/Lfc 

Multiply by e^ and integrate ; 

k k 
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k 



Now when x = a, « = t;' = 0; /. C=—t€^; 



1 1 



(4) A particle acted on by a constant force/, moves from 
rest in a medium of which the resistance varies as the square 
of the velocity directly and as the distance from tlie center 
inversely; find the velocity of the particle at any distance 
from the origin, and the position of the particle when its 
velocity is a maximum. 



where a is the initial distance and k the resistance when x 
and V are both unity. 

(5) If chords be drawn from either extremity of a vertical 
diameter of a circle, the time of descent down each of them in 
a medium whose resistance varies as the velocity, is the same. 

(6) A particle is projected with a given velocity, towards 
a center of force attracting inversely as the cube of the distance, 
in a medium of which the resistance varies as the square of 
the velocity directly, and as the square of the distance from 
the center inversely ; to find the velocity at any point. 

Here e • v'-€ * V^==^^ e * e « 

2k^\ a X 

where Fis the velocity of projection, jm the absolute attracting 
force, k the resistance at a unit of distance, a the initial dis- 
tance, and X the distance of the particle corresponding to the 
velocity v. 

(7) One particle begins to fall from the higher extremity 
of a vertical line, and at the same instant another is projected 
upwards from the other extremity with a given velocity, the 

S articles moving in a medium of which the resistance varies 
irectly as the velocity; shew that the time at which they 
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1 V . 

will meet = t log rr^i. > where a is the length of the vertical 

line, V the velocity of projection, and k the resistance for a 
unit of velocity. 

(8) A particle acted on by gravity falls from a given alti- 
tude in an uniform medium of which the resistance varies as the 
square of the velocity ; on arriving at the lowest point of its 
descent it is reflectea upwards with the velocity which it has 
acquired in its fall, after reaching its greatest altitude it again 
descends and is again reflected, and so on perpetually ; to de- 
termine the altitude of ascent after any number of reflections. 

Let a be the height from which the particle falls, a^, a^, a^^ 
&c., its maximum altitudes afterwards, v^, v^, v^, &c., its 
velocities after the first, second, &c. times of reaching the 
bottom, then (^§ 217), 



and 



1 



< 


< 


K" 


1 


1 


1 


< 


v: 


"A-" 



Addin 



O 



Hence 



J. _ i. - ^~J 

_ 2/a 



MOTION IN A RESISTING MEDIUM. 251 

where F= initial velocity, c= constant force of resistance, 
a = radius of the circle, 8 the arc described from the be- 
ginning of the motion, 8 and T the space and time corre- 
sponding to the particle's being reduced to rest. 

(17) A particle is projected along a smooth circle with 
velocity F in a medium whose resistance oc ^. Prove that 
when the direction of the motion has changed through an 
angle ^ the velocity = V€~^. 

(18) A particle moves towards the pole in an equiangular 
spiral, the motion taking place in a medium whose resistance 
= ir*; find the law of central attractive force in the pole. 

(n + 3)cosaa'F* + 2A;(r"^-0 
" (n + 3)cosar* ' 

where F= initial velocity, and a = constant angle of the spiral. 

(19) K a particle acted on by a central force Pis moving 
in a medium whose resistance = k (velocity) prove that 

where h is an arbitrary constant. 

(20) A heavy particle moving in a medium whose resist- 
ance = wt^, is compelled to describe in a vertical plane the curve 

aaj = €~ — w*— 1, 

where s is the length of the curve measured from the lowest 
point, X the abscissa of the extremity of this arc refenred to 
a vertical axis, and a a constant; shew that the^ time of 
reaching the lowest point is independent of the height from 
which it starts. 

(21) Shew that the curve in last question is also tauto- 
chronous if the resistance = wv + W. 



i 
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(12) A particle acted on by a constant force parallel to the 
axis of y moves in the curve a""^ y + a?" = J* ; find the law of 
resistance. 

jffoc — 1 . 

a; 

(13) A particle acted on hy a constant force parallel to the 

n+l 

axis of y moves in the curve, y = marH — -^ ; find the law of 

density, the resistance varying as the product of the density 
and square of the velocity. 



a?" 



(14) A particle moves in a circle about a center of force in 
the circumference, the force being attractive and = /tcr"; to find 
the resistance of the medium and the law of the density, 
supposing the resistance equal to the product of the density 
and the square of the velocity. 

i? = ^(«+5)r-sind, i = !?±^^. 
4 ^ ' 2 r 

(15) A particle moves towards the pole in an equiangular 
spiral about a center of force in the pole, the force being /ttr* ; 
to find the resistance and density of the medium, the resistance 
being equal to the product of the density and the square of 
the velocity. 

jy 16 (n + 3) ^ ^ w + 3 cos a 

B=^—^ — ^r**cosa, 4 = — , 

2 ' 2 r ' 

where a is the constant angle of the spiral. 

(16) A particle moves in the circumference of a circle 
about a center of force in the center, the resistance of the 
medium in which the motion takes place being constant ; to 
find the law of force, the velocity at any time, and the time 
which elapses as well as the space described before the particle 
is reduced to rest. 

v»=F*-2c5, P=-(7'-.2c5), ^=-P, r=-, 

' a ^ ' 2c € 
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where V = initial velocity, c = constant force of resistance, 
a = radius of the circle, s the arc described from the be- 
ginning of the motion, 8 and T the space and time corre- 
sponding to the particle's being reduced to rest. 

(17) A particle is projected along a smooth circle with 
velocity F in a medium whose resistance oc v*. Prove that 
when the direction of the motion has changed through an 
angle ^ the velocity = Fe"**. 

(18) A particle moves towards the pole in an equiangular 
spiral, the motion taking place in a medium whose, resistance 
= Jcr* ; find the law of central attractive force in the pole. 

p_ (w + 3)co8aa'F' + 2;fc(r"^-a^^) 

(n + 3)cosar* ' 

where F= initial velocity, and a = constant angle of the spiral. 

(19) If a particle acted on by a central force Pis moving 
in a medium whose resistance = k (velocity) prove that 

where % is an arbitrary constant. 

(20) A heavy particle moving in a medium whose resist- 
ance = wv', is compelled to describe in a vertical plane the curve 

eKC = €**— ?w— 1, 

where 8 is the length of the curve measured from the lowest 
point, X the abscissa of the extremity of this arc referred to 
a vertical axis, and a a constant; shew that the time of 
reaching the lowest point is independent of the height from 
which it starts. 

(21) Shew that the curve in last question is also tauto- 
chronous if the resistance = twv + wi;*. 
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CHAPTER IX. 

GENERAL THEOREMS. 

230. We propose now to prove some of the general 
theorems connected with the motion of a particle under the 
action of any forces, and to investigate the forces requisite 
for the description of given paths in a given manner. Several 
of these results have ahready occurred as immediate deduc- 
tions from the laws of motion ; but to maintain the special 
character of the work we give more formal analytical demon- 
strations, though these are certainly superfluous. 

231. If a particle he subject to the action of forces ^ whose 
resultant is continually at right angles to the direction of its 
motion; the velocity will be uniform. 

Let jB be this resultant, X, fi, p, its direction cosines, then 
if the mass of the particle be taken as unit, 

dsc 
Multiplying by -^ , ..., adding, and observing that 

as as as 
since the force R is at right angles to the element of the path, 

or t? = const. 
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Or, we might at once have resolved along the arc ; this 
would have given 

whose integral is 

ds 

-- = v = const. 

at 



v' 



The value of B (§§ 16, 64) is evidently — ; or varies 

inversely as the radius of absolute curvature of the path ; and 
it is clear that its direction lies in the osculating plane, since 
there is no acceleration perpendicular to that plane. 

232. Ex. I. A particle projected in a plane is acted on 
hy a constant force R in that plane continvmly perpendicular 
to its direction of motion; to find the path described. 

Here JS = — ; and therefore p is constant, or the path is 
a circle. 

Ex. II. Let R vary as the time elapsed since the com- 
mencement of the motion ; then R = R^^t. 

Also Sy the arc of the curve described in the same time, 
=s vt, since v is constant. 

Hence we have 

B = '- = B,i; 

p ^ V 

or /w = const. = c", suppose. 

If -^^ be the angle which the direction of the element Zs 
makes with any fixed line, 

_ ds 

..a fterefo™ .*-»•. 
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or «» = 2c*('>fr+0), 
the intrinsic equation to the curve described. 

233. J/ X, T, Z he the rectangular components of a force 
or forces such as occur in nature, t,e, tending to fixed centers 
and heing functions of the distances from these centers ^ 

Xdx + Ydy + Zdz = - dV, 

i. e, is a complete differential. Compare § 73. 

Let the points a^, \j c^ ; a,, J,, c, ; &c., he the positions of 
the centers of force ; x, y, z the co-ordinates of the attracted 
particle; then, if r^, r,, ... be its distances from the centers, 

^/(i?), ^;(i?), &c., 

the laws of attraction to those centers ; we have 

^=-'f^*x'w+^*;w+ 






But r = V{(«-a?)" + (i-y)"+(c-i5)'); 

which gives [-j- j = — , &c., for the values of the partial 

differential coefBcients of r. 
Hence 

x.-x*'M(|), 
l'-^'W(|), 



These give 



^— 2^'W(|)- 



Xdx-^-Ydy + Zdz 

-SfM{(|)^*(|)*+(*)^} 

« - 2f (r) (?r - - dV (I), 
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since every term of the snm is a complete differential. From 
§ 73 it is obvious that V is the potential energy of unit of 
matter at x^ y, z» 

234. Under the action of any forces such as occur in 
nature the increment of the square of the velocity of a particle 
in passing from one point to another is independent of the path 
pursued^ and depends only on the initial and final positions. 
This is true even if the particle be forced to move in any par^ 
ticular path by a force continually perpendicular to its direo- 
tion of motion, such as frictionless constraint. 

Taking tangential resolution, the force of constraint dis- 
appears, and 

Now Sf the resolved force along the tangent, is 



Xp + Y^ + Z^, 
ds ds ds 



and therefore by (1), 

ds d^s ^ - ,, . dr dV 

di 5?='"^*W5^=-^, 

or |"=:(7^2^(r) = 0-.F; . 

hence, if U be the velocity at a point whose distances from 
the centers are B^y B^y , and where F=! V^, 



.1 



u* 



a result which involves only the co-ordinates of the initial 
and final positions. See, again, § 73. 

235. Hence if from any point of the surface 

a particle be projected with a given velocity in any direction ; 
its velocity when it meets the surface 

F= t<l> (r) =B, 

will be the same, in whatever point it meet that surface; 
A and B being any constants. 
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Now on account of equation (1), F= S^ (r) = constant is 
the equation to a surface on which if smooth a particle will 
rest in any position under the action of the given forces. 

Hence a particle leaving anv point of a surface of equi- 
librium with a given velocity, will nave on reaching any other 
surface of equilibrium a velocity independent of the path 
pursued or the point reached. This is evident from § 73 if 
we notice that a surface of equilibrium is an Equipotential 
Surface, 

236. To find the condition to which the applied forces 
must he subject when the vis viva of a particle depends upon 
its position only. This is merely the converse of § 234. 



Here we have 



-i;' = ^(a?,y, «), 



and, therefore, 

But, in all cases of motion, 

vdv =: Xdx-^- Ydy + Zdz. 
Hence, in this case we must have 

that is, 

Xdx+Ydy-^-Zdz 

must be a complete diflferential of three independent variables. 

If the seat of the force be in a definite fixed point, wtich 
may be taken as origin, the velocity must evidently depend 
dolely on the distance from that point ; hence, if 



yrt have o^'"^ W- 



r = V^ + yM-V, 
1 
2 



OBN£BAL THEQBI^S. 25/ 

The above process gives, in this case» 

vdv = Xdx + Ydy + Zdz = d^ (r) 

which shew that <Ae f(yrte is in the direction ofr^ From this 
it evidently follows that it& magnitvde must he a fu/ndd<m 
of r. 

237. The proposition of § 234 contains the Conservation of 
Energy ; or, as it was formerly called, the Briimple of Vis 
Vina; for the case of a single particle. 

From this principle it follows that if several particles 
moving under the action of the same center of force have 
equal velocities at any particular distance from their center ; 
their velocities will always be equal at equal distances from 
that center. 

Now we have seen (§ 142) that the axis major, 2a, of an 
elliptic orbit about a center of force in the focus is independent 
of the direction of projection. Hence, by considering the pro- 
jection to be made ^om the center, we find that the velocity at 
any point is due to a fall, from rest at a distance 2a, to that 
pomt ; and that, therefore, in any elliptic orbit about a focus 
the velocity at any point is that due to a fall to the point, 
through a space equal to the distance from the other focus. 

238. If the forces acting on a particle, and the square of 
its velocity, he increased at any instant in the same ratio, the 
path will not he altered. 

For the tangent, and the osculating plane, which con- 
tains the tangent and the resultant force, are evidently not 
altered. And the curvature, being 

Normal Component of Forces « 

Square of velocity ' o > 

has its numerator and denominator increased in the same ratio. 
And the square of the velocity at the end of any arc is in- 

T. D. 17 
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creased in the same ratio as that at the beginning. Hence each 
successiye elementarj arc of the path remains michanged. 

239. If a number of separate particles whose masses are 
mj, m,, &c, subjected to the action of forces 1^, fj, (be, respec- 
tively, and projected from the same point in the same direction 
with velocities v^, v^, dkc, all describe one path; the same path 
will also be described by a particle of mass M projected with 

velocity \i from the dame point in the same direction, and acted 

on at once by the ssme forces f^, f^, &c, providedMXJ^ = 2 (mv*). 

Suppose that, in addition to the forces f, /,, &c., a force 
li continually acting in a direction at right angles to that of 
Jf' s motion be required to cause it to move in the given path ; 
i.e. suppose M to be constrained by a smooth tube to move 
in the required path ; the equations of motion are 

M^^t iX)+EK (1), 

with similar equations in y and z, 

where X, fi, v are the direction cosines of 5, and X, F, Z the 
resolved parts of j^ 

Multiplying ^7 ^y -^f ^ ^^ order, and adding, B 
goes out, and we have 

^Md{U') = t{X)dx+t{Y)dy + t{Z)dz. 
But for the separate particles wi,, wi,, &c. we have 
- m^d (t?,") = X^dx + Y^dy + Z^dz, &c. 
therefore, the path being the same for all, 

l%{md(v^}^t{X)dx + X{Y)dy + l.{Z)dz. 
Hence 2M(t;')} = Jfrf([7»), 
or 2(mv») = -SfC^+a 
JBut 2 (wS") = MIP by hypothesis, therefore (7=0. 
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[Instead of this analysis, it is suflScient (by § 73) to notice 
that the work done on M is the sum of that done on w^, w,, 
&a Hence the increase of kinetic energy must be the same; 
and if, at starting, the kinetic energy of M be tlie sum of 
those of wij, Wj, &c. it will remain so throughout the motion.] 

Hence the vis viva of M will be at each point of the orbit 
eiqual to the sum of the vires vivae of m^^ m^, &c., at that, 
point. To find JS, notice that in general the pressure on a con- 
straining curve is the sum of, the resolved parts of the im- 
1)ressed forces, and the pressure due to the velocity. Now the 
atter part is as the vis viva, therefore, in the case of M it is 
the sum of the corresponding forces in the case of w^, m^, &c. 
Also the same may be said of the resolved parts of the im- 
pressed forces. But in the case of each partjicle, these partial 
pressures destroyed each other, since the curve was described 
freely, hence their sums will destroy each other, or the curve 
win be freely described by -3f. 

240. jy^ at any instant the velocity of a material particle, 
moving under the action of a conservative system of forces, § 72, 
be reversed, the particle will describe its former path in the 
reverse direction. [Compare Ex. (48) to Chap. VT] 

Suppose a smooth tube, in the form of the original path, 
be requisite to constrain the particle to move backwards along 
it. The velocity will be, at each point, of the same magni- 
tude as before, (§ 234) ; the resultant force, and the curvature 
of the path, also alike ; hence the normal component of the 
force will produce the requisite curvature of the path, and 
there will be no pressure on the constraining tube. "JThe tube 
is, therefore, not required. Whence the proposition. 

241. Least, or Stationary, Action, If v be the velo- 
city of a particle whose mass is m, and if s be the arc of the 
path described, the value of the integral mjvds taken between 
proper limits is called the Action of the particle* 

If a particle m>ove freely, or on a smooth surface, {under 

the action of forces such as occur in nature,) between any two 

points, the value of the integral mjyA&for the whole actual path 

is generally less than it would be if the particle were con^ 

strained to pass from one point to the other by a different pcUh^ 

17—2 
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This, combined with the above definition, is for a single 
particle the Principle of Least Action ; of which in an elemen- 
tary work like the present we can give only a very imperfect 
sketch. For farther information see Thcxnson and Tait's 
Natural Philosophy ^ § 318. 

242. If 8 be the symbol of the Calculus of Variations, 
the proposition will be proved if we shew that 

S^ = 8/tx& = 0. 
Now Zjvda =/S [vda) ^^{ytde + dsZv) 

_= J(vSds + dtvBv)y since v= -jr. 

But generally, ^ v* = J{Xdx + Ydy + Zdz) = -^ (a?, y, «), 

« 

the force of constraint, if any, having disappeared ; 

hence vh) = XZx + YZy + Zbz. 

But (§191) X=^-iZX, &c. 

Hence 

Now if the particle remain on the surface whose equation 
is J'= 0, 

X8a? + /iaS^ + 1/8« = 48^^= 0, 

and if it leave it £ =: 0, so in either case the latter term on 
the right vanishes. 

Also ds^=^dQi?-{-dy^ + dz^; 
. which gives dsBds =: dxhdx + dyhdy + dzSdZj^ 
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since the order of d and S is immaterial 
Hence 



"(S)+v(D-^©} 



-[S^4^^+S^]- 



taken between proper limits. Now at both limits 

hence we have SA = 0. 

243. It is commonly said that as, in general, it is im- 
possible to suppose the action a maximum, this result shews 
that it is a minimum. The true interpretation of the ex- 
pression, 8^=0, is that the unconstrained path of the particle 
is such, that a small deviation from it will produce an infinitely 
smaller change in the value of A. Hence Hamilton has sug- 
gested the more appropriate title Stationary Action. 

244. If no forces act on the particle except the <5onstraint of 
the surface, we have v constant, and the above equation shews 
that in this case the length of the path is generally a minimum. 

A particle dierefore, projected along a smooth surface and 
subject to no forces, will trace out between any two points in 
its path the shortest line on the surface. (§ 193)* 

It may happen, in the case of a sphere for instance, that 
the particle will not trace out the shortest line on the surface 
between the two points ; but we cannot here enter into the de- 
tails which are necessary to the full elucidation of such cases. 
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245, We may apply this principle directly to form the 
equations 6f motion m any particular casei or to find the 
actual path under the action of any forces. 

Ex, I; Zet tis take again the 6ase of the refraction of 
light in the corpuscular theory, (§ 122), 




The velocity in the upper medium is supposed to be u, that 
in the lower v. 

In this case the expression for the action becomes simply 

uPQ + vQR, 

if FQE be the path of the particle. 

By making this quantity a minimum, as depending on 
the position of Q, Pand R being given points; it is easy to 
shew that Q must lie in the plane through F and B perpen- 
dicular to the surface AB, and also that the sines oi the 
inclinations of PQ and QB to the normal at Q must be in 
the inverse ratio of the velocities. 

246. Ex. II. To find the equation of the path described 
hy a particle about a center of force. 

Let P be the central force at distance r, then 

t;«=(7-2/P(?r, (§134) 

= {^(r)]', suppose, (1), 

which gives 

J vds = J<f> {r) ds,^ 
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Hence 
= Bf(f>(r)d3 

^J[<l>'(r)Srd8 + <l>{r)d6s] 

= f 1^' {xSx + ySy + zBz) ds 



• +*w(gj8.+|j%,+|,ffi.);. 






-&«?{^(r)g}-Syrf|.|.(r)f J-a^e;|^(r)g}" . 

The integrated part refers only to the limits, and must 
therefore vanish independently of the integral. That the 
integral may be identically zero, we must have 

xd) (r) d { , , . dx\ 

with similar equations in y and «• These may he written 

^x dr dx\ , , V d^x 






(<•)■ 



Multiplying hy any three constants, -4, 5, C, and adding, 
we have 



{Ax + By + Cz)^^ 



dr 
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which is obviously satisfied "by 

Ax + By + Cz^Of 

which shews that the orbit is in a plane passing through the 
center of force. Let ar, y be this plane, then we may confine 
ourselves to the first two of equations (a). 

Multiplying the second by x and the first by y and sub- 
tracting, we obtain 

This is immediately integrable, and gives 



*W(a'f-y§) = con8tant. 



Since <j> (r) = v, we see by § 22 that this is in polar 
co-ordinates 

".§=* ■ w. 

which is the equation for the equable description of areas. 

Finally, multiplying these two first equations of group (a) 
by X and y respectively and adding, we have 

^fM{i.-g)} -*(■•) («$-^>S)=« («)• 

But, since 

c?r _^ dx dy 

da ds ^ da^ 
we have by differentiation 

d^x 



X 



^ d^_ dS^.fdrV 
ds^^^ d^^^''ds\'^\ds) "^* 



Substituting in (c), and changing the independent variable 
from ^ to ^ by means of the equation 
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we have 

*'«'{''+(l)]-*<'>{'S-<S)'-}=''- 



1 

Patting - for r, this becomes 



But, "by (5) as developed in § 133, 

Also ^(r)f(r)=-P, by (1), 
Thus ((?) becomes 

^ + « = ;jq^, Mm§m. 

247. We might have treated these equations (§ 246 (a)) 
somewhat differently thus 

Hence ^W^=5J» &c.; 
and we have the equations 

which give, at once, 

X y « ' 

containing the theorems of constant plane and equable de- 
scription of areas ; and since 
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-*@>Q^0-(^--j ■ (^)- 

251. The whole circumstances of the motion are thus de- 
pendent on the function A, called by Hamilton the Oharacter^ 
istic Function, The above is a brief sketch of the foundation 
of his theory of Varying Action, so far as it relates to the 
motion of a single free particle. The determination of the 
iunction A is troublesome, even in very simple cases of mo- 
tion ; but the fact that such a mode of representation is po&- 
^ble is extremely remarkable. 

252. More generally, omitting all reference to the initial 
point, and the equation § 250 (2) which belongs to it, let us 
consider A simply as a function of «, y, z» Then any fimcn 
tian^ A, which satisfies § 250 (1) possesses the property ^lat 

dA dA dA 
dx * dy * dz 

represent the rectangular components of the velocity of a particle 
in a motion possible under the a^ion of the given forces. 

For, by partial differentiation of (1), we have 

df "^ dx dx da? dy dxdy dz dxdz ' 

Bt ^ f^A ^ ^ ^'^ ^jy d^A dzd^A 
dt \dx ) dt do? dt dxdy ^ dxdz * 

Comparing, we see that 

dx dA dy dA dz dA 
dt dx^ dt dy dt dz ^ 
satisfy this and the other two similar pairs of equations. 

253. Also, if a, /8 be constants, which, along with S", 
are involved in a complete integral of § 250 (1), the corre- 
sponding path, and the time of its description are given hy 

dA _ dA _ r^ ^-^ __ . rr 
where a^j 13^, H^ are three additional constant8% 
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For these equations give, by differentiation, 



d'A dx , d*A 



iy+ 



d*A da _ -^ 



dxda dt dyda. dt dsdd dt 



d*A dx d'A 



^ + 



d*A dz^ 



(a). 



(J). 



dxdfi dt dyd^ dt dzd^ dt 

d*A dx , d^A dy d'A dz , 
dxdH dt dydHdt dzdH dt 

But, differentiating § 250 (1), we get 

d\A^dA d'A dA d'A dA ^ 
dadx dx dady dy dadz dz 

d'A dA d'A dA ^ d'A dA^^ , 
d^dx dx dfidy dy d^dz dz 

d'A dA . d'A dA , d'A dA 
dHdx dx dHdy dy dHdz dz 

dx 
The valueB of ^ , &c. in (a) are evidently equal respec- 

dA . 

lively to those of -7- , &c. in (J). Hence the proposition, 

264. Eqwiacti<mal surfaces^ i,e. those whose common 
equation is 

A = const. = (7, 

are cut at right angles by the trajectories. 

For the direction-cosines of the normal are obviously 

^. , ^ dA dA dA ^. . . ^ dx dy dz 
proportional to -^, ^, ^, that is to ^, J, ^. 

Thus the determination of equiactional surfaces ^s resolved 
into the problem of finding the orthogonal trajectories of a set 
of ^ven curves in space, whenever the conditions of the 
motion are given. We cannot, in the present work, spare 
space for tfiuch detail on this very curious subject, and there- 
fore give but one other singular property of these surfaces 
before applying the principle of Varying Action to an im- 
portant proolem. ^ " 
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Let tj be the normal distance at any point between the 
consecutive surfaces 

^ = (7, and A=C+Sa 
We have evidently 

where Bx, Sy, hz are the relative co-ordinates of any two con- 
tiguous points on the two surfaces. If /o be the length of the 
line joining these points, its inclination to the normal (i.e. the 
line of motion) this may evidently be written 

vp cos ^ = vtj = SGf 

since p cos is the normal distance between the surfaces. 

Thus, tJie distance between consecutive equiactional surfaces 
isyat any pointy inversely as the velocity in the corresponding 
path* 

This may be seen at once as follows ; the element of the 
action is vSs (where &, being an element of the path, is the 
normal distance between the surfaces) and must therefore be 
equal to SG. 

255. To deduce, from the principle of Varying Action^ 
the form and mode of description of a planets orbits 

In this ca^e it is obvious that the force of gravity (—4) 

dV 
is equal to — -r-* Hence the right hand member of § 250 (1) 

may be written 2 (Jff+-j • 

Let us take the plane of xy as that of the orbit, then the 
equation § 250 (1) becomes 
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It is not dii&cidt to obtain a satisfactory solution of this 
equation ; but the operation is very much simplified by the 
use of polar co-ordinates. With this, (1) becomes 

(^)"4Q'-M (^). 

which is obviously satisfied by 

^ = constant = a 

Hence 

A^a0+jdr^2{H^)-^ (4). 



The final integrals are therefore, by § 253, 
dA ^ ^ f dr 



da 






and 



^^M)-? 



(5), 






aAM^ 



These equations contain the complete solution of the 
problem, for they involve four constants, ^, a, H^ e. (5) 
gives the equation of the orbit, and (6) the time in terms 
of the radius- vector, 

258. To illustrate the subject farther, we will deduce 
the ordinary results of Chaps. V. and VI. from these formula?. 
Thus, let 6^y r^ denote the polar co-ordinates of any fixed 
point in the path, from which the action is to be reckoned. 
We have, by (4), 
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A=a(0-e^+fdrj^i(^ + E)-^ 



■/. 



^' ^ (7). 



y<?-^)-^ 



To integrate (7), remark that (§ 140) ^< - in an elliptic 
orbit, and that thos H is n^atiTe bj § 255 (I). 



Put g = -2a. 



a* 



and r3:a(l— ccos^), 
and (7) becomes, after substitution, 

J ^ 
which is immediately integrable. 

It is obvious from § 153 that ^ represents the excentric 
anomaly. Measured from the perihelion we have evidently 

A s= *^</]ia{(if> + e sin^). 

fr J^ 

257^ By (6) we have «= . 

By employing the same substitutions as in last section, it 
is easy to bring this expression into the fom\ . ., 



t 
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tlie formula of §§ 152, 154. 

258. By the process of § 152 we see that while ^ — e sin ^ 
is proportional to the area described about the center of force, 
and therefore proportional to the time ; ^ + e sin ^ is propor- 
tional to the area described about the other focus, ana is, by 
§ 256, proportional to- the action. Thus the time is measured 
hy the area described about one focus^ and the action by that 
about the other. 

An easy verification of this curious result is as follows. 
With the usual notation we have: 

dA =^vds^ 

^-ds. §22. 
P 

But in the ellipse or hyperbola, p' being the* perpendicular 
from the second focus, 

i?p'= ± h\ 
' Hence dA — ± j^p'dSf 

which expresses the result sought. 

It is easy to extend this to a parabolic orbit, for which, 
indeed, the theorem is even more simple* 

259. When a particle moves in any curve, it has been 
shewn (§§ 16, 17), that the acceleration along the radius of ab- 

solute curvature of the path is - ; that is, a force — is re- 

P .P . 

quired to deflect the particle from the tangent, which is the 

path it would take if left to itself. 

T. D. 18 
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From this, or by the formula in § 135, we see that if a 
particle revolve at aistance r, with angular velocity ©, about 
a point, a force mrto^ to that point is requisite to maintain the 
distance r unaltered. This tendency to move in the tangent, 
which arises from the inertia of matter, was formerly supposed 
to be due to a force, called Centrifugal Force, generated in the 
particle by its rotation about the point. 

We have seen that when the motion of a particle in any 
path is referred to polar co-ordinates in a plane, the acceleration 
along the radius vector is 



d'r rde\^ o 



Now the velocity along ^ is ;7- , and that perpendicular 

to it r -7- : hence the first terra of the above is the acceleration 
at 

of the velocity along the radius vector, and the other is the 

so-called centrifugal force due to a velocity r j- in a circle 

of radius r. The idea of this so-called force is useful, as we 
have alreadv seen (§ 208), in enabling us to form the equa- 
tions of motion of a particle in particular cases. 

. 260. Owen the path of a particle, and the manner of its 
description, to find the requisite forces. 

If X, F, ^ be the required forces for imit of mass, we 
must have 



■^'^ df^dt\dt) 



d (ds dx\ _ d f dx\ 

Js y^dir'^dsVd^)' 



ds d fds dx 
di 



with similar ^preasiona for Y wd Z. But as the path is 
given, and the manner of its description, that is v in terms of 
tiie co-ordinates, the value of the above expressions is com-» 
pletely known. 
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Instead of having the velocity at any point, we might 
have had other conditions, such for instance as that the re- 
sultant force is to be in a given direction, &c., but these, like 
the above, present no difficulty* 

261. A particle moves in a plane, under the action of a 
central force directed to a point which moves in a given manner 
in the plane: to find the motion. 

Let 0?, y, f , ri be the co-ordinates of the particle and point, 
at time t. ^ and 17 are given functions of t. Also let P=f(f) 
be the central force at distance r; Then 



de 



= -P 



a.-? 



y-v 



df V(a.-|r+(y-97r 

are the equations of motion. 

The equations of relative motion are, of course, 



(1). 



de 

d' {y - n) 



= -P 



-P 



x — ^ 



y-ri d'l] 



> 



(2), 



di' " >J\x ->)" + (y — 1?)* d^ J 

or, putting fi, i/i, for the relative co-ordinates, 



f. d'^ 



de - Vf,'+,,« d^ 



>■ 






de 



(3). 



These equations illustrate, in a particular case, the general 
theorem of § 24 ; as they contain, in addition to the terms due 
to the attraction of the fixed center, the two known quantities 

— -^ and — -^ , the components of acceleration of the 

center reversed. 

18—2 
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262. Ex. Let the central force vary directly as the 
distance. 

Here P^/i^^^ + r)*, and equations (3) of last section 
become 



^f. g d*^ ^ 



df 



de 



d\ d'v 



di' 



Ml 



dt 



(4), 



which are easily integrated, in the form 



^^ = A COS {'J fjLt + B)- 



[dtj 



> 



7}^ = (7 COS (Vfti + i)) — 



V 



(5); 



\dt) 

[di)^ 

for particular values of f and rj in terms of t 

As a particular case, suppose the center of force to -move 
with uniform acceleration, a, parallel to a given direction, 
which may be taken as the axis of y. The center will in 
general (Chap. IV.) describe a parabola, and the relative motion 
of the particle will be the same as in § 125, the center of the 
ellipse or hyperbola being not at the center of force but at a 

distance - from it in a line parallel to the axis of y. 

263. If the radius vector of a curve in space he at each 
instant parallel to the directian, and equal to the magnitude^ of 
the vehcity of a particle moving in any path ; the curve is called 
the hodograph corresponding to the path (§18). 

The hodograph is evidently a plane curve if the path 
is so. 
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Let X, y, z he the co-ordinates of a point in the path, 
^, 17, ^ those of the coiresponding point of the hodograph ; 
then evidently bj the definition, 

dx -. 

^y 



Hence, if <r be the arc of the hodograph, 

da 
di 



and the direction cosines of Ba- are proportional to 

d*x d^y d*z 

W ~te' de* 

Hence we see as in § 18 that 

The tangent to the hodograph at any instant is parallel to 
the resultant force acting on the particle at the corresponding 
point of its path, and the velocity in it is equal to the ac- 
celeration of the particle. 

264. The most important case of the hodograph being 
that (Corresponding to an orbit about a single center of force, 
we may deduce the above properties for that case in a some- 
what different manner. 

Let P be any point in PA, an arc of an orbit described 
about a center of force 8. Draw 8Y perpendicular to the 
tangent at P, and take 8Q. SY^h, then evidently 8Q is 
equal to the velocity at P, and perpendicular to it in direction. 
SLence the locus of Q is the hodograph turned in its own plane 
through 90^ 
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But we see that it is the polar reciprocal of PA with 
regard to a circle whose center is 8 and radius = V^. Hence, 




hy geometiy, the tangent at Q is perpendicular to 8P. This 
evidently corresponds to the first of the two general properties 
of the hodograph given in last section. 

Let r, 0,p, Sy r\ ff, p\ «' represent the usual quantities for 
corresponding points of the two curves ; then if p be the radius 
of curvature at Q, we have by the condition that QZ is per- 
pendicular to 8P, 

= * -£8^ = 4 f ^g^ 
p ^1 y dr 



= ^!f8« = P&, (§130), 



which proves the second property. 

266. To find the mode of descripiion of a given hodograph 
that it may correspond to a central orbit. 



Here, pS0 = &' = 
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•8^ 



P 



wherefore p.^ = _^-^, 

,dff op" pr" 



7* 



r 

2 



/A'^ A „ (where «' = J,); 



which gives the required angular velocity at any point of the- 
hodograph, in terms of the co-ordinates of that point. 

286. When the central force is inversely as the sqiaare 
of the distance, we have by § 264 for the arc of the hodo- 
graph, 

T tl 

Hence for all conic sections described about the focus the 
hodograph is a circle. 

This might have been shewn in another way, thus. In 
the fig. (§ 264) if PA be a portion of an ellipse or hyperbola 
of which 8 is the focus, the locus of Y is the auxiliary circle* 
Hence evidently the locus of (? is a circle. If PA be a por- 
tion of a parabola of which 8 is the focus, the locus of xis 
a straight line, and therefore that of Q is a circle passing 
through 8. 

Hence generally, the hodograph for any orbit about a 
center of force whose intensity is inversely as the square of 
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the distance, is a circle ; about an internal point for an ellipse, 
an external point for a hyperbola, and about a point in the 
circumference for a parabola. 

A purely analytical proof of the same theorem is easily 
given. If X, y be the co-ordinates of the planet, f , rj those 
of a point in the hodograph, then 

The equations of motion are 

d*x _ fjbx 



df 



.a > 



Hence, as usual, 






dy dx , 



(1), 



and therefore 



^dy dx ,_, , ..s\ % ,Y ^^ ^A'it 



d^_fi ^ dt ^ dt 



,(^.^|-y(4+^S) 



wUch gives, hj integration, 



Similarly 
and thenee 






(?+^)»+(,+5)»=J„ 



(2), 



prpving that the hodograph is a circle* 
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Also, "bj eliminating -j- , -~ among the three equations 
(1), (2), we get for the equation to the orbit 

which gives the focus and directrix property at once. 

267. The law of diffusion of heat and light from a 
calorific and luminous body is that of the inverse square of 
the distance. Hence an arc of the hodograph of a planet's 
orbit, which arc we have already seen to represent the entire 
acceleration due to the central force, represent^ also the entire 
amount of light or heat derived from the Sun during the 
passage through the corresponding arc of its orbit. 

Ex. Compare the amounts of light and heat received 
throughout their orbits by the Earth moving in a circle, 
arid a comet moving in a parabola at the same perihelion 
distance. 

The hodographs are both circles, one about its center, the 
other about a point in its circumference ; but the diameter of 
the latter is V^ times the radius of the former, (§ 140). 

Hence their circumferences are as \/2 : 1, or the Earth 
in its orbit receives in a revolution aJ2 times the amount 
of light and heat, which the comet can receive in its whole 
path. 

It is evident that the path, apparently described by a 
fixed star in consequence of the aberration of light, is the 
Hodograph of the Earth's orbit, and is therefore a circle in 
a plane parallel to the ecliptic. 

268. It is evident that that diameter of the circular 
hodograph which passes through the center of force is di- 
vided by the center of force in the same ratio as the axis 
major of the orbit is divided by the focus ; and by (§ 266) 

its length = -~ . 
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269. Sir W. R. Hamilton entinciates {Lectures on Qua* 
temionSj p. 614) the following proposition : 

If two circular Jiodographd^ having a commcUfi, chords which 
passes through, or tends to, a cormnon center of force, he both 
cut perpendicularly by a third cirde, the times of hodogra" 
phicallg describing the intercepted arcs will be equal. 

It is evident from (§ 268), that the two orbits are conic 
sections of the same species, and with equal major axes. 

Also, every circle which cuts both hodographs perpendi- 
cularly must have its center on the common chord* Let th« 




figure represent one of the hodographs, 8 being the center of 
force, ana ABP the common chord. Take any point P and 
draw the tangents PT, PT\ We proceed to investigate the 
difference of the times of hodographically describing TT' and 
the corresponding arc for a position of P slightly shifted 
along AP. 

Draw OA perpendicular to AP. Let OT^a, AB^h, 
OA^c, 8P^r, SM^fsr, PO = q, PA^r\ and PT^r. 
If P be moved through a space Sr, the increase of the angle 
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P8M which is the angle vector in flie <»bit, is nearly. 

TT 

But the corresponding radius Tector in the orbit is — (§ 264) 

'ST 

and therefore the time of hodographically describing the small 
arc at T is 

-,1 A* tjfir ^ fiSr 1 

Hence the whole change produced in the time of hodo- 
graphically describing the arc TT' by shifting P is 






{This is easily seen, if we notice that by the figure 






, > =« r sin -^sin"* - ± sin"* -f .1 



Now this is the same for both hodographs, 4tnd, as the 
arc TT' vanishes for each when P is at B, we iave the pro-» 
position. 

it will readily be seen that this is in substance the same 
as Lambert's Theorem, (§§ 165, 166). 

270. We now take an instance of the determination^ fix)ni 
the hodograph and the law of its description, of the curve 
described and the forces acting. 

The hodograph is a circle described wilh uniform angular 
velocity about a point in its circumference^ find the original 
path and the circumstances of its description. 

Here we have in the hodograph, 

p = a cos 0j 

0=^a>t; 
therefore in the path 

dX /I a '^ 

-^ = p COS ^ :f a cos a>t. 
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-^ == p sin tf = a cos (ot sin coL 

Integrating and properly adapting the constants, as they 
affect only the position of the origin, 

y = — (1 — cos2a)^). 
Now the equations to a cycloid are 

y = J[ (1 — cos<j^); 

hence the path is a cycloid; and, since 2©^ = ^, the direc- 
tion of motion revolves uniformly. The particle moves under 
the action of a constant force perpendicular to the base of the 
cycloidal constraining curve, and the velocity at any point is 
that due to the distance from the base. The converse is 
easily proved. 

EXAMPLES. 

(1) Investigate the differential equation to the path of 
a particle in a plane 

._ a / ax 



2X 



dx \ d^y 



(2) A particle slides down an inverted cycloid from rest 
at the cusp ; shew that the whole acceleration at any instant 
is g, and that its direction is to the center of the generating 
circle. 

(3) When the whole force on a particle is along the 
radius vector, shew that the centrifugal force from the pole 
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(4) A particle moves in a plane under the action of any 
forces, whose resolved parts are P in the radius vector, and T 
perpendicular to the radius vector* Shew that the chord of 

curvature through the pole is ^ rp — r-r> where '^ is the 

exterior angle between the radius vector and tangent. 

(5) A catenary is freely described under the action of 
a force parallel to the axis ; shew that the centrifugal force is 
constant 

(6) A particle, projected from the origin along the axis 
of y, describes the curve v*= 4aa; under the action of a force 
fjuy parallel to y, and anotner parallel to x\ shew that 

(7) The curve y = ^ (a?) touches the axis of y at the 
origin, and is described freely by a particle under the action 
of forces F parallel to y, and /parallel to x\ shew that 

and that if Fx a;*, t^ is negative. 

(8) A particle describes the hyperbola 3i^=^y*+a*f so that 

Find the forces. 

(9) The velocity of a particle in a central orbit varies 
as -^ . Apply the principle of Least Action to find the orbit^ 
and thence the law of force. 

ft 

V (10) Shew that the amount of heat and light received 
by a planet in one revolution is inversely as the square root 
of the latus rectum of its orbit. : 
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(11) If P, P' be the central forces for an orWt and its 
liodograph, 

(12) The hodbgraph is a circle about a point in its cir- 
cumference, and if be the angle which the radius vector 
makes with the diameter, the angular velocity is given by 

d0_ h 

shew that the path is a cycloid with its vertex upwards, and 
the velocity at any point, that due to a fall from the tangent 
at the vertex. 

(13) The hodograph for a particle moving in a vertical 
circle with the velocity due to the depth below the highest 
point, is 

e 

r « c cos - . 
J* 

(14) When the hodograph is a straight line described 
imiformly, the path is the trajectory of a projectile in vacuo. 

(15) When it is a straight line described with uniform 
angular velocity about a point, the path is the catenary of 
uniform strength, 

€** = sec hx. 

(16) The hodograph for a circle about a point in the 
circumference, is a parabola about the focus described with 
angular velocity proportional to the radius vector. 

I 

(17) Determine the motion of a simple pendulum, oscil* 
lating in small arcs, when its point of suspension describes, 
uniformly, a horizontal circle. 

Explain the peculiarily of Ae solution when the time of 
rotation of the point of suspension is equal to t&at of a com* 
plete oscillation of the pendulumv 
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(18) Apply the principle of Varying Action to the inves- 
tigation of the motion of a simple pendulum, slightly dis- 
turbed in any manner from its position of equilibrium. 

(19) Find the form of the surfaces of equal action for 
particles projected horizontally from points of a vertical line, 
the velocity being due to the distance from a given horizontal 
plane. 

(20) Find a central orbit whose form and mode of de- 
scription correspond with those of the hodograph of another 
central orbit. 

Shew that there is but one law of central force &r which 
this is possible. § 265. 

(21) A particle is acted on by a repulsive force tending 
from a fixed point, and by another force parallel to a fixed 
line, and when the particle is at a distance r from the fixed 
point, the magnitudes of these forces are 



^(._r)„a^(^H-r). 



fly a, c being constants ; shew that if the particle be abandoned 
to the action of the forces at any point at which they are 
eaual to each other, it will proceed to describe a parabola of 
wnich the fixed point is the focus* 

(22) A particle is acted on by a force the direction of 
which always meets an infinite straight line AB at right 
angles, and the intensity of which is inversely proportional . 
to the cube of the distance of the particle from the line. The 
particle is projected with the velocity from infinity from a 
point P at a distance a from the nearest point of the line 
in a direction perpandicular to OP, and inclined at the angle a 
to the plane A OP. Prove that the particle ia always on the 
sphere of which O is the center ; that it meets every meridian 
line through AB at the angle a; and that it reaches the line 



a» 



AB in the time -7= , fi being the absolute force. 

%fi cos a 
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CHAPTER X 

IMPACT. 

271, We come next to the consideration of the effects of 
a class of forces which cannot be treated by the methods just 
employed. These are called Impulsive forces, and are sucn as 
arise in cases of collision; lasting for an indefinitely short 
time, and yet producing finite changes of momentum. Hence, 
in such questions, ^m'lfe forces need not be considered. 

When two balls of glass or ivory impinge on one another, 
no doubt there goes on a very complicated operation during 
the brief interval of contact. First, the portions of the sur- 
faces immediately in contact are disfigured and compressed 
until the molecular forces thus called into action are sufficient 
to resist farther distortion and compression. At this instant 
it is evident that the points in contact are moving with the 
same velocity. But, most substances being endowed with a 
certain degree of- elasticity, the balls tend to recover their 
spherical form, and an additional pressure is generated; pro- 
portional, it is found by experiment, to that exerted during 
the compression. The coefficient of proportionality is a quan- 
tity determinable by experiment, and may be conveniently 
termed the Coefficient of destitution. It is always less than 
imity. 

The method of treating questions involving forces of this 
nature will be best explainea by taking as an example the 
case of direct impact of one spherical ball on another ; first, 
when the balls are inelastic. Again, when their coefficient of 
restitution is given. 

. And it is evident that in the case of direct impact of 
spheres we may consider them as mere particles, since every- 
tning is symmetrical about the line joinmg their centers, 

272. Suppose that a sphere of 'mass M, moving with a 
velocity v^ overtakes and impinges on another of mass Jbf, 
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moving in the same direction with velocity v' ; and that at the 
instant when the mutual compression is completed, the spheres 
are moving with a common velocity F. If P be the common 
action between them at any time t during the compression, 
it must evidently, be of the nature of a pressure exerted by 
each on the other; and we have, if t oe the time during 
which compression takes place, 

J/ (t; — F) == I Pdt = J?, suppose, 

•/A • 






, ^ Mv + M'v' , J, MM' , . 

whence F= ^^^,- , and i2 = ^^^^^j^ („ - r"). 

From these results we see that the whole momentum after 
impact is the same as before, and that the common velocity is 
that of the center of inertia before impact. Had the balls 
been moving in opposite directions, v' would have been 
negative, and (taking it positively) 

From this it appears that both balls will be reduced to rest if 

Mv = M'v; 

that is, if their momenta were originally equal and opposite. 

This is the complete solution of the problem if the balls 
be inelastic, or have no tendency to recover their original 
form after compression. 

273. If the balls be elastic, there will be generated, b^ 
their tendency to recover their original forms, an addi- 
tional action proportional to It. 

Let e be the coefficient of restitution, t?^, r/, the velocities 
of the balls when finally separated. Then, as before, 

M{V-v,)^eB, 

T. D. 19 
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whence 



-. ..Mv + M'v' MM' , . 

^''^'^^-M^TM^'^liVW^''-''^^ 



and 



with a similar expression for v/. 

A rather singular result may easily be deduced from the 
last formula. Suppose M=M ^ 6 = 1, that is, let the balls 
be of equal mass, and their coeflScient of restitution unity (or, 
in the usual, but most misleading phraseology, " Suppose 
the balls to ]iQ perfectly elastic'^) ; then in this case 

Vj = v\ and similarly v/ = v, 

or the balls, whatever be their velocities, interchange these, 
and the motion is the same as if they had passed through one 
another without exerting any mutual action whatever. 

274. The only other case which we can treat in the 
present work, is that of oblique impact when the balls are 
perfectly smooth, for in rough and non-spherical balls rota- 
tions are generated and the motion of each ball requires to be 
treated as that of a rigid body. 

The simplest case is that of a particle {mpinging with 
given velocity, and in a given direction, on a smooth plane. 

Suppose the plane of the particle's motion to be taken as 
that of reference; its trace on the given plane as the axis 
of 0?, and the point at which the impact takes place, as 
origin. 

The impulsive effect of the plane will evidently be per- 
pendicular to it, since it is smooth. Let this be called R\ 
and let the velocity of the particle be resolved into two v^;, t?^, 
Respectively parallel to the axes. For the first part of the 
impact, 

M{v^--vj) = 0, 

M{v,-vJ)=^E. 



JMPACT. 291 

Bat Vy', "being the common velocity of the plane and ball, 
is evidently zero ; hence 

'^J = v,j Vy =0, 

or, the velocity parallel to the plane is unchanged, while 
that perpendicular to it is destroyed. So far for an inelastic 
ball. If the ball be elastic, let v„", vj' be the final velocities, 
then 

These equations give 

shewing that the velocity parallel to the plane is unaffected ; 
and 

MvJ' = — e5 = — eMvyy 

or, vj'=^—evyy 

that is, the velocity perpendicular to the plane is reversed in 
direction, and diminished in the ratio 6:1. 

If we designate by the name of angle of incidence the in* 
cKnation of the original direction of the ball's motion to the 
normal to the plane, and give that of angle of reflexion to the 
angle made with the same line by the path after impact; 
then denoting the total velocities before and after impact by 
Fand F", and these angles by 6, (j> respectively, we have 

Fsin& = t;„ V"smif>^vJ\ 
Vcos0 = Vyy F"cos0 = Vy"; 
and the previous results give at once 

6 cot tf = cot ^ 1 

sin J 
formulaB sometimes of use. 

Of course these results are applicable to cases of impact 

19—2 
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on any smooth surface ; by making the legitimate hypothesis 
that the impact, and its consequences on the motion of the 
ball, would be the same if for the surface its tangent plane at 
the point of contact were substituted. 

275. Two smooth spheres^ moving in given directions and 
with given velocities j impinge; to determine the impact and the 
subsequent motion. 

Let the masses of the spheres be My M* ; their velocities 
before impact v and y, and let the original directions of 
motion make with the line which loins the centers at the 
instant of impact, angles a, a . These angles may easily be 
calculated from the data, if the radii of the spheres be given. 

It is evident that, since the spheres are smooth, the entire 
impulsive action takes place in the line joining the centers at 
that instant, and that therefore the future motion of each 
sphere will be in the plane passing through this line and its 
original direction of motion. 

Let B, be the impulse, e the coefficient of restitution ; then 
since the velocities in the line of impact are v cos a and 
V cos a', we have for their final values v^, v/, after restitution, 
by § 273, the expressions 

if' 

v^ = 2; cos a — ^ y.t (1 + e) (v cos a — r' cos a'), 

M 

vl = V* cos a + j^ ,r/ (1 + «) (v cos a - v' cos a') , 

and the value of .5 is 

MM* 
M+M' (^ + ^) (^ cos a - v' cos of) . 

Hence, the sphere M has finally a velocity v^ in the line 
joining the centers, and a velocity v sin a in a known direc- 
tion perpendicular to this, namely in the plane through this 
and Its original direction of motion. And similarly for the 
sphere M\ Thus the impact is completely determined. 
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276. Recurring to the equations in § 272, we have 

and, eliminating F, 

^ MM' , ,» ,^v 

^ = M+M'^''-''^ (^)- 

Hence, if e be the coefficient of restitution, v^, »/ the final 
velocities, 



5(l + e) 
*' = " M- 



(2). 



Hence, Mv^ + 3f' »/ = Mv-\- M'v', whatever be e, or there 
is no momentum lost. This is, of course, a direct conse- 
quence of the Third Law of Motion. 

Again, Mv^ + M'v I* = M^ + M 'v" 

-2B{l + e)iv-v') + E'{l + ey^^ 

= W + lf'«'«-i?(l4-e)'^(^-l). 

The last term of the right-hand side is therefore twice the 

kinetic energy apparently destroyed by the impact. When 

MM' 
6 = 0, its value is a maximum, -r^ — ^, (v — v)\ When e = 1, 

its Value is zero, that is, in direct impact when the coefficient 
of restitution is unity no kinetic energy is lost. 

The kinetic energy which appears to be destroyed in 
any of these cases is, as we see from § 73*, only transformed — 
partly it may be into heat, partly into sonorous vibrations, as 
m the impact of a hammer on a bell. But, in spite of this, 
the elasticity may h^ perfect. 
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Also by (2), 

^e{v-v), by (1). 

Hence the velocity of separation is e times that of impact. 
These results may easily be extended to the more general 
case of § 275. 

277. We proceed to some particular problems illustrating 
this branch of the subject. 

To one extremity ^of a uniform and perfectly flexible chain, 
lying in a given curve on a smooth horizontal plane, a given 
impulsive tension is applied in the direction of the tangent at 
that extremity ; it is required to find the impulsive tension at 
any other point of the chain. 

Let this be T at a point of the chain whose co-ordinate& 
are x, y ; and let the initial velocities of that point, parallel 
to the axes, be v^,, Vy) then, fi being the mass of a unit of 
length of the chain, we have the following equations : . 



— ( T—^ = 
ds \ dsj 

ds \ ds) 



/^^a 



H'^l 



'(!)• 



The geometrical condition will be determined as follows. 
The chain being inextensible, the length of an element S« is 
invariable, therefore the velocities of its two extremities re- 
solved along it must be the same. This gives evidently 



dvjg dx dvy dy _^ 
ds ds ds ds 



(2). 



From these equations we proceed to eliminate v,, t?„. 
Differentiating (1) with respect to s, we have 



dv. 



d?x 



dT d^x d'T dx 



^ ds d^^ ds ds* ' ds' ds' 



+ -T^ -T- 
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f^ ds~ da*"^ da di'^ dd" ds" 

doc cly 
Multiplying these 1>7 ^ > -^ ^ respectively, and adding, 

we have by (2), 

-^Kds ds'^ds dsV ^ d8\d8 df?'^ da daV 

But (^ j + \-^-\ = 1 ; differentiate, and we get 

dx d^x dy^ ^ _ ^ 
da da^ ds da* ' 

differentiating again, and transposing, we have 

dxd^ dytTy f/^V. /W 

da da'^da da' '^ \\daV ^ [da'J ' • 



where p is the radius of curvature of the element 8a. 

"By means of these transformations (3) takes the final 
form 

w-?-' (')• 

This cannot of course be integrated unless the form of the 
chain is known, or p given in terms of a. 

To find the Instantaneous direction of motion of any point, 
we must find v^ and i?^, and their ratio is the tangent of the 
angle which the required direction makes with the axis of a?. 
These quantities must be found by means of (1) from the 
value of T given by (4). 
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278. Example I. As a particular example, suppose the 
chain to form a semicircle of radius a. Then p=*a, and (4) 
becomes 

whose integral is 

To determine the arbitrary constants, observe that when 

the original impulse ; and when 8 = ira, or at .the free ex- 
tremity of the chain, T^ 0. Thus we have 

Thesegire A^--^^, B=~^^~' 
and therefore 



^_ TJe'-''-e-('-'^)] 



€' — e" 



€(ir-»)-g-(ir-«) 

^ -^ €T_g-ir ■ • - {^)y 

if 5 = a0, that is if we consider the tension at a point whose 
distance from the tended end subtends an angle at the 
center. 

Suppose now that the axis of y is the tangent at the 
ti^nded end ; that of x being the diameter through that point, 

.then a? = a (1 — cos 0), 
y«3sasin0. 

These give -7- = sin 0^ 
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-7^ = 008^: 
da 

from which, bj (1) and (5), — — i . 

''• ^ [sin ^ {€'-•-£-('-*)}] 

Differentiating out, and then substituting different values 
of ^, we get the initial directions of motion of the coUrespond- 
ing points of the chain. Thus, for the tended end, it will 
easily be seen that, putting ^ = 0, we have 



Vy_ €"■ + €" 



For the free end 



v^ €' — r* 



Vy 



as we should expect, since there is initially, no force on it 
parallel to the axis of x. 



tension at each point should be proportional to the distance 

id of " 



279. Example XI. 'Suppose it be required that the 
msion at each point should t 

from the free end of the chain. 

Then I being the length, and a as before, 

r= 2; ^1 - by hypothesis ; 

d^T T 

•••'^»=0, or by <4) -1 = 0, or/) = oo, 

that is, the chain must lie in a straight line, as is otherwise 
evident. 

280. To find the angle which the inifial direction of motion 
€fany element mdke$ with the corresponding tangents 



Generally, let tanA = — = , , . 

da \ da J 
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and tan'Jr = -x^ = -T-. 
^ ax ax 

da 
Then (^ — '^) is the required angle; and 

(A t\ dsK dsj ds "^"Ssx ds) ds 

cf.9 V da) da da \ da) da 

^ (dx dSf ^ dy d^Qc\ 
\da da* da da*) 



dT 



da 

-7T («)• 

Hence again, if the condition be that every element of 
the chain is to move initially along the chain, ^ — -^ = 0, 
and therefore p == oo , or the chain must lie in a straight 
line. 

281. To find the abaolute initial velocity of any element of 
the chain. 

Squaring and adding equations (1), after performing the 
differentiations indicated, we have 

,.K-.o-(fT|©V(|)} 

ds \ds da" ds ds*) 

-(f)'4''S-). 
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Again, if v, be the velocity of an element resolved along 
the corresponding tangent/ 

[dsJ ^ p' 
which might have heen found at once from 



liv. 



"dsK dsJ' 



by taking the axis of a? parallel to the element Bs. 

282. These problems might perhaps have been more 
readily solved by resolving the forces, at any point of the 
chain, along and perpendicular to the tangent. Calling t?„ Vp, 
the initial velocities in these directions, we have at once 

— Ss = flVpS8\ 

the direction of Vp being towards the center of curvature. 

The kinematical condition furnished by the inextensibility 
of the chain is 

dvg 

From these equations the foregoing results may be easily 
deduced. And the reader may easily work out for himself 
the obvious extension of the processes of this section or § 277 
to a chain of varying section originally at rest in the form of 
a curve of double curvature. 

283. The only other case we shall consider is that of 
a continuous series of iAdefinitely small impacts, whose effect 
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is comparable with that of a finite force. The obvious method 
of considering such a problem is to estimate separately the 
changes in the velocity produced by the finite forces, and 
by the impacts, in the same indefinitely small time it, and 
compound these for the actual effect on the motion in that 
period, 

284. A spherical rain-drop, descending hy the action of 
gravity, receives continually hy precipitation of vapor an ac- 
cession of mass proportional to its surface; a being its radius 
when it begins to descend, and r its radius after the interval t, 
shew that its velocity is given by the equation 



gt /, . a a* a"\ 

v = ^ 1 + - + 3+-8 I 
4 V r r* r / ' 



iJie resistance of the air being left oui of account. 

Let e be the thickness of the shell of fluid deposited in 
unit of time. Then evidently 

r=^a + et (1). 

Also let 8y = Sjt? + S v be the increase of velocity in 
time 8^; the first term due to gravity, the second to the 
impacts. 

Evidently, BjV=ght; and if if be the mass at time t, 
i{Mv)=^0 is the condition of the impact. 

This gives 

MS^v = — vSM, 

^ Airr^eSt SevSt SevSt 

■ 4 , r a+et 



-irr 



From these we have 



dv _ Sev 

di"^" a-{-et 
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Mttltiplyinff by (a + e/)', and transferring the last tenn to 
the left-hand side of the equation, it gives by inspection 

(a + 60"t; = j'{a + ety+ C. 
But = -r- a* + C7 by condition* 

Hence' .^, = £ j(a + eO-^^.|. 

Substituting for e from (1), 

- S^^ ( - ?*^ 

as required. 

To verify this solution, suppose no moisture to be de- 
posited, then T^a^ and we have v^gtQ,^ it ought to be. 

285. One end, ^,qfa uniform heavy chain hangs over a 
small smooth pully A, and the other is coiled up on a table at C. 
If B preponderates J determine the motion. 

The moving force due to gravity is the weight of AB 
minus that oi AG=fig{x'-a) suppose. 

Now in an indefinitely small interval Bt, this would 
generate in the portion BAG of the chain an increment of 
velocity B^v 

^ figix-- a) g^^ ^g^^ ^^^^^ ^jj^j 
. iXf [OS "T" a) 

But the whole uncoiled chain, being in motion at the com- 
mencement of the interval Bt with velocity v, lifts up a portion 
of length vBt from the table during that interval. Hence, 
if S^v be the change of velocity arising from this impact, we 
have by the condition that no momentum i^ lost. 
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MV 



i.e. F' = 



M + M 



n 



.J. /*{a: + a)v 

■ /* (a? + a) + Ati?o* 

omitting quantities of the second and higher orders. 
Hence as g^ = -^ + -;^, 

proceeding to the limit 

dv ^ dv ^g{X''a) —v' ^ 
dt " (&"" {x + a) * 

which gives {x + dyv-j-+v*(x-\-a)^ff{x^--a^ 

and this determines for any given initial circumstances the 
velocity at any instant 



EXAMPLES. 

(1) If 6 = 1, one ball cannot he reduced to rest by 
direct impact on another equal ball, unless the latter is at 
rest. 

(2) If two balls for which 6=1 impinge directly with 
equal velocities, their masses must be as 1:3 that one may 
be reduced to rest. 

(3) Shew that if two equal balls (e < 1) impinge directly 

1 + e 

with velocities :; V and — F, the former will be reduced 

1 — 6 

to rest. 
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(4) Shew tliat the mass of the ball which most be 
interposed directly between M2X rest, and M' moving with a 
given velocity F, so that if may acqaire the greatest velocity^ is 

and that that maximum velocity is , ^ ^ /iri« • 

(5) Sappose e= 1, and an infinite number of balls to be 
interposed, shew that the maximum velocity which can thns 
be given to -Jf, is 

[Note that by the result of the preceding question, the 
masses must form a geometric series, and the above is easily 
deduced.] 

(6) Particles for which 6 = 1 slide down radii vectores 
from the focus of a parabola whose axis is horizontal and plane 
vertical. After reflexion at the curve they describe their 
trajectories. What is the locus of the foci ? 

(7) A impinges on B, shew that -4*8 deviation is greatest 
when its tangent is - » \/\~^] • 

(8) A particle for which 6 = — is projected from a point 

in a smooth horizontal plane. Find how far it goes before it 
ceases to rebound. Shew that the times between successive 

rebounds are in a geometric series whose ratio is — , and the 
heights above the plane in another whose ratio is — ^ • 

(9) A particle for which 6 = 1 is projected from the foot 
of an inclined plane in a direction making an angle ^ with 
the plane ; the plane is inclined at an angle a to the horizon^ 
Shew that if 2 tan )8 = tan a, the particle will return after one 
xebound to the point of projection. 
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If there be two rebounds before coming back to the point 
of projection, and the coefficient of restitution be e, 

coti8= (l + e + e*) tana, 

(10) A OB is the vertical diameter of a circle. A par- 
ticle for. which e = 1 slides down any chord -4(7, and is re- 
flected at BG. The locus of the focus of its path is the circle 
whose diameter i% AO^ 

m 

(1 1) If the direction in which one ball is moving when 
it impinges on another equal ball at rest, bisect the angle 
between their future directions ; thep that angle is 

2 tan"^ ^e. 

(12) If 6 = i, find the direction in which a ball must be 
projected against a smooth vertical wall, so as, with the least 
possible velocity, to return to the point of projection. 

(13) ABG is a triangle, a, J, c the points of contact of 
the inscribed circle with the sides, a being in BG, &c. Shew 
that if a particle projected from a to & be reflected to c, 
Ab = eGby and if it return to a, 

. AB = eAG. 

(14) A number of balls A, B, (7, &c. for which e is given, 
are placed in a line, A is projected with given velocity so as 
to impinge on B, B then impinges on (7, and so on ; find the 
masses of the balls B, (7, &c. in order that each of the balls 
A^ B, G, &c. may be reduced to rest by impinging on the 
next; and find the velocity of the n*** ball after its impact 
with the (n - 1)*^. 

(15) A ball is projected in a given direction within a 
fixed horizontal hoop, so as to go on rebounding from the 
surface of the hoop ; find the limit to which the velocity will 
approach, and shew that it attains this limit in a finite time, 
4 being less than 1, 

(16) A given inelastic mass is let fall from a given height 
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on one scale of a balance, and two inelastic masses are let fall 
from different heights on the other scale, so that the three 
impacts take place simnltaneonsly ; find the relations between 
the masses and heights that the balance maj remain per- 
manently at rest. 

(17) A particle moving in a parabola abont a center of 
force in the focus, strikes a hard plane at anjr point of its 
path. If it describe a parabola a£ber the impact^ find the 
direction of its axis. 

(18) OAy OB are rods in the same vertical plane in- 
clined at angles a, )8 to the horizon. K a particle, for which 
e = 1, projected from -4, strike B and continue to rebound 
between A and -B, then T being the time of flight, 7 the in- 
clination of AB to the horizon, 

tan 7 = i (cot )8 — cot a), 
and 2-=?-^ sin(a + ^) 



g Vl^ sin" a sin* iS + sin" (a -/8) j ' 

(19) Equal particles revolve in opposite directions about 

3 

the focus in an ellipse of excentricily - , and impinge at the 

nearer apse. Find the distances of future impacts, and shew 
that lip be the original apsidal distance, the particles fall into 
the center after the time 

IT {5p)i 
14 V(2/x) • 

(20) Two equal particles, connected by a string which 
passes freely through the pole, are constrained to move in the 
same logarithmic spiral. If they be originally at rest and 
one be projected with given velocily (so as to increase its 
distance from the pole), determine the impact. 

(21) Three balls (supposed indefinitely small), for which 
e = 1, are placed at the comers of a triangle. To find the 
relations among the masses that the sphere A if projected to 
strike B, may be reflected to G and from G to its original 
position. The impacts are supposed to take place at each 

T. D. . 20 
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comer so that tte line joining the centers of the spheres is 
perpendicular to the opposite side of the triangle ; a, /8, 7, 
being the angles of the triangle, we find 

A 8in)8 A sin 7 



B sin(a-7)' C sin08-a)" 

(22) If a rocket, originally of mass M, throw off every 

unit of time a mass eif with relative velocity F, and if M' be 

the mass of the case, &c., shew that it cannot rise at once 

MVe 
unless Ve > g^ nor at all unless -rjrp- > g. If it do rise at 

once vertically, shew that its greatest velocity is 
and the greatest height it reaches 

(23) If an infinite number of perfectly elastic material 
points, equally distributed through a hollow sphere, be set in 
motion each with any velocity, shew that the resulting con- 
tinuous pressure (referred to a unit of area) on the internal 
surface is equal to two-thirds of the kinetic energy of the 
particles divided by the volume of the sphere. 

(24) A comet in moving from one given point to another, 
throws off at every instant small portions of its mass which 
always bear the same ratio n to the mass which remains. 
If t? be the velocity with which each particle is thrown off, 
a the inclination of its direction to the radius vector, prove 
that the period t will be diminished by 

~ {(f - ^) V(«p) sin a - (r' - r) cos a}, 

<l> and ^' being the ex<^ntric anomalies, r and r' the focal 
distances at the given points, a the mean distance, 2p the 
latus rectum, and/ the force at distance a. 
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CHAPTER XI. 

DISTUBBED MOnON. 

S86. In the inTestiration of the motion of a particle 
subjected to the action m disturbing forces, we niaj, when 
the latter are Teiy small in comparison with the forces under 
which the nndistorbed orbit is described, suppose that at anj 
instant the actual orbit is of the same ntUure as the undis- 
turbed, but that its magnitude, form and position are slightly 
different. Bj this means the consideration of motion in an 
orbit whose equation cannot be found, or if found would be of 
extreme complexity, is reduced to the cases considered in the 
foregoing Chapters, the onlj additional process being the 
determination of the changes of the elements or Ihrameters 
of the orbit, due to the disturbing forces ; these parameters 
being thus made explicit functions of the time. The principal 
use of this method is in the planetary theory, and there the 
elements of the Instantaneous OrbU cannot be determined but 
by approximation, which this method affords \is t]ie best 
means of effecting. 

It is not necessary that the oriU should be changed by 
the disturbing force, m order that the method of parameters 
be applicable ; suppose for instance a particle be constrained 
to move on a given curve ; the extent of its oscillations, and 
the velocity with which it reaches a particular point in the 
path, for instance, are parameters, and in terms of such the 
motion may be expressed. This method is therefore appli- 
cable to anv case of free or constrained motion, always sup- 
posing the disturbing forces to be small ; the only difference 
being that in constrained motion there are fewer parameters 
of which to find the Tariation. 

287. The general principle of the method may be ex« 
plained as follows. 

20—2 
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Let 









= Z+Z' 



(1), 



"be the equations of motion of a particle whose co-ordinates at 
time t are XyV^z; and suppose, farther, that X', F', ^' are 
the sums of the resolved parts of the disturbing forces pa- 
rallel to the axes. Had there been no disturbing forces, we 
should have had the equations of motion 



dt 

de~ 
'de^^ . 

Now let the solution of equations (2) be 
x — ^{t, a^, c„ ... aj) 

z=yfr{t, fltj, a,,.. .a,) 



(2). 



(3), 



involving six arbitrary constants ; and the forms of the func- 
tions ^, Xf '^> being known. 

Let us remark in passing, that, if the motion were con- 
strained, we should have in addition one or two relations 
between a?, y and z, leading to others between their differen- 
tial coefficients, so that the number of arbitrary constants 
would be reduced. 

Now suppose the solutions of (1) to be of the same form 
as the expressions in (3), a^, a„ ,.. a, being no longer con- 
stants but functions of ^ to be determined. 

The fact of (3) having to satisfy (1), gives us the three 
following imavoidable equations for the determination of 
these parameters^ 
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d*<l>_ 



de 

d*^lr 
d^ 



= X+Z' 



= Y^-Y' 



= Z\Z' 



(4). 



288. We are at liberty then to make any three additional 
hypotheses regarding them that we please. The most con- 
venient are those afforded by the condition that not only the 
expressions for the co-ordinates of the particle, but also the 
expressions for the resolved parts of the velocity parallel to 
the co-ordinate axes, should be of the same form in the dis- 
turbed as in the undisturbed orbit. 



Now in the disturbed orbit, 






with similar expressions for ~ and -^ , the brackets bising 
used to express partial differentiation. 
But in the undisturbed orbit 



di^ ~ 



&)■■ 



and similarly for -^ and -r- . 

From this we have the three additional relations between 

«1> «8J «8> ^4> ^6> ^fl ^°^ ^ 

/d<f>\ da^ fd<f>\ da^ (d^ ^« = 

\d^jTt^\d^J'dt'^''''^\daJ dt " 



dot 
~dt 



\d^J li^\^J dt^'"^ \daj 

/dylr\ da, fd^p\ da /dyft\ da,_ 

Wj dt^Kd^J dt^'-'^KdaJ dt ~"J 



^ ••••••• \y)» 
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And taking these into account as well as equations 
(2), (3), equations (4) become 



da^ ■^ 





dt 



= Z' 



da^ 
dt 



=r 



d 



\dt)\da^ A \dt)\da^ i \dt) Ua^ ^, 



(6) 



aa, I dt \ da^ I dt " \ da^ ] dt 



J 



Equations (5) and (6) suflSce to determine the six para- 
meters in terms of t\ and it may be remarked that, should 
any of these quantities themselves appear in the coefficients in 
these differential equations, they may be treated as constants, 
since their variations may Tdc neglected for a short time at any 
period of the motion, on account of the smallness of the dis- 
turbing forces. This will evidently amount analytically to 
neglecting higher powers of the disturbing forces than the 
first. 

289. Supposing then the parameters found as functions 
of ^, if in equations (3) we substitute these values ; the result 
of the subsequent elimination of t will evidently be the two 
equations to the orbit actually described by the particle. 

But if t be eliminated considering a^, a^, ... a^ constant, 
and tlien their values as functions of t be substituted ; the two 
resulting equations will, for any particular value i given to <, 
represent a curve which evidently coincides with the actual 
path at the time *', and which would be from that instant the 
actual path if the disturbing forces were then to cease. This 
is called the instantaneous orbit at the time t = ^', and its form 
and position must evidently undergo a slow change due to 
the disturbing force. 

290. If the constants be fewer than six, as in the case of 
constrained motion, so many equations as those just indicated 
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will not be necessary ; but the preceding sketch will enable 
us to apply the metnod to any such case. Thus if the particle 
be constrained to move on a given surface, taking its equation 
along with equations (3), there will evidently be two of the 
six constants at once determined completely in terms of the 
others. And if the motion be on a given curve, four of the 
constants will be got rid of. In that case, taking tangential 
resolutions we have, s being the length of the arc described 
at time t, 8 the tangential acceleration, S'^ the tangential 
disturbing force, 

S=^+^' -"(^)- 

Now if 

8 = <l>{a, a, t) (8) 

be the solution of 






= ^, 



we shall get the values of a, a in terms of f , in order that (8) 
may satisfy (7), and also that the expressioii for the velocity 
in the orbit may be the same in both cases, by solving 
the equations 

[d^ da fd^\ da _ 




which evidently correspond to those of groups (5) and (6) 
respectively. 

291. To determine the effect of a small disturbing force on 
a simple cychidal pendulum. 

If 8 be the arcual distance of the particle from the lowest 
point at time t we have, (§ 173), putting 





9 _ 

4a 


«% 


de 


+ «*« = 


0, 
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as the equation of undisturbed motion. Its solution is 

« = asin(n^ + J), 

where a and h are arHtrair constant quantities depending on 
the length of the arc of vibration and the time of passing the 
lowest point. 

da 
The velocity at time t is -i- = wacos (n^ + 5). 

We shall now suppose that /is a small tangential disturb- 
ing force : the equation of motion is 

The solution of this equation we assume to be 

« = asin(TO«4- J), 

a and h being considered unknown functions of t, which it is 
our business now to determine. 

Taking as a condition, that the form of the expression for 
the velocity is to be still the same ; since we have 

« 

^ = wa cos {nt + i) + -jt sin {nt + J) + a cos {nt + 5) _ , 

we have -^sm(n« + J) + acos (n< + J) ^- =0, 
which is the aasumed relation between a and h. 

Again, since ^ = wa cos {nt + h), 

Tj- = — n asm(wf+6)+n^ cos (nf+J)— nasm(n<+&) -y- . 

In this substitute for -r^ its value from the equation of 
motion, and we have 
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w^cos {nt + h) -- naaia {nt -{- h) ^=/, 

"wliicli is the second equation connecting a and b with t 

Eliminating successively -t- and -^ fix)m these, we have 

da f , ,. db f • , -MX 
-5--=^cos(n^ + }), -j- = — ^8in(w^ + J). 
at n ^ ' at na ^ ' 

If we could solve these equations exactly we should have the 
complete determination of the motion. In few cases is this 
practicable : in all to which we shall have to apply the in- 
vestigation an approximation is sufficient. 

We suppose /to be a very small force. Hence the vari- 
able parts of a and h are of the same order of magnitude as^ 
and may be neglected on the right-hand side of the above 
conations if we agree to neglect the square and higher powers 
of/. 

In order to find the alteration in the extent of vibra- 
tion which takes place in one oscillation we must integrate 

•^ cos {jd + 5) Sjb between the limits of t corresponding to one 

oscillation ; that is, from a value of t which gives nt + h^^a 

to the value of t which gives nt + b^^rr + a. Here a may be 
any quantity : in different cases we shall find it convenient to 
integrate between different limits. 

Hence, increase of arc cf semtrvibratum = - //cos {nt-\-b) dt 

between the above-mentioned limits. 

To find the alteration in the time of oscillation, let T, T 
be the values of t at two successive arrivals of the pendulum 
at the lowest point; B, B' the values of b at these times. 
Then 

nT^-B^mir, nT+B'^{m + \)ir\ 
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f^' (lb 1 r^^ 

Now5'-5= ^<^< = -— fBm{nt-\-b)dt: 

Jt at najT 

therefore the increase of time of oscillation 

1 f^' 

and the proportionate increase of time cf oscillation 

1 f^' . 

= I /sin (w< + 1) dt. 

irnajT 

If the circumstances are such that we most integrate, 
through two vibrations, then 

proportionate increase of time of oscillation 

= I /sin int + J) dt. 

2ima j •' ^ ' 

292. These formulae are convenient when / can be ex- 
pressed in terms of t. If however /be expressed in terms 
of 8, as is the case particularly in clock escapements, we must 
modify the formulae : thus 

da ^da dt 1 da f 

ds dt ds na cos {nt -\-b) dt" n^a ' 

nd — = _1__^ 
da na cos [nt + h) dt 

1 f 

Hence, increase of arc of semi-vibration = -7- I fdsj 
proportionate increase of the time of vibration 



^ 1 f' fids 
"^ irrfci^ J ^gsj [c^ ^ s^) ' 



The limits should strictly be — « and «', where s' differs 
from s by a quantity which depends upon the change in the 
arc of vibration : but we may neglect tnis diflference between 
s and 8\ since the terms in which they occur are small. 
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293. Instead of vibrating in a cycloid^ let the pendulum 
vibrate in a circle, 

8 08 08 

Here the force =ff sin j = ^ — ^ nearly; 

therefore proportionate increase in time of vibration 

Now I sin* {nt + J) e?« = - 1 {3 - 4 cos 2 {nt +1) + cos 4 {nt ■]-b)]dt 
= ^ jse- -sin2 {nt + h) +-^ 8in4 (n< + J)| + C 

= --, from nt + 1 — to ir; 
therefore proportionate increase of time 

The increase of arc of vibration 

s= ~L I cos {nt + 1) sin' {nt + h) dt 

= Jr-mt sin* (ne + J) + (7= between the limits, 
as we might easily have foreseen. 

294. Suppose the friction at the point of suspension to be 
constant. 

It will be convenient to take the integrals during that time 
in which the friction acts in the same direction : that is, from 
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the beginning of a vibration to its end, or from n^ + J = — ^tt 
to 7i^ + 6 = Jtt. Here /= — c, since the friction retards the 
motion ; 



.*. increase of arc = — I cos {nt + h) 



dt 



=: — 5 sin (nt + h) + (7= — = , 



proportionate increase of time = I sin {rit + J) dt 

cos (nt + 5) + (7 = 0, between the limits. 



irn^a 



295^ Suppose the resistance of the air to prodtice a force 
Varying as the m* power of the velocity or «kv™, m being any 
whole number. 

The velocity in moving from the lowest point 

= na cos {nt + h) ; /. /= — hTa"^ cos"* {nt + b) ; 

therefore increase of arc 

= - Jcn'^'^a'^ j coa"^^ {nt + b) dt from nt + b^^-^ir to ^tt 

:=-^7m-^a-r^'^^,!^ r^ {m odd) 

(^1 + 1) (w - 1) ...2 ^ ^ 

«7 «-■ m^(*^""2) 2, * 

= - iknT^dr , \ ,./ TT — ^ (m even). 

(wi + l)(m — 1)... 8 ^ ' 

When w = 2 (the law usually taken) the decrease of the 
arc = ^Icof. 

The proportionate increase of time of oscillation 
= - - n'^d^^ \ cos** {nt + b) sin {nt + b) dt 

IT J 

= —. — — rr- cos"^* (n« + J) + C7 = 0, between limits, 
whether m be a positive integer or fraction. 
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296. Suppose the resistance of the air is expressed hy any 
function of the velocity. 

Here /= — 6 (t?) for motion in the positive direction : and 
the increase of the arc of vibration 

_ 1 f . . . 008(71^ + 5) , _ 1 r v<f}{v)dv 

from i; = to v = again. But it must he observed that from 
t; = to v = na (that is, from « = — a to « = 0) the radical 
must be taken with a negative sign, because sin {nt + h) is 
then negative. The increase of the arc is consequently 

__ J_ p v4> jv) dv 1 r v^[v)dv 
" n^a j, y (wV - v') "*■ n'a Jna'^inW- v') ' 

and therefore decrease = -5- I i,\ — sr • 

The proportionate increase of time of vibration 

= I 6 (v) sin {nt + h)dt= — 3-, I <j> (v) dv 

irna }^^ ' ^ ^ irnW J ^^ ^ 

= 3~a'^W~^r fr^™ v = to t; = 0. 



TTwa 



Hence a resistance which is constant, or which depends on 
the velocity, does not alter the time of vibration. 

297. Let the resistance he that produced hy a current of 
air moving in the plane of vibration with a velocity Y greater 
than the greatest velocity of the pendulum: and varying as the 
S2uare of their relative velocity. 

Here /= ^ (i;) = i ( F— vY when the pendulum moves in 
the direction of the current, which we suppose to be the 
positive direction of s ; and/= ^ (t?) = i ( F+ v) when it moves 
in the opposite direction. 

By the formula in the last Example, when the pendulum 
moves in the direction of the current, the arc is increased by 



\n n 6 J ^ 
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and when it returns the arc is diminished by 



*C^-^'-¥)- 



The diminution in two vibrations = 
is unaffected. 



2JcVa7r 



The time 



n 



298. Let a force F act through a very small space x at 
the distance cfrom the lowest point. 



The increase of the arc =-3- / Fds^;^^ nearly. 



n a 



The proportionate increase of the time of vibration 

^ Fsds' 



irnWje 



V(a* - s"") '• 



If the general value of the integral be <f> (s), then the propor- 
tionate increase of time 

= ^ (c + a;) — ^ (c) = ^' (c) X 

If then an impulse be given when the pendulum is at its 
lowest point, c = and the time of vibration is unaffected. 

299. To determine the motion of a projectile in a uniform 
medium, the resistance being as the square of the velocity. 



Here as before (§220), 

d^x _ 7« « ^'^ — _ 7.^ ^ 
dt^ "" ds dt dt 

de^ 3 ^"^ ds^ 3 '^dtdt 



(!)• 



Now if & = 0, we have evidently 

y^i^nt--ye] ^^^' 
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where a, h are the co-ordinates of the point of projection, 
and fit, n the initial horizontal and vertical velocities. 

Now supposing (2) to be the solution of (1), a, bj m and n 
being now mnctions of t, we have 

dx 




in both orbits; therefore 



Also 






(3). 



i=VK+(«-y<)*l, 

and equations (1) become 
and (3) becomes 



^•••W; 



<a 



(5). 



J = * (n -/O WK + (« -^'01 



The last four equations suffice io determine a, h^ m, n in 
terms of t^ and thence the instantaneous orbit. For a first 
approximation^ we maj on account of the remark in § 288 
integrate these equations on the supposition that the right- 
hand side of each is variable onlj so &r as it ezplicitlj 
involves U 
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Now equations (2) show that the latus rectum of the in- 
stantaneous parabola is — 7-; and as -j- is negative, hy (4), 

we see that the latus rectum continually diminishes. 
Also by equations (2), 

These give for the co-ordinates of the focus of the instan- 
taneous orbit 

X =a + 



y'=h+ 



9 



V 



J 



da 



If these expressions be dififerentiated and -^, &c. be 
eliminated by means of (4) and (5), it will be seen that 

--T- is negative, or the axis of the instantaneous orbit moves 

backwards, until the particle reaches the vertex; after which 

dy' 
it progresses for the rest of the motion; also that -^ is 

positive ii m>n, that is, the focus of the instantaneous orbit 
moves upwards while the direction of motion of the particle 
makes with the horizon an angle less than 45®, i. e. while the 
particle is above the latus rectum of the instantaneous orbit. 

300. A jparttcle, moving about a center of force whose 
intensity is inversely as the square of the distance^ is subjected 
to a small disturhing force in its plane of motion; to investigate 
the change in the form and position of the orbit. 

Let the disturbing force be resolved into two, ^ and '^, 
one along the radius vector and the other perpendicular to it; 
the equations of motion are 



rdty dt) ^ 



(1). 
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Now the solutions of these equations are 
i = J{l+6COB(5-isr)} 






(2). 



if we omit the forces ^ and '^. When we consider their 

effect then, the quantities h^ e and «r must be considered 

variable. 

But in the instantaneous orbit, the Telocity and direction 

of motion are the same as in the actual orbit, and therefore if 

(2) be differentiated, considering &, 6, and « variable, the 

dr dd 

results for r, -^^ , and -^ must be the same in form as if the 

disturbing forces had not acted* This will enable us to avoid 

second differential coefficients of h, e and 'sr ; and the substi- 

dr d^r dO . 

tution of their values for -t- , -^ , and t- in (1), will give us 

altogether three equations for 

' dh de dw 
di' de' W 

The expressions. for these quantities are complicated and so 
we do not give them. They will be more easily investigated 
in particular cases, when (f> and -^ are given. 

In the case of the orbit being an ellipse, A'=/ia (1 — a"), 
so that we have by substitution 

da de ^ dtsr 

di' dt' '^'^'dt' 

And the second integral of the second of equations (1) in- 
volves 6 or the epoch, which will also be thus found as a 
function of t. 

301. If we desire the change produced in the form and 
position of an orbit by a slight change made in the velocity, 
or direction of motion, &c. at some particular point, we must 
express separately each of the elepaents of the orbit in terms 
of the quantity to be changed ; then taking the differentials 
of both sides, we have the required changes of value. 

T. D. 21 
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Thus, we have generallj in an elliptic orbit 

t^=/*(;-^)- §142(9). 

At the extremity of the axis major farthest from the focus 
this becomes 

a 1 +«* 

Now if art this point V be made F -f S F, without change of 
direction, we have the condition that in the new orbit a{l+e) 
shall have the same yahie as in the old ; since this will still 
be the apsidal distance. 

Hence 



andS{a(l + e)} = 0; 
... 2FSF=-^-^, 

O 1 +6 



or 



Ana6a«--.^Se 

l + e 



-V(?^)*^- 



which determine the increase of the axis major and diminu-* 
tion of the excentxicily, and the same method is applicable to 
more complicated cases. 

Again, in the case of a parabolic orbit, as in Chap. IV,, 
it is easy to see that a change in the magnitude of the yelo- 
citj shifts the focus in the line joining it with the projectile 
through a space 

VBV 

^ 9 
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raises the directrix throughi an equal space, and increases the 
latus-rectum by 

cos' a, 

9 

where a is the inclination, of the path to the horizon at the 
instant of the impact. 

If the directum of motion only be changed, the directrix 
is unaltered, the focus moves in a direction perpendicular to 
the line joining it with the projectile, and the latus rectum 
is diminished by the quantity 

4F' 
sin a cos oSa. 

9 

In the latter case the new orbit again intersects the old, 
and the tangents to either at the two points of intersection 
are at right angles to each other; so long as the displace- 
ment Sa is indefinitely small. 

These results may easily be extended by geometrical pro- 
cesses, as in Chap. IV., or deduced by differentiation from 
the analytical results there given. 



EXAMPLES. 

(1) If a small velocity w ^ be impressed on a planet, in 
the direction of the radius vector, shew that 

Se = wesin (5 — «r), 
Sot = — n cos (^ — 'or). 

(2) A satellite moves about a spherical planet in the 
plane of its equator, in a slightly elliptic orbit. Find the 
motion of the apse due to an uniform mountain ridge at the 
equator. 

(3) Central force varying as the distance, the velocity of 
a particle is increased by - th when it is at the extremity of 

21—2 
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one of the equal conjugate diameters of its ortit. Shew that 

each axis is increased bj — th, and that the apse regrcdes 

through an angle 

1 ah 



na^^V' 



(4) At what point of an elliptic orbit described about 
the focus, can a small change be made in the direction of 
motion without altering the position of the apse? 

If S^ be this change, shew that (in the supposed case) 



he 



«*=l3 



e» 



(5) Shew that in an elliptic orbit about the focus, if the 
velocity be increased by -th when the true anomaly is d— -bj; 



n 
we shall have 



^^^ nrsajje-^) ^ 



ae 

as the particle is moving to or from the nearer apse. 

(6) A particle moving about a center of force in the focus, 
in an ellipse of small excentricity, receives a small impulse 
perpendicular to its direction of motion at any instant. JFind 
the effect on the position of the apse» 

(7) Again, if at the extremity of the axis minor the 

velocity be increased by - th, and the direction changed so 

that h remains the same, find the alteration in the form and 
position of the orbit 

i 



^=©-(l-.)*r. 



DISTURBED. MOTION. 325 

(8) The first term of the central disturbing force on the 
moon is — mV, where the central force is ~ ; shew that the 
apsidal angle (the orbit being nearly circular) is 

where — is a mean lunar month. 
n 

(9) A particle is moving in a circle about a center of 
force oc (Dist)"*. The absolute force of the center increases 
slowly and uniformly. Determine the approximate elements 
of the orbit after a given time. 

(10) A particle moves in a focal elliptic orbit in a very 
rare medium whose resistance is as the square of the velocity; 
determine the effect of the resistance on the periodic time. 

(11) A particle is projected along a slightly rough in- 
clined plane; find the approximate path, and the velocity at 
any point. 

(12) A point is describing a circle, the acceleration tend- 
ing to the center and varying inversely as the square of the 
distance: if the velocity at any point be increased in the 

ratio of ^/s to ^/2, find the eccentricity of the new orbit. 
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CHAPTER XIL 

MOTION OF TWO OE MORE PARTICLES. 

302. Having considered in detail the various cases which 
occur in the motion of a single particle subject to the action 
of any forces, and whose motion is either free, constrained, or 
resisted, we proceed to the investigation of some very simple 
cases in which more particles than one are involved. These 
will divide themselves naturally into two series ; first, when 
the particles are entirely free, and are subject to their mutual 
attractions as well as to other common impressed forces : and 
second, when there are in addition constraining forces ; such 
Hd when two or m6r6 of the particles are connected by inex- 
tensible strings, &c. Let us take these in order : — 

1» Free Motion, 

303. An immediate application of the third law of motion 
shews that if two particles attract each other, they exert each 
on the other equal and opposite forces. 

If then m, tw', be the masses of the particles, and the force 
between two units of matter at distance i> be <j>' (-D), the com- 
mon force is 

mm'(l>{D). 

304. A system of free particles is subject to no forces 
hut the mutual attractions ; to investigate the motion of the 
system. 

Let, at time <, a?«, y», «« be the co-ordinates of the particle 
whose mass is m», and let ^'{D) be the law of attraction. 
Let jr^ express the distance between the particles m^ and m 
then we have for the motion of w^, 



«> 
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,^^=X {«.»..f W ^} (1), 

.^' =2 |m.«.f Gr.) ^] ^), 

.^ = 2{m,«.fGO^} (3), 



with similar equations for each of the others ; the sums being 
taken throughout the system. Before we can make any 
attempt at a solution of these equations, we must know their 
numl)er, and the laws of attraction between the several pairs 
of particles. But some general theorems, independent of these 
data, maj easily be Qbtained : although not nearly so simply 
as in Chap. II. 

806. L GoNSEBYATiox OF MOMENTUM. In Ae ex- 
pression for m, —^ , we have a term 

and in «*«-j^ we have 



m,w^'(,r,) -^ 



T 

V9 



Hence if we add all the equations of the form (1) together 

the result will be 

« 

Sinularfy 2fm§)=0. 
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Now if Xy y, «, "be at time t the co-ordinates of the center 
of inertia of all the particles, § 53, 

S («») S = 2 (wa?)., 

2 («n) i = 2 {mz). 
And the atove equations may be written, 



tHf=o 
2Hf=o 
SHg=oj 






= 0, 



>■ tor, -< 






Whence 



<2^ 
di 



sta 



These equations shew that the velocity of the center of inertia 
parallel to each of the co-ordinate axes remains invariable 
during the motion, that is, that the center of inertia of the 
system remains at rest^ or moves uniformly in a straight 
line. ' See § 67. 

The values of a, £, c, may thus be determined, 

_^_ \ dtj 
^ iW^ S (m) * 

Now if the initial velocity of m^ were resolvable into 
w^, Vj, t(?j, parallel to the axes respectively, and similarly 
for 971,, &c. 

a = J". J , and so for &, &c. 
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306. n. Conservation of Moment of Momentum. 
Again, it is evident that if we multiply in succession equation 
,(1) by y^, and equation (2) by xc^, and subtract, and take the 
sum of all such remainders through the system of equations 
of the forms (1) and (2), we shall have 

Or integrating once, 

Now if in the plane of xy we take p, 0^ the polar co-ordi- 
nates of the projection of w, 

dy dx ^ ^dO 



or 



^('"^*f)=^»- 



Now if a. be the area swept out by the radius vector p 
on the plane of xyy 

^^ dt^ dt ' 
and our equation integrated gives 

no constant being necessary if we agree to reckon a, from 
the position of p at time ^ = 0. 

This equation shews (since xy is any plane) that generally 
in the motion of a free system of particles, subject only to 
their mutual attractions, the sum of the products of the mass 
of each particle of the system, into the area swept out by the 
radius vector of its projection on any planCy and about any 
point in that plane^ will he proportional to the time. See 
§67. 
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Take a«, a^ to represent for the planes yz^ xz the same 
that a. represent for xy^ 

The value of this quantity for a plane, the direction cosines 
of whose normal are X, /a, v^ will ]be 

and will be a maximum if 

\A^-\'lhA^'\'vA^ is^ so, 

subject to the equation of condition 

X« + /A« + y» = l. 

^ 

This gives x=;^p^rj^^,^^ = ^ suppose, 

with similar values for ya^ and v ; 

and the value of the product for the plane so found is evidently 

At. 

' Hence, we see also,' that the plane for which Ae sum of 
the products of the masses of the particles into the sectorial 
areas described hy the radii vectores of their projections is a 
maximum, is a fixed plane or parallel to a fixed plane during 
the motion. It has been called on this aceount the Invariable 
Plane. 

307. m. CONSEKVATION OP Eneegt. Multiply 

(i)^yS'' (^)^yt» («)^y|' 

and, treating similarly all the other equations, add them all 
together* 

Let us consider the result as regards the term on the right?» 
hand side involving the product mjtag. 
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Written at length it is 

+ similar terms in y and z] ; 
and the portion in brackets is equal to 

d 

- {(a?j- a?,) -J. (a?«-<a?,) + similar terms in y, «} ; 



dt 

dt 



or, -jr^^Xr^y 



, ^ f fdx d^x . dy d^y . dz d^z\\ 

hence ^\^[li ^-^I W^Tt W}] 

= - 2 Km,f V,) 2^ (,r,)} ; 
or, integrating, 

And by taking this integral between limits, we see that — 
the change in the Vis Viva of the system in any time depends 
only on the relative distances of the partides at the beginning 
and end of that time^ § 73. 

308. So far for the case of several particles. The simplest 
examples will of course be found in the ca,se of two particles 
onlj, and to such we will confine our attention ; as, when three 
or more are involved, the problem does not admit of exact 
solution, and in the two important applications which have 
been made of it, namely to the Lunar and Planetary Theories, 
it is found that a distinct method of approximation is required 
for each. 

Since the acceleration of the center of inertia is zero, it 
follows that the motion of each particle with reference to 
that point is the same as if the latter were at rest. Also, if 
we apply to each particle of the system an acceleration equal 



i 
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and opposite to that of any one of them, the latter will be 
reduced to rest, and the relative motion of the others about it 
will be unchanged. Hence, if there are only two, we see 
that the relative motion of one about the other will be the 
same as if the sum of the masses were substituted for the 
latter. 

309. Two particles^ moving {nitially with given velocities 
in the same straight line, are subject to no forces but their 
mutiuil attraction which is inversely as the square of the 
distance; to determine the motion* 

The motion will evidentlv be confined to the straight line. 
Let m, rd be the masses of the particles estimated on the 
hypothesis that unit of mass exerts unit of force at unit of 
distance ; a?, x their distances at any time t from a fixed point 
in the line of motion, then 



m 



m 



de {x' - xf 
, d^x' mm' 



y (1). 



d^ (x' - x) 



V 

y 



Hence, if 5 be the co-ordinate of the center of gravity at 
time ty 

dx , , dx* f . ,. eS jn, 

if Fand F' be the initial velocities. 
Integrating again, 

mx + rrioi = (w + w') S = {mV-^-rtiT) t + C 

*=(wF+m'F')^ + wia + wV. (2), 

if a, a' denote the initial positions of the particles. 
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Again, from equations (1), 

d^ {x — ar) _ m + m 

from which, hj multiplying by m or m, we see that the 
relative motion of the one with respect to the other, is the 
same as if the former had moved to the sum of the masses 
collected at the latter, and fixed. 

Integrating once, we have 

\ . dt ) X "X 

At ^ = 0, this is 

^ ' a — a 

and, eliminating C7, 

This is of the form 



(■ 



d(oV A ^ 



\/€oda} 
or, ' ' 



:,.=/ 



^{A ± Bay) ' 



which may be integrated by putting « = y*. The integral 
will be circular or logarithmic according as jB is — or +. Thus 
we have x' — x in terms of f, and knowing mx + m'x by (2), 
the motion is completely determined. 

If at the instant of projection 

fV TT>^2 _ 2 (^ 4- mQ 

the formula (3) becomes 

V(a/-tr)^^^:^ = ±V{2(m + mU 
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I («'-a!)»=C±V{2(m + «»')}«, 

|(a'-a)» = C7, 

and the motion is completelj determined. 

310. There is another method of treating this problem. 
Suppose instead of determining the relative motion of the 
particles, we consider that of each relatively to the common 
center of inertia. The distance of m from the center of 
inertia is 

_ mx + rh!x' m' (x* — x) 

a5-a? = ; — -, aj = — ^-; — r^; 

and we easily find from (1), 

, /{? V d^x\ ^ mm' nfi^ 

. ^ \dF'"df)'"'{x'-xy''{x''-x)^' . 

Hence, for the relative motion of m and the center of 
inertia, 

(Z* (5 — a?) _ mm' 



m 



df {pi - xf 



mni^ 



\% > 



(w + vfiY (a? - xf 

whence x — x may be determined, in finite circular or loga- 
rithmic terms, as before. 

311. Two particles, anyhow projected, are acted on soldy 
hy their mutual attraction; to shew that the line joining them 
is always parallel to ajlxed plane. 

If m and m' be the particles, a?, y, «, a?', y, z\ their 
co-ordinates at time t, r their distance, and P the mutual 
attraction, we have the following equaticms, 

d^x j^x' ^ x td X fyX^oi 
with similar expressions for the other co-ordinates ; hence 
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d^{x'-x) d^iif'-y) d'jz'-^z) 
df de iW 

x'-^x y — y «' — « * 

and integrating, 

with other two similar equations. Therefore 

C,(z'-z) + G,iy'-y) + C,(x'--x) = 0. 

Hence, the line joining the particles is always parallel to 
the plane whose direction-cosines are as C^, d,, C^. This 
corresponds to § 306. 

Also it is evident that the motion of the particles with 
respect to each other in a plane parallel to this is the same as 
if the plane were at rest (5 308). 

From the preceding propositions the following are evident 
deductions. 

The center of inertia of the two particles is at rest only 
when the initial velocities are zero, or when the directions of 
projection are the same or parallel, and the momenta equal 
and opposite. 

The plane of relative motion will be at rest only when the 
initial directions lie in one plane. 

If the force be inversely as the square of the distance, the 
relative orbits of the particles about each other, and therefore 
(§ 25) about their center of inertia^ will be conic sections 
about a focus. 

It is needless to pursue this any further, as the preceding 
results enable us to reduce the problem to cases treated of 
in former chapters. 

312. Two particles in space move under the action of 
given forces ^ as well as their mutual attraction; to determine 
the motion. 

Taking the same notation as in § 311, if X, Y, Z^ 
X\ Y\ Z\ be the resolved parts of the given forces on 
unit of mass, we have 
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dv T dv T ' 

with similar equations for the other co-ordinates. 

Hence, ^^ «- ^^, i^_-_+jc -JC, 

and so on. Thus we see that the relative motion about m will 
be found by applying to both particles (reyersed in direction) 
the forces to whose action m is subjected. 

Also, if 5, y, i, be the co-ordinates of the center of inertia, 
we find, from the above, three equations of the form 

{m + w') -j-jj- = ^^sr + ^' ~jjr = fn,X-\r «^ X. , 

which shew that the motion of the center of inertia is the same 
as if the particles had been collected into one, and acted on hy 
the whole of the impressed forces* 



II. Constrained Motion. 

313. Of the constrained motion of particles, we can only 
take particular examples, but there are some general con- 
siderations which deserve attention. 

If two particles be connected by an inextensible string, 
its only effect is to prevent their relative distance becoming 
greater than its own length. If we introduce an unknown 
force r, for the tension of the string, the equations of motion 
can be written down, and the condition that the distance of 
the particles is equal to a given quantity will give us an 
additional equation, enabling us to eliminate, or to find the 
value of, this unknown force. If at any time the value of T 
becomes equal to zero, the motion of the particles must be 
investigated, as if they were free, until the values of their 
co-ordinates shew that the string will begin to be tended 
again. In such a case, if their velocities resolved along the 
line joining them be not equal, an impact will take place, 
whose effects must be investigated by the methoas of 
Chap. X. 
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When the particles are connected by a rigid rod without 
mass, we have an unknown reaction in the direction of the 
rod ; and, to determine it, we have the geometrical condition 
that the distance between the particles is constant. 

If there be more than two particles attached to the rod, it 
may exert a transverse force; but cases of this kind more 
properly belong to the Dynamics of a Rigid Body ; and wc 
therefore omit all consideration of them. 

314. Two particles, attached to each other "by an inexteri' 
sible string^ are projected with given velocities in space; to 
determine the motion. 

We may without loss of generality consider the distance 
between the particles at the instant of projection, to be equal 
to the length of the string. If their velocities are wholly 
perpendicular to its direction, or if their resolved parts along it 
are equal and in the same direction, there will be no impact. 
If not, suppose the masses m and m' to have velocities v and v 
parallel to the string at the instant it is stretched. It is evident 

that the impact will chansre each of these into r— . 

^ ° m+m 

This then is determinate ; so we may now in addition suppose 
the resolved parts of the velocities along the string equal to 
each other. Let x, y, z, x\ y\ «', be at any time the co-ordi- 
nates of the particles, then, if a be the length of the string, 

CL fly ri-i X "^ X max fjm X "^ X 



de a ' de a ' 

and so on. 

Also, {x' - xY + (y - yy + {z' - zY = a\ 

which are seven equations to find T, and the six co-ordinates 
of m and m\ From the form of the equations, or by treating 
them as in § 311, we see that the string remains parallel 
to a fixed plane, and that the center of inertia moves uni- 
formly in a straight line ; the motion of the particles about 
each other, and about it, being the same as if it were at rest. 
Hence, the particles revolve with uniform angular velocity, 
T. D. 22 
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and the -tension of the string is constant. From the above 
equations 

m + m a 

is the relative velocity. The same result might have been 
easily obtained by considering that the velocity of m relative 

to the center of inertia is — ; — ?, that the radius of the 

m + m 

circle it describes about that point is ; y and that T is 

m + m 

the force which maintains it in that eircle, and applying the 

last formula in § 135. 



315. Two particles^ connected hy an inextensible string 
which passes over a small smooth pulley y move under the auction 
of gravity; to determine the motion. 

This was partly anticipated in § 285. Let tw, m' be the 
masses, and let a?, a?* denote their distances from the pulley 
at time t. Then if T be the tension of the string (the same 
throughout since the pulley is smooth), we have 

m 
« 

But x + x' ss length of string =:£ a suppose. Hence sup- 
posing m>niy 

{m + m')^=^{m'-m')g .•(!). 

This equation completely determines the motion. Also, 
if we eliminate x and x , we have 
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*" m + m'^* 
and it is therefore constant. 

This Is one of the cases in which theoretical results may 
be tested hj actual experiment with considerable accuracy. 
And it was this combination, with many delicate precautions 
against friction, &c. which Atwood made use of for experi- 
mental verification of the laws of motion. 

We see, for instance, by equation (1), that we may easily 
keep m-\'7n! constant while m — m has any value, and thus by 
measuring the accelerations produced, find whether they are, 
in the same mass, proportional to the forces producing the 
motion. Again, keeping m — m' constant, m + m' may be 
varied at will. Hence by this process the second law of mo- 
tion may be tested. See § 63. Again if, while the masses are 
in motion, a portion be suddenly removed from the greater 
so that they remain equal, (1) shews us that observation will 
enable us to test the first law of motion. 

316. Instead of two masses connected by a string, suppose 
a flexible and uniform chain of length 2a hang over the pulley; 
then if x be the length hanging down on one side at time ^, 
there will be 2a — a? on the other, and the diflference or 

2 (a? — a), 

is the portion whose weight accelerates the motion. Hence, 
/A being the mass of the chain per imit of length, we have 

2fui-^^2fig{x^a); 

which gives aj — a = jle • +ife « • 

If the chain were initially at rest, a portion a + i being on 
one side of the pulley, 

h^A + B, 

22—2 
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This is true until x = 2a, that is, till the chain leaves the 
pulley ; the value of t at that instant being ^^, we have 

and therefore ^o = y |l<>g|j + y^(J-l)|- 

If, for example, 5 = —, i.e. if the portions of the chain 
were initially as 4 : 1, 



«. 



= >y/|log.3. 



317. A particle, of mass m, hangs over a small pulley, 
and the other end of the string is attached to a mass m! lying 
on a smooth horizontal plane ; to determine the rnotion. 

Let a he the length of the string, then it is evident that 
if h be the height of the pulley above the plane, 6 the angle 
the string attached to w' makes with the vertical, and x the 
distance of m from the pulley, we must have 

0? + — j.^a (1). 

cos ^ ^ ' 

Also, if T be the tension of the string, the equations of 
motion are 

d^x rr 

m-^^mg^T 

\ d\h tan g) ^ . . 5^ (^^• 

These will suffice for the determination of the motion, and 
the tension of the string; unless Tcos should become greater 
than nig, in which case the mass rri will be withdrawn from 
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the plane, and instead of the last of equations (2) we must 
have two equations for the determination of its motion. 

318. Two particles m, m', connected by a rigid rod^ are 

forced to move one on each of two straight lines in a vertical 

plane, inclined at angles a, a to the vertical; to determine the 

motion, and the time of a smail oscillation about the position 

of equilibrium. 

Let be the inclination of the rod to the vertical at time t, 
T its tension, JS, E the reactions of the lines, a?, a?' the dis- 
tances of the particles from the point of intersection of the 
lines, and a the length of the rod. 



Then, 



d^x 
m-Ts = wg' cos a + jT cos (^ + a) 



dt 
m 



'^ = m'g cos a' - r cos {0 - a') J 



(1), 



jB = ?w^ sina+ !rsin(^ + a) 1 ,. 

It'=m'gama'-\' Tsin{0^a')} ^ ^' 

x==x' cos (a + a') — a cos (^ + a ) 1 , . 

a5' = a?cos (a + a)+acos(^— a')J 

These six equations give a?, a?', JS, Bf, T and in terms 
of t, and thus theoretically complete the solution. 

319. For the time of a small oscillation, we must first 
find the position of equilibrium. This will, of course, be 
obtained by equating to zero the right-hand members of 
equations (1). (§64). Let 5, 5', correspond to this position ; 
and let 

a; = 5 + f, aj' = 5' + f', 

where f and ^ are infinitely small. 

Eliminating T from equations (1), and then by means 
of (3), we have, putting )8 = a + a', 
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m 



i-j^ -ffco3a]{x'--xco3^''m'[-^ -5r6osa'j(a;-aj'cos)8)=0. 



But a^+x'^— 2xx* cos fi = a'; 
from which, neglecting quantities of the second order, 

5f +5T- (5?'+S'f) cos/3 = 0; 

-., ^3 — 5' cos /8 
' ** ^xcosfi-x 

Hence, eliminating x, x\ and f ' from these equations, we 
have 

t/i(^-^cosa)|a:-a;cosy3 + ^ (,^^^^^-. ^cos^j| 

, /d^^x — 'xcosB ,\ 

fe-i-co8/3+gfl- f-^'°^^g co8y8)l = 0. 
I V xcoBp — xf J) 

Keeping only terms of the first order in f , since the terms 
not involving f or its differential coefficient must evidently 
vanish of themselves ; we have 

{m {x-xco&^Y + m {x — x cos)8)'} ^ 

+ff sin*^ {mx cos a + wa' cos a') f = 0, 
an equation of the form 



rf^ 



+ n«f = 0; 



and the time of oscillation is — • 8 125. 

n 



^ 820. Two jparticles^ m and m', are attached at different 
points to an inextensibh string^ one of whose extremities isfioced. 
If the system he displaced, to determine the motion* 



MOTION OF TWO OB MOBE PABTICLEgU 



343 



Take the axes of x and y horizontal, and that of z verti- 
cally downwards, the extremity of the string being origin. 

Let a, a he the lengths of the portions of the string, 0, ff 
the angles they make with the vertical, 0, ^ the angles which 
vertical planes through them at time ^, make with the plane 
of xz. Let a?, y, 2, a;', y\ «', be the co-ordinates of the parti- 
cles and T^ T the tensions of the strings. 

Then 

m -^ =— 3r8in^cos^+ T^sintf'cos^', 

w-^=— Tsin^sin^+rsin^smf, 

m^=^fng-Tcos0+Tcoa0\ 

^'^ = ^2^'sin^eosf, " 



di" 



m 






T sin 0' sin f , 



df 

Wl'-^ =7W'^- T COS ff. 

Besides these, we have the six equations for a?, y, 0, 
^'j y'j ^ ill terms of a, a', ^, 0, ^', 0', in all twelve equations 
for the determination of the twelve unknowns in terms of t 

321. These equations will be much simplified if we con- 
sider the displacement to be in one phine, as the motion will 
evidently be confined to that plane. By this means we at once 
get rid of y, y', <^ and (f)\ A still greater simplification will be 
obtained by taking in addition the condition that and ff 
are so small, that their squares and higher powers may be 
neglected. With these our equations become 



m 



de 

d'z 



^^T0+Tff, 



y 



^■^^mg^T^T 
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m 



m 



,d^sd 



8^' 



And 



d^ 


= — J. 17 


9 


,d'z' 

de 


^m'g- 


2*. 


X 


= a^, 




x' 


= a^ + aff, 


z 


= a, 




z' 


= a + « 


r 
• 



Hence, T' = m'g^ and r= (m + W ) ^, 

Introducing an indeterminate multiplier, and adding, 



de 



a W a 



Let \, \ be the roots of the equation 

\ a' _ \-\ 

Evidently one is positive and the other negative, and the 
form of the equation shews that for both m + \m' is positive. 

PutA = ^+-^^,-^'=^ + Jfc5', suppose. 

Then the above equation gives 

dv am + Xm' ^ 
By the recent reii^ark the coefficient of is positive for 
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both values of X ; let its values he n^ and w^*, and we have, 
^i» 0i> ^2> 0a> feeing the corresponding values of A; and ^, 

where ffj, otj, ^8^, ^j, are arbitrary constants. 
Hence, 

^= ^TTjfc K ^^ K^ + '3,) -a, cos K« + y3,)l. 

Having given the initial values of 0, ^, -r- and -i- , we 

find «!, fltg, A, iS,, and thus the solution is complete. It may 
be noticed that the values of 6 and O' may be found at any 
time by taking the algebraic sum of the corresponding values 
of the inclinations to the vertical of two pendulums whose 

times of oscillation are — and — . Also, if n., n^ be com- 

mensurable, the system will in time return to its first position, 
and the motion will be periodic. 

A very slight modification of the process gives us the 
result of small displacements not in one plane : but the stu- 
dent may easily work out these for himself. 

We have here a simple example of the principle of the 
" Coexistence of Small Oscillations ;" but this, for its satis- 
factory treatment in the general case, requires the use of 
D'Alembert's Principle; which, though (§ 69) merely a 
corollary to the Third Law of Motion, and as such clearly 
pointed out by Newton, is beyond the professed limits of the 
present treatise. 

822. The examples, which have just been given, may 
suffice to convey an idea of the mode of applying our methods 
to any proposed case of motion of two constrained particles. 
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These methods are appKcable to more complicated cases, when 
more particles than two are involved ; but nothing would be 
gained by such a proceeding, as D'Alembert's Principle sup- 
plies us with a far simpler mode of investigating the motions 
of any system of free or connected particles : especially when 
it is simplified in its application by the beautiful system 
of Generalized Co'-ordinates introduced by Lagrange. See 
Thomson and Tait's Natural Philosophy, § 329. 



EXAMPLES. 

(1) Two spheres whose masses are M and' Jlf' are placed 
in contact, and one of them is projected in the line of centers 
with velocity F. If the law of attraction be J)~\ find where, 
and after what time, they will meet. 

(2) If the sun were broken up into an indefinite number 
of fragments, imiformly filling the sphere of which the earth's 
orbit is a great circle, shew that each would revolve in a 
year. . 

(3) A thin spherical shell of mass Jlf is driven out sym- 
metrically by an internal explosion. Shew that if, when the 
shell has a radius o, the outward velocity of each particle be v, 
the fragments can never be collected by their mutual attrac- 
tion unless 

t>' < — . 

(4) Two equal particles are initially at rest in two smooth 
tubes at right angles to each other. Shew that whatever were 
their positions, and whatever their law of attraction, they will 
reach the intersection of the tubes together. 

(5) In last question suppose the original distances from 
the intersection of the tubes to be a, i, and the attraction as 
the square of the distance inversely, find the future paths if 
at any instant the constraint is removed. 

(6) A number of equal particles, attracting each other 
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dlrectlj as the distance, are conistramed to move in parallel 
tabes ; if the positions of the particles be given at the com- 
mencement of the motion, determine the subsequent motion of 
each ; and shew that the particles will oscillate symmetrically 
with respect to the plane perpendicular to the tubes which 
passed through their center of -inertia at the commencement 
of the motion. 

(7) Two elven masses are connected by a slightly elastic 
Btring, and projected so as to whirl roandf find the time of a 
small oscillation in the length of the string. 

Give a numerical result, supposing the masses to weigh 
lib. and 2 lbs. respectively, and the natural length of the 

string to be 1 yard, and supposing that it stretches — th inch 

for a tension of 1 lb. 

(8) Two equal masses Jlf, are connected by a string 
which passes through a hole in a smooth horizontal plane. 
One of them hanging vertically, shew that the other describes 
on the plane a curve whose differential equation is 

^^ , ^ 9 ^r. 
d6'^2 2AV ■" "' 

and that the tension of the string is 

(9) Two equal particles connected by a string are placed 
in a circular tube. In the circumference is a center of force 

« yj . One particle is initially at its greatest distance from 

the center of force, shew that if v, v' be the velocities with 
which they pass through a point 90° from the center of force, 

€"m + €"/* = 1. 

(10) Two equal balls repelling each other with a force 
oc -j^ hang from the same point by strings of length I. Shew 
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that if when in equilibrium, the strings making an angle 2a 
with each other, they be approximated by equal small arcs, 
the time of an oscillation is the same as that of a pendulum 
whose length is 

Z cos a 

l + 2cos*a" 

(U) One of two equal particles connected by an inelastic 
string moves in a straight groove. The other is projected 
parallel to the groove, the string being stretched ; determine 
the motion, and shew that the greatest tension is four times 
the least, 

(12) Two particles are connected by an elastic string of 
length 2a, and one is projected perpendicularly to the string 
when it is unstretched. Shew that in the relative orbit 

-1 5 QC (r - a)'. 

a p ^ * 

(13) Two equal particles connected by a rigid rod move 
on a vertical circle. If they be slightly disturbed from the 
higher position of equilibrium, determine the motion. 

Also find the time of a small oscillation about the position 
of stable equilibrium. 

(14) Two particles P and Q are connected by a rigid rod. 
P is constrained to move in a smooth horizontal groove. If 
the particles be initially at rest, PQ making a given angle 
with the groove in a vertical plane through it, find the velo- 
city of Q when it reaches the groove, and shew that ^'s path 
in the vertical plane is an ellipse, 

(15) A particle of mass m has attached to it two equal 
weights m by means of strings passing over pulleys in the 
same horizontal plane, and is initially at rest halfway between 
them. Determine the motion. Shew that if the distance 
between the pulleys *be 2a, the velocity of m will be zero 
when it has lallen through a space 

4iwm'a 
4m'*- w*' 
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and that it will have its greatest velocity when passing 
through its position of statical equilibrium. (§ 73.) 

(16) Two masses M, M' are connected by a string which 
passes over a smooth peg. To M' is attached a string whicli 
supports a mass m such that M' + m = M, and m is displaced 
through an angle a. Investigate the motion, supposing m so 
small that the horizontal motion of M' may be neglected. 
Shew that the string M'm will be vertical after the time 

mi ? >■ 

\gj J^ V cos ^- cos a/ 
where X is the length of if'm. 

GENERAL EXAMPLES. 

(1) A spiral spring is stretched an inch by each addi- 
tional pound appended to its lower end; find the greatest 
velocity which will be acquired by a mass of 20 lbs. appended 
to the unstretched spring and allowed to fall. 

Also find how far the mass will fall, and the time of a 
complete oscillation. 

(2) Find the form of the hodograph, and the law of its 
description, for any point of one circular disc rolling uni- 
formly on another. Hence, find the force under which a free 
particle will describe an epitrochoid, as it is described by a 
point of the uniformly rolling disc. 

(3) Form the equation to the surfaces of equal timey as 
those of equal action were found in § 254. 

(4) Apply a method similar to that of § 255 to find the 
equation to the common brachistochrone. 

(5) Find the law of the force when the brachistochrone 
is an ellipse with the center of force in its focus. 

(6) A rod slides between two rough parallel horizontal 
bars, in a plane perpendicular to the bars: determine the 
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motion while it is rectilinear, but neither horizontal nor ver- 
tical. 

(7) Determine the (unresisted) motion of a mass pro- 
jected vertically at a given point of the earth's surface with a 
velocity of 7 miles per second, 

(8) Apply the principle of varying action to the deter- 
mination of the (unresisted) motion of a projectile. 

(9) Shew that the action and <iW, in any arc of the 
ordinary brachistochrone commencing at the cusp, are repre- 
sented by the area and arc of the corresponding segment of 
the generating circle. 

(10) In the parabolic motion of a projectile, the aciton is 
represented by the area included between the curve, the 
directrix, and the two vertical ordinates : and the time by the 
intercept on the directrix. 

(11) Given a central orbit, and the law of its description, 
find the differential equation of a curve such that if tangents 
be drawn to it from any two points of the orbit, the action 
shall be represented by the area included by these tangents 
and the two curves. 

(12) A particle moves in a given line, under the action 
of a force = — /w '^f'T* > ^^^ ^ given impulse acts on it, alter- 
nately in opposite directions in its line of motion, at intervals 
each equal to T. Find the resultant periodic motion. (This 
is the general case of the pendulum of an electrically-con- 
trolled clock.) 
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A. On the integration of the equationa of motion about a 
center offorce. 

• In general, (Ohap. V.) the problem of central forces is 

solved by considering the equation connecting u f or - j and ^, 

and employing the resulting integrated relation between r and 
to find d in terms of t from the law of equable description 
of areas. lif we tiy to express r and 6 separately, in terms 
of ^, without first determining the form of the orbit, we are 
led to a host of curious results which may be easily obtained ; 
so easily indeed, that we shall merely notice one or two of 
them. 

From the usual equations for motion about a center, i.e., 

where P is the acceleration due to the central force, we get 
at once 

t d^x d'v -n 

Adding, we have immediately, 

7,("S+4)-i-i?-^/^*-^-<')- 
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This, for any assigned form of P in terms of r, will 
evidently give us r' in terms of t. 

Now there is a remarkable case in which r* can be 
generally expressed as a rational integral fmiction'of L Sup- 
pose 

-2 [pJr-iV=a (2), 

and we have 

or r* = ul+ 2J?<+ C«* (3). 

From (2) we find hj diffei«ntiation 

or Pec -J . 

Hence the case in question is that of the inverse third power. 
It may be worth while to find in terms of t, and to obtain, 
by elimination of tj the equations to the orbits which are 
possible with such a force. 

We have, in all central orbits, 

■'^'^ w- 

Hence, in the present case, by (3), 

d0 _ h _h 1 .-> 

~di~A+2Jit+ce~ ' 7T7WT^^^^'"^'' 

Put now f = t+ji, 

and we get ^=G'L« + 4^Zl ^..(3-)^ 
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, d0 h 1 

There are, of course, four cases. 

L AG=B*. The integral of (5') is 

and r=±VCT. 

Here Cmust be^KwtifiVe. Hence 



r = + 



the reciprocal spiraL 

II. ^ ^- ^' = a\ (3') and (5') give 

^(^+a)=tan-'-, 

aG 
and therefore r* = (7a? sec* -r- {0 -{-a), 



or rcos 






III. j-^ — = — a\ Here 

^(^ + a) = JLlogI:if5, 

and r«^(7(T'-a"), 

whence, after a reduction or two, 

2a^/0 1 



r = 






T. D. 23 
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IV. c=o, 

These are, of course, the results of the integration of the 
usual equation between u and ft (Compare Chap. V. Ex. 
(15)). 

As another case, suppose in (1) , 

-2[p<?r-iV==inr* + | (6). 

Differentiate, multiply by r*, and integrate, then 

P^-iwr + p. 

Hence, in the case of the direct first power, or a combination 
of this with the inverse third, 

which gives, according as m is positive or negative, 



r' + ^ = 



G ( J/e^^*"'^* + jNe~'^^'*">* 



2m [J/ cos { V(- 2m) t + N} 



]■ 



By means of (4), these equations give us 6 in terms of t, 
and, the latter being eliminated, we have the required orbit, 
which becomes the ellipse or hyperbola as usual when n = 0, 
it being observed that we have an additional disposable con- 
stant introduced by the method employed in obtaining equa- 
tion (1). It is evident that results of this kind may be 
multiplied indefinitely. To classify the cases in which the 
equations for r* and in terms of t can be completely in- 
tegrated would be an interesting, but by no means an easy 
problem. 

The method here employed is interesting as being that 
which is at once suggested by the application of Quaternions 
to the problem of Central Orbits. 
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B. To find the time ofJaU from rent down any arc of an 
inverted cycloid. 

Let be the point from which the particle commences 
its motion. Draw OA' parallel to OA^ and on BA' describe 




a semicircle. Let P, P, P" be corresponding points of the 
curve, the generating circle, and the oirde just drawn, and 
let us compare the velocities of the particle at P, and the 
point P". Let P" T be the tangent at P". 

velocity of P" _ element at P" 
velocity of P ~ element at P 



F'T P'T 
BF 



B 
AB 



P'T IA_ 
~ BF' V -4. 

AB /AB 
- 2AF' V AB ■ 

But velocity of P= >J{2g . AM) = a/^ • ^'-P". 
Hence velocity of P" = a/ 2^5"^^' * constant. 
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And, as the length ofAT'B is 5 . A'B, 
time from A' to B in circle = time from to £ in cycloid 



lAB 



Cor. It is evident from the proof, that the particle de- 
scends half the vertical space to B in half the time it takes 
to reach J?. 



C. To find the nature of the hrachistochronef gravity being 

the only impressed force, 

* 

The following is founded on Bernoulli's original solution, 
(WOODHOUSE, Isoperimetrical Problems.) 

From Art. 182 it is evident that the curve lies in the ver- 
tical plane which contains the given points. Also it is easy 
to see that if the time of descent through the entire curve is 
a minimum, that through any portion of the curve is less 
than if that portion were changed into any other curve. 

And it is obvious that, between any two contiguous equal 
values of a continuously varying quantity^ a maooimum at 




APPENDIX. 367 

mtnimum miLst lie. [This principle, though excessively simple 
(witness its application to the barometer or thermometer), is of 
very great power, and often enables us to solve problems of 
maxima ana minima, such as require in analysis not merely 
the processes of the Differential Calculus, but those of the 
Calculus of Variations. The present is a good example.] 

Let, then, PQ^ QR and PQ\ Q'R be two pairs of inde- 
finitely small sides of a polygon such that the time of de- 
scending through either pair, starting from P with a given 
velocity, may be equal. Let QQ hQ horizontal and indefi- 
nitely small compared with PQ and QR, The brachisto- 
chrone must lie between these paths, and must possess any 
property which they possess in common. Hence if v be the 
velocity down PQ (supposed uniform) and v that down QR^ 
drawing Qm^ Qn perpendicular to RQ^ PQ, we must have 

Qn Qm 



V v' 



Now if B be the inclination of PQ to the horizon, ff that of 
QR, Qn=^ QQ' cos 0, Qm = QQ cos ff. Hence the above 
equation becomes 

cos cos 0^ 



V V 



This is true for any two consecutive elements of the required 
curve ; therefore throughout the curve 

V QC COS 0, 

But t;* X vertical space fallen through. (§ 171). Hence the 
curve required is such that the cosine of the angle it makes 
with the horizontal line through the point of departure varies 
as the square root of the distance ttom that line ; which is 
easily seen to be a property of the cycloid, if we remember 
that the tangent to that curve is parallel to the corresponding 
chord of its generating circle. For in the fig. p. 163, 



cos 



OP'N^ cos OAP' = 4^' = \/ J^ ^ "^^^^ 
The brachistochrone then, in the case of gravity being the 
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only impressed force, is an inverted cycloid whose cusp is at 
the point from which the particle descends. 

Cj. Were there any number of impressed forces we might 
suppose their resultant constant in magnitude and direction 
for two successive elements. Then reasoning similar to that 
in § 182 would shew that the osculating plane to the brachis- 
tochrone always -contains the resultant force. Again we 
should have as in last Article, 

cos 6 _ cos ff 

V V 

where 6 is now the complement of the angle between the 
curve and the resultant of the impressed forces. 

Let that resultant = -F, and let the element PQ = &, and 
ff^6-\- B6. Then since F is supposed the same at P and Q, 

v" - v' = 2FBs sin (by Chap. IV.), 
or vBv=^FBsam0. 



But v Qc cos 5 ; which gives 

Sv __ sin 
V ~" cos 



B0. 



Hence 



V 

80 
Bs 



= -jFcose. 



But in the limit ^o = p> the radius of absolute curvature 

at Q, and F cos is the normal component of the impressed 
force. Hence in the general brachistochrone the pressure due 
to centrifiigal force equals that due to the impressed forces, 
our result of § 189. 

Oj. Now for the unconstrained path from P to i? we 
have Jvds a minimum. Hence in the same way as before, 
<^ being the angle corresponding to 0, v cos <^ = v cos <^' from 
element to element, and therefore throughout the curve, if the 
direction of the force be constant. 
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But in the brachistochronCy 

cos 6 cos & 



V V 



Now if the velocities in the two paths be equal at any 
equipotential surface, they will be equal at every other. 
Hence taking the angles for any equipotential surface 

cos cos ^ = constant. 

* 

As an example, suppose a parabola with its vertex up- 
wards to have for directrix the base of an inverted cycloid ; 
these curves evidently satisfy the above condition, the one 
being the free path, the other the brachistochrone, for gravity, 
and the velocities being in each due to the same horizontal 
line. And it is seen at once that the product of the cosines 
of the angles which they make with any horizontal straight 
line which cuts both is a constant whose magnitude depends 

on that of the cycloid and parabola, its value being * /t- 

where I is the latus rectum of the parabola, and a the dia- 
meter of the generating circle of the cycloid. 

D. To shew that of two curves both concave in the sense 
of gravity^ joining the same points in a vertical plane and not 
meeting in any other pointy a particle will descend the enveloped 
in less time than it will the enveloping curve; the initial velocity 
being the same in both cases. 

Take the axis of x as the line to a fall from which the 
initial velocity is due, and the axis of y in the sense of 
gravity, then 






cc 



■■■ s/Hi)h 

rx.v(i+^^ (1),. 
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(since the limits are constant), ~ 



QC 



Vy (1 +i?*)*J 



oc 






J'l ^ yVy(i+p')» 

Now the curve is convex to the axis of ar, hence w is 
positive, and by (1) Vy ^^^ V(l +i>*) have the same sign. 
Hence the sign of Bt^ is the opposite of that of Sy, and for an 
enveloping curve By is negative. Hence the time of fall will 
be longer* 

We may thus pass from one curve to any other enveloping 
one, even situated at a finite distance, provided the latter be 
concave throughout ; else the multiplier of Sy.dx in the in- 
tegral might change sign between the limits. (Bertrand, 
Liouville^s Journal^ Vol. Vil.) 

A simple geometrical proof of this theorem may easily be 
obtained oy drawing successive normals to the inner curve 
and producing them to meet the outer. The velocities in the 
pairs of arcs, thus cut out of the two curves, are equal (if the 
curves be indefinitely close), but the arcs themselves are 
generally longer in the outer curve, since the convexi^ of 
the inner curve is everywhere turned to it 

E. To find the curve in which the time of descent to the 
lowest point is a given function <f> (a) of a, the vertical height 
fallen through. 



\'^ 
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Hence^ the problem maj be thus stated, 

Given ^ W = I t » 

Jova-x 

where ^ is a hnovon fanctiony find s in terms of x. 

Consider the integral (Gregory's Examples^ p. 471) 

» 

ji (where a and )8 are each positive). 

Let )8 = 1 — 71, where n < 1, then 

' y*-^ e?y _ rar(l-7i) 

(Tr^"r(a+i-n)' 

z 



I. 






:- •' 



Next put y = — , the limits are and a, and 

a /•' a«-« g'-^ <fe _ Tg r (1 - n) . 

j, fi.fV"-'* («-^)" r(a+l-n)' 

fg-i(fe rar(i-«) 
**' ■ J, (^^:^"r(a+i-n) • 

Hence 

da rg^-^dz _ rar(l-«) I" a^-^da 
(a-apj. (a-«)"~r(a + l-n)J, (aj-a)'-* 

But, putting o = ^, we have 

r( g-n + l)rn 

~'^~r(a+i) 

by the formula already cited. 

T. D. 24 
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Hence 



[' da r z^-'^dz _ ^ rar(l-n)r(n) 

io(^-«)^"'io(«-^r ""• r(a + i) 

1 TT 



^cc* 



a sm rnr 
Now, let 



j<^(a)a:*rfa=/(ir), 
whence /^ (a) oaj*"^ rfa =/'(a:), 

and |<^ (a) ojs*-^ da. =^f{z) ; 

then multiply the terms of the last equation by a<\> (a) rfa, and 
integrate. We have 

r da [> j'^'t>(<^)^-'da.dz ^ r ... . 

J, (^^^^ J. — F^T^r s-e;^]'^ -^ («) ***' 

or ^ r efo r/jgW. 7r_ 

^'^ j, (a - a)'- J. (o - z)' sin wtt-'^ ^^ 

Now if the datum of the prohlem had been 

fa 'J 

<j>(a)= I T 75, , we should have had 

J f,{a — X) 

r '^{a)da _ r da f ' ds 
i.(aj-ay--j.(a!-a)'-j.(a- 






smnTT 



s. 



Hence, as in the given problem we have n = -', 



2 



_ 1 r ^{a)da 



(x — a) 
which is the required expression. (Abel, CEuvres, Tom. i.) 
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Ex. I. Suppose the TautocliroTie be required 

<f, (a) = V(2<7) «.. 
Here , ^ V(ggH f ^g_^ ^ ^ V(2y) .^ 

ft/7/ 8 

or s'= -^T-x; the cycloid, as in § 173. 

Ex. II. Let (j> (a) = VC^y) - > that is let the time be pro- 

c 

portional to the vertical height fallen through. 

Here ^^ - f «^ -^t r(2)ra) _4 , ^j^^ 

tion to the required curve. 



THE END. 
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